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Preface

The papers in this volume were presented at the 5th Italian Conference on
Algorithms and Complexity (CIAC 2003). The conference took place during
May 28-30, 2003, in Rome, Italy, at the Conference Centre of the University of
Rome “La Sapienza.”

CIAC started in 1990 as a national meeting to be held every three years
for Italian researchers in algorithms, data structures, complexity theory, and
parallel and distributed computing. Due to a significant participation of foreign
researchers, starting from the second edition, CIAC evolved into an international
conference. However, all the editions of CIAC have been held in Rome. The
proceedings of CIAC were published by World Scientific for the first edition and
by Springer-Verlag in the Lecture Notes in Computer Science series (volumes
778, 1203 and 1767) for the subsequent editions. A selection of the papers of the
fourth edition was published in a special issue of Theoretical Computer Science
Vol. 285(1), 2002. This year we expect to publish an extended version of selected
papers presented at the conference in a special issue of the journal Theory of
Computing Systems.

In response to the call for papers for CIAC 2003, 57 papers were submit-
ted, from which the Program Committee selected 23 papers for presentation at
the conference from 18 countries. Each paper was evaluated by at least three
Program Committee members with the help of 63 external reviewers.

In addition to the selected papers, the Organizing Committee invited
Charles E. Leiserson (Cambridge), David Peleg (Rehovot), Michael O. Rabin
(Cambridge and Jerusalem), John E. Savage (Providence), and Luca Trevisan
(Berkeley) to give plenary lectures at the conference. Moreover, three tutorials
by David Peleg, Jayme L. Szwarcfiter (Rio de Janeiro) and Luca Trevisan were
offered in the days preceding the conference.

We wish to express our appreciation to all the authors of the submitted pa-
pers, to the Program Committee members and the referees, to the Organizing
Committee, and to the plenary and tutorial lecturers who accepted our invi-
tation. We are grateful to the University of Rome “La Sapienza” for giving us
the opportunity to use the Conference Centre, to the Department of Computer
Science of Rome University for offering the use of their facilities, and to the
Universita di Salerno for partially funding CIAC 2003.

Rome, March 2003 Giuseppe Persiano
Rossella Petreschi
Riccardo Silvestri
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Localized Network Representations

David Peleg

The Weizmann Institute, Rehovot, Israel

Abstract. The talk will concern compact, localized and distributed net-
work representation methods. Traditional approaches to network repre-
sentation are based on global data structures, which require access to the
entire structure even if the sought information involves only a small and
local set of entities. In contrast, localized network representation schemes
are based on breaking the information into small local pieces, or labels,
selected in a way that allows one to infer information regarding a small
set of entities directly from their labels, without using any additional
(global) information. The talk will concentrate mainly on combinato-
rial and algorithmic techniques, such as adjacency and distance labeling
schemes and interval schemes for routing, and will cover a variety of
complexity results.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, p. 1, 2003.
© Springer-Verlag Berlin Heidelberg 2003



Optimal Binary Search Trees
with Costs Depending on the Access Paths

Jayme L. Szwarcfiter

Universidade Federal do Rio de Janeiro, RJ, Brasil

Abstract. We describe algorithms for constructing optimal binary
search trees, in which the access cost of a key depends on the k preceding
keys, which were reached in the path to it. This problem has applications
to searching on secondary memory and robotics. Two kinds of optimal
trees are considered, namely optimal worst case trees and weighted av-
erage case trees. The time and space complexity of both algorithms are
O(n**?) and O(n**1), respectively. The algorithms are based on a con-
venient decomposition and characterizations of sequences of keys, which
are paths of special kinds in binary search trees. Finally, using generating
functions, the exact number of steps performed by the algorithms has
been calculated. The subject will be introduced by a general discussion
on the construction of optimal binary search trees.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, p. 2, 2003.
© Springer-Verlag Berlin Heidelberg 2003



On the Generation of Extensions
of a Partially Ordered Set

Jayme L. Szwarcfiter

Universidade Federal do Rio de Janeiro, RJ, Brasil

Abstract. A partially ordered set (or simply order) P is a set of ele-
ments E, together with a set R of relations of E, satisfying reflexivity,
anti-symmetry and transitivity. The set F is called the ground set of
P, while R is the relation set of it. There are many special orders. For
example, when any two elements of E are related, the order is a chain.
Similarly, we can define tree orders, forest orders and many others. An
extension P’ of P is an order P’ having the same ground set as P, and
such that its relation set contains R. When P’ is a chain then P’ is a
linear extension of P. Similarly, when P’ is a forest then it is a forest
extension of P. We consider the algorithmic problem of generating all
extensions of a given order and also extensions of a special kind. The
subject will be introduced by a general discussion on partially ordered
sets.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, p. 3, 2003.
© Springer-Verlag Berlin Heidelberg 2003



Error-Correcting Codes in Complexity Theory

Luca Trevisan

University of California, Berkeley, USA

Abstract. Error-correcting codes and related combinatorial constructs
play an important role is several recent (and old) results in complexity
theory. This course will give a brief overview of the theory, constructions,
algorithms, and applications of error-correcting codes. We will begin with
basic definitions and the constructions of Reed-Solomon, Reed-Muller,
and low-weight parity-check codes, then see unique-decoding and list-
decoding algorithms, and finally, as time allows, applications to secret-
sharing, hashing, private information retrieval, average-case complexity
and probabilistically checkable proofs.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, p. 4, 2003.
© Springer-Verlag Berlin Heidelberg 2003



Cache-Oblivious Algorithms

Charles E. Leiserson

MIT Laboratory for Computer Science, Cambridge, MA 02139, USA

Abstract. Computers with multiple levels of caching have tradition-
ally required techniques such as data blocking in order for algorithms to
exploit the cache hierarchy effectively. These “cache-aware” algorithms
must be properly tuned to achieve good performance using so-called
“voodoo” parameters which depend on hardware properties, such as
cache size and cache-line length.

Surprisingly, however, for a variety of problems — including matrix mul-
tiplication, FFT, and sorting — asymptotically optimal “cache-oblivious”
algorithms do exist that contain no voodoo parameters. They perform
an optimal amount of work and move data optimally among multiple
levels of cache. Since they need not be tuned, cache-oblivious algorithms
are more portable than traditional cache-aware algorithms.

We employ an “ideal-cache” model to analyze these algorithms. We prove
that an optimal cache-oblivious algorithm designed for two levels of mem-
ory is also optimal across a multilevel cache hierarchy. We also show that
the assumption of optimal replacement made by the ideal-cache model
can be simulated efficiently by LRU replacement. We also provide some
empirical results on the effectiveness of cache-oblivious algorithms in
practice.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, p. 5, 2003.
© Springer-Verlag Berlin Heidelberg 2003



Spanning Trees
with Low Maximum/Average Stretch

David Peleg

The Weizmann Institute, Rehovot, Israel

Abstract. The talk will provide an overview of problems and results
concerning spanning trees with low maximum or average stretch and
trees with low communication cost, in weighted or unweighted graphs and
in metrics, and outline some techniques for dealing with these problems.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, p. 6, 2003.
© Springer-Verlag Berlin Heidelberg 2003



Hyper Encryption and Everlasting Secrets

A Survey

Michael O. Rabin

Harvard University, Cambridge, USA*

A fundamental problem in cryptography is that of secure communication over
an insecure channel, where a sender Alice wishes to communicate with a receiver
Bob, in the presence of a powerful Adversary AD. The primary goal of encryption
is to protect the privacy of the conversation between Alice and Bob against AD.
Modern cryptographic research has identified additional essentially important
criteria for a secure encryption scheme. Namely that the encryption be non-
malleable, be resistant to various chosen plaintext and ciphertext attacks, and
if so desired, will allow the receiver to authenticate the received message and its
sender. All these issues are now settled for the case that the Adversary AD is
computationally unbounded.

If we wish to achieve unconditionally secure communication against an all-
powerful adversary, we must use private-key cryptosystems.In a public-key cryp-
tosystem, the encryption function using the public key, and the decryption func-
tion using the private key, are inverses of each other, and the public key is
publicly known. Thus, a computationally unbounded adversary can, from the
public key, compute the corresponding private key, using unlimited computing
power. Private-key encryption, in which the sender and the receiver share a com-
mon secret key for the encryption and decryption of messages, were proposed
already in antiquity, dating back to as early as Julius Caesar, and are widely
used today. A provably secure example of private-key encryption is the simple
one-time pad scheme of Vernam.

In the one-time pad scheme, for the encryption and transmission of each message
M, the sender Alice and the receiver Bob establish a shared random secret key X
called a one-time pad, with | X| = |M|, where |-| denotes the length (i.e. number
of bits) of a binary string. Alice encrypts M by computing C = M & X, where &
denotes bit-wise XOR. Bob decrypts C' by computing C®X = Mo XpX = M.

The one-time pad scheme achieves information-theoretic secrecy, provided that
for each transmission of a message, a new independent, uniformly random one-
time pad, whose size equals that of the message, is established between Alice
and Bob. In fact, a single careless re-use of the same one-time pad to encrypt
a second message can result in the decryption of both ciphertexts. The non-
reusability of the shared key renders this method impractical except for special
situations where a large code book can be securely shipped from a sender to a
receiver ahead of the transmissions. Furthermore, if an adversary captures and

* Supported by NSF contract CCR-0205423. e-mail: rabin@deas.harvard.edu

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 7-{10l 2003.
© Springer-Verlag Berlin Heidelberg 2003



8 M.O. Rabin

stores an encrypted message C' = M & X, where X is the one-time pad, and
later on gets X (steals the code book), then he can decode: M = X @ C. The
same holds for any existing private or public key encryption scheme.

In a seminal work, Shannon proved that if the Adversary AD has complete
access to the communication line and is unbounded in computational power,
then information-theoretically secure private-key communication is only possible
if the entropy of the space of secret keys is as large as that of the plaintext space.
Essentially this implies that for achieving provable security, the shared one-time
pad method, with its drawbacks, is optimal. Thus to overcome the limitations
imposed by Shannon’s result and have provable information theoretic security
against a computationally unbounded Adversary, some other restriction has to
be imposed.

Striving to produce a provably secure encryption scheme, which has the addi-
tional property that revealing the decryption key to an adversary after trans-
mission of the ciphertext does not result in the decryption of the ciphertext,
is important. Computational complexity based cryptosystems rely on unproven
assumptions. If an adversary captures and stores ciphertexts, subsequent ad-
vances in algorithms or in computing power, say the introduction of quantum
computers, may allow him to decrypt those ciphertexts.

A moment’s thought shows that if the adversary can capture all the information
visible to the sender and receiver, and later obtains the decryption key, then he
will be able to decrypt the ciphertext just as the receiver does. Thus one is led
to consider an adversary who is computationally unbounded but is limited in his
storage capacity.

The Bounded Storage Model

We consider the bounded storage model, where the security guarantees are based
on a bound on the storage capacity of the adversary. This model, introduced by
Maurer in his influential work [Mau92], assumes that there is a known bound B,
possibly very large but fixed at any given time, on the Adversary AD’s storage
capacity. It is important to differentiate between this model and the bounded
space model.

The bounded space model considers situations where the space available to the
code breaker for computation is limited, e.g. log space or linear space. Thus,
the space bound is in effect a limitation on the computational power of the
Adversary. The bounded storage model, however, stipulates no limitation on the
computational power of the Adversary AD who tries to subvert the security
of the protocol. Imposing the bound B on the Adversary’s storage allows us to
construct efficient encryption/decryption schemes that are provably information-
theoretically secure, and require of the sender Alice and the receiver Bob very
modest computations and storage space.
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In the basic form, the encryption schemes of [AR99|, [ADRO02], [DR02|, [Mau92|
work as follows. Alice and Bob utilize a publicly accessible string « of n random
bits, where for a fixed v < 1, yn is larger than the bound B on the Adversary
AD’s storage capacity. In a possible implementation, the string o may be one in a
stream of public random strings a;y, as, ..., each of length n, continually created
in and beamed down from a satellite system, and available to all. Alice and Bob
share a randomly chosen secret key s. For transmitting an encrypted message
M, |M| = m, Alice and Bob listen or have listened to some o = «; (possibly
a previously beamed «;, see below), and by use of s create a common one-time
pad X(s,a). In the schemes of [AR99], [ADR02], [Mau92|, computing X (s, «)
requires just fast XOR operations and very little memory space of Alice and Bob.
Alice encrypts M as C' = M ® X (s, a), and Bob decrypts C by M = C® X (s, a).
Every « is used only once. But the same « can be simultaneously used by multiple
Sender/Receiver pairs without degrading security.

The Adversary AD listens to «, computes a recording function A1(a) = 7, where
|n| = B < 7n, v < 1, and stores n. The Adversary also captures the ciphertext
C. Later AD is given s, and applies a decoding algorithm As(n,s,C) to gain
information about M. There is no limitation on the space or work required
for computing A;(a) and As(n,s,C). Theorem 1 of [AR99] and Theorem 2
of [ADR02], and the Main Theorem of [DR02], say that the Aumann-Rabin
and Aumann-Ding-Rabin schemes are absolutely semantically secure. Namely,
for B = 0.3n (later we will use v = 1/6 without loss of generaulity)7 for every
two messages My, M7 € {0,1}™, for an encryption Cs = Ms @ X (s, «), where
§ € {0,1} is randomly chosen,

|Pr[As(Ai(a),s,C5) = 8] — 1/2] <m-27%/3, (1)

Here, k is a security parameter, e.g. & = 200. The security obtained in the
above results is the absolute version (i.e. in a model allowing a computationally
unbounded adversary) of semantic security pioneered by Goldwasser and Micali.
Note that the storage bound B is needed only at the time « is broadcast, and the
recording function n = A («a) is computed. The decoding algorithm As(n, s, C)
can use unbounded computing power and storage space, and thus subsequent
increase in storage does not help the Adversary AD.

Extraction of Randomness

An important issue in Hyper Encryption is the size of the common secret key .S
used by the sender and receiver. Reducing the key size is intimately connected
to the problem of extracting nearly perfect uniform randomness from a weaker
source of randomness. However, the extractors required for implementations of

! The pedagogical choice of 4 = 0.3 is for convenience only, and leads to the proba-
bility 27F/3 in (@. Similar results are obtainable for any constant v < 1.
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Hyper Encryption must have specialized properties beyond those of general ex-
tractors. Important advances were made on this problem in the past two years
in [DMO02], [Lu02], [Vad02].
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Computing with Electronic Nanotechnologies*

John E. Savage

Department of Computer Science, Brown University, Providence, RI 02912-1910, USA

Abstract. Computing with electronic nanotechnologies is emerging as a
real possibility. In this talk we explore the role theoretical computer sci-
entists might play in understanding such technologies and give examples
of completed research.

We consider two representative problems, whether nanowire (NW) ad-
dress decoders can be self-assembled reliably and whether data can be
stored efficiently in crossbar nanoarrays, a means for data storage and
computation.

Recent research suggests that address decoders for a set of parallel NWs
can be realized using modulation doping. This is a process in which
NWs are grown with embedded electronic switches (field-effect transis-
tors (FETs)) that can be controlled by microwires. h-hot addressing al-
lows a small number of microwires to activate one NW by activating its
h FETs. We examine the feasibility of stochastically self-assembling an
address decoder using such technology.

The crossbar array, two orthogonal sets of parallel wires placed one above
the other, is one of the most promising nanotechnology architectures un-
der consideration. Small crossbars have been self-assembled from carbon
nanotubes (CNTs) and semiconducting NWs. Two media for binary data
storage in nanoarrays have been proposed, namely, changing the state
of molecules layered between orthogonal sets of wires and making or
breaking mechanical contacts between these wires.

Since nanoarrays are expected to be very large, we examine two key
questions: (a) “What are the most efficient ways of entering data into
such arrays?” and (b) “How difficult is it to find a minimal or near-
minimal number of steps to program an array using h-hot addressing
when either 1s or Os can be written into subarrays on each step?”

A partial answer to (a) is that some commonly occurring arrays can be
programmed much more rapidly when both 1s and Os can be written
than when only 1s can be written. The answer to (b) is that it is NP-
hard unless the number of 1s in each row or column is bounded or h is
large.

* This research was funded in part by NSF Grant CCR-0210225.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, p. 11, 2003.
© Springer-Verlag Berlin Heidelberg 2003



Efficient Update Strategies
for Geometric Computing with Uncertainty

Richard Bruce!, Michael Hoffmann', Danny Krizanc?, and Rajeev Raman'!

! Department of Mathematics and Computer Science, University of Leicester,
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Abstract. We consider the problems of computing mazimal points and
the convex hull of a set of points in 2D, when the points are “in motion.”
We assume that the point locations (or trajectories) are not known pre-
cisely and determining these values exactly is feasible, but expensive. In
our model, the algorithm only knows areas within which each of the input
points lie, and is required to identify the maximal points or points on the
convex hull correctly by updating some points (i.e. determining exactly
their location). We compare the number of points updated by the algo-
rithm on a given instance to the minimum number of points that must
be updated by an omniscient adversary in order to provably compute
the answer correctly. We give algorithms for both of the above problems
that always update at most 3 times as many points as the adversary, and
show that this is the best possible. Our model is similar to that of [52].

1 Introduction

In many applications, an intrinsic property of the data one is dealing with is that
it is “in motion,” i.e., changing value (within prescribed limits) over time. For
example, the data may be derived from a random process such as stock market
quotes or queue lengths in switches or it may be positional data for moving
objects such as planes in an air traffic control area or users in a mobile ad-hoc
network. A lot of work has gone into developing on-line algorithms [1] and kinetic
data structures [4] in order to compute efficiently in these situations.

Most of the previous approaches to data in motion assume that the actual
data values are known precisely at all times or that their is no cost in establishing
these values. This is not always the case. In reality finding the exact value of some
data item may involve costs in time, energy, money, bandwidth, etc. Accurate
and timely stock quotes cost money. Remote access to the state of network queues
costs time and bandwidth. Querying battery-powered units of sensor networks
unnecessarily uses up precious energy.

In order to study the costs associated with updating data in an uncertain
environment, we consider the update complexity of a problem. A problem instance
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consists of a function of n inputs to be computed (e.g., the maxima) and a
specification of the possible values each of the inputs might obtain (e.g., a set
of n real intervals). An update strategy is a adaptive algorithm for deciding
which of the inputs should be updated (i.e., be determined exactly) in order
to correctly compute the function. An omniscient strategy (with knowledge of
the exact values of all inputs) updates a set of inputs of minimum size which
provably computes the function correctly. An update strategy is said to c-update
optimal if it updates at most cx OPT +O(1) inputs, where OPT is the minimum
number of updates performed by the omniscient strategy. The notion of update
complexity is implicit in Kahan’s [5] model for data in motion. In the spirit of
online competitive analysis he defined the lucky ratio of an update strategy on
a sequence of queries whereby a strategy competes against a “lucky” strategy
with knowledge of the future. Kahan provides update optimal strategies for the
problems of finding the maximum, median and the minimum gap of a set of n
real values constrained to fall in a given set of n real intervals.

Motivated by the situation where one maintains in a local cache, intervals
containing the actual (changing) data values stored at a remote location, Olston
and Widom [7] studied a similar notion. In their model, the costs associated
with updating data items may vary with the item and the function need not be
computed exactly but only to within a given tolerance. A series of papers [23//6]
establish tradeoffs between the update costs and the error tolerance and/or give
complexity results for computing optimal strategies for such problems as selec-
tion, sum, average and computing shortest paths.

For the most part, the above results assume the uncertainty of a data item is
best described by a real interval that contains it. In a number of situations, the
uncertainty is more naturally captured by regions in two- (or higher) dimensional
space. This is especially the case for positional data of moving objects with
known upper bounds to their speed and possible constraints on their trajectories.
The functions to be computed in these situations are most often geometric in
nature. For example, to establish the which planes to deal with first, an air traffic
controller would be interested in computing the closest pair of points in three
dimensions. To apply greedy directional routing in an mobile ad-hoc network, a
node must establish which of its neighbors is currently closest to the destination
of a packet it is forwarding. To determine the extent of the coverage area of a
mobile sensor network, one would like to compute the convex hull of the sensor’s
current positions.

In this paper, we describe a general method, called the witness algorithm, for
establishing upper bounds on the update complexity of geometric problems. The
witness algorithm is used to derive update optimal strategies for the problems
of finding all maximal points and reporting all points on the convex hull of a
set of moving points whose uncertainty may be described by the closure of open
connected regions on the plane. The restriction to connected regions is necessary
in order to ensure the existence of strategies with bounded update complexity.
For both of these problems we provide examples that show our update strategies
are optimal.
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The remainder of the paper is organized as follows. In section [2 we describe
a general method for establishing upper bounds on the update complexity for
geometric problems. This approach is then used in sections Bland [ where optimal
strategies for finding maximal points and points on the convex hull are given,
respectively.

2 Preliminaries

We begin by giving some definitions. An input instance is specified by a set P of
points in 12, and associated with each point p € P, an area A, which includes p.
Let S C P be a set of points with some property ¢, such as the set of all maximal
points in P, or the set of points on the convex hull of P. For convenience, we
say that p € P has the property ¢ if p € S, and that A, has the property ¢ if p
has. The algorithm is given only the set {A,|p € P}, and must return return all
areas which have the property ¢.

In order to determine the areas with property ¢, the algorithm may update
an area A, and determine the exact location of the point p with which it is
associated. This reduces A, to a trivial area containing only one point, namely p.
The performance of an algorithm is measured in terms of the number of updates
it performs to compute the answer; in particular it should be expressible as a
function of the minimal number of updates O PT required to verify the solution.
An update strategy is said to c-update optimalif it updates at most cxOPT+0O(1)
inputs, and update-optimal if it is c-update optimal for some constant ¢ > 1. Note
that the algorithm may choose to return areas that are not updated as part of
the solution. Indeed, in some instances, an algorithm may not need to update
any areas to solve the problem.

In section [3] and [4] we give two update-optimal algorithms for the maximal
points and convex hull problems, respectively. These two algorithms are instances
of the same generic algorithm, the witness algorithm. In this section we describe
this algorithm. We begin by giving some definitions. For a given set of areas
F={Ay,..., A} we call C = {p1,...,pn} a configuration for F if p; € A; for
t=1,...,n.

Definition 1. Let F be a set of areas, A € F and p € A. Then:

— The point p is always ¢ if for any configuration C of F — {A}, the point p
has the property ¢ in C' U {p}.

— The point p is never ¢ if for any configuration C of F — {A}, the point p
does not have the property ¢ in C'U{p}.

— The point p is dependent ¢ if for at least one configuration C' of F — {A},
the point p has the property ¢ in C' U {p} and p is not always ¢.

— a dependent ¢ point p depends on an area B, if for at least one configuration
C of F —{A, B}, there exist points by and be in B such that the point p has
the property ¢ in C'U{p,b1} and does not have the property ¢ in C'U{p,bs}.

We extend this notion from points to areas.
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Definition 2. Let F be a set of areas. Let A be an area in F. We say

— the area A is always ¢ if every point in A is always ¢.

— the area A is partly ¢ if A contains at least one always ¢ point and A is not
always ¢.

— the area A is dependent ¢ if A contains at least one dependent ¢ point and
A is not partly ¢.

— the area A is never ¢ if every point in A is never ¢.

Definition 3. Let F be a set of areas. Let C' be a set of configuration for F.
A set W of areas in F is called a witness set of F with respect to C if for any
configuration in C at least one area in W must have been updated to verify the
solution. We say W is a witness set of F if W is a witness set of F' with respect
to all possible configurations of F.

The witness algorithm is as follows:
step 1: while (there exists at least one partly ¢ or one dependent ¢ area)

step 2: if there exist a partly ¢ area

step 3: update a witness set.

step 4: else // there must exists a dependent ¢ area //
step 5: update a witness set

step 6: end

Note that the idea is to concentrate first on partly ¢ areas and witness
sets concerning these areas. Only if there are no partly ¢ areas left in the given
instance, witness sets based on the existence of dependent areas will get updated.

The split in these two cases helps to identify witness sets.

Note further that, by updating certain areas we change the set of areas F
and work from then on with a new set of areas F' where the updated areas are
trivial. However, a witness set in F’ is also witness set in F with respect to all
possible configurations of F’.

Lemma 1. If there exists a constant k such that every witness set that gets
updated by the witness algorithm is of size at most k, then the witness algorithm
is k-update optimal.

Proof. (sketch): We can partition the set up into areas which will be updated
by the algorithm in blocks of size at most k£ and each block contains at least one
area which must be updated to verify the result.

3 Maximal Points

We now give an update-optimal algorithm for the maximal problem when the
areas are either trivial or closures of connected, open areas. We then note (Fig.
[2) that there is no update-optimal algorithm for arbitrary areas.

Given two points p = (ps,py) and ¢ = (gz,qy) we say that p > g if p # ¢
and p; > ¢, and py, > q,. We say a line [ intersects an area A if they share a
common point. We say a line [ splits an area A if A — [ is not connected.
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Lemma 2. Let p be a dependent maximal point. Let Y be the set of areas p
depends on. Then, all areas of Y must be updated to show p is mazimal.

Proof. Let B be an area on which p depends. Hence there exists by, by € B with
b1 # p and by > p. In order to verify that p is maximal the area B must be
updated.

Lemma 3. Let A be a partly mazimal area, then there exists a witness set of
size at most 2.

Proof. Since the area A is partly maximal it contains at least one always maximal
point. It also contains either a never maximal point or a dependent maximal
point. We look at these cases separately.

Case a) The area A contains a never maximal point. In order to verify that A
is maximal or not, we have to update the area A. Therefore the set {A} is a
witness set.

Case b) The area A contains a dependent maximal point p. Since the area A is
partly, by updating only areas other then A the area A can change its status to
only an always maximal area. Let B be an area on which p depends. By Lemma
Bl in order to verify that p is maximal, we have to at least update B. Hence
{B, A} is a witness set of size two.

Lemma 4. Let [ be a horizontal or vertical line. Further let | split two areas A
and B. Then the areas A and B are not both always mazimal areas.

Proof. Since all areas are closures of connected open areas the intersection of
I with A must contain an open interval and similarly with B. So there exists
a € ANl and b € BN with a # b. Therefore either a < b or b < a. Hence not
both A and B are always maximal areas.

Lemma 5. If there are no partly mazimal areas, but there exists a dependent
area, then there exists a witness set of size at most 3.

Proof. Let A be the area with a dependent maximal point p € A, such that there
is no dependent maximal point ¢ in any area such that ¢ > p. In other words p is
maximal among the all dependent maximal points. Note that p must exist since
all area are closed. Let [; be vertical line starting at p and going upwards. Let
lo be the horizontal line starting at p and going to the right. Since p is maximal
among the dependent points, every point that lies in I; Uly — {p} and also in an
area other than A is an always maximal point. Let @ be the top right quadrant
of l; and [y including /; and ls but not {p}. Since p is dependent there exists at
least one area B with a point in @) and a point not in @. Since p is maximum
among the dependent points every point in @) is always. By our assumption that
there are no partly areas the area B must be always. Hence it does not contain
p. Let I} be the line I; shifted € to the left and let I5 be the line I shifted € down,
where ¢ > 0 is arbitrarily small. Since all areas are the closure of connected,
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open areas B must be split either /4§ or I5. By Lemma [ there are at most two
areas that contain a point in @) as well as a point not in Q. Lets call these areas
B and C and let W = {B, C, A}. Note, it is possible that only one of the areas
B or C exists. To verify whether A is an always maximal area or not we have at
least to update A or we have to verify that p is or is not maximal. For this we
have to either update B or C or both. However W is a witness set.

We now show:

Theorem 1. Under the restriction to the closure of open, connected areas or
trivial areas, the witness algorithm for the mazimal point problem is 3-update
optimal. Furthermore, this is the best possible.

Proof. The above lemmas show that there is always a witness set of size less
than 3. By Lemma [[] we have that the witness algorithm is 3-update optimal.
We now argue that there is no c-update optimal algorithm for any ¢ < 3.

A A - A
° C C - C

= [ L

1) @) 3

Fig. 1. The three configurations.

Consider the three areas A, B and C in Figure [[l The areas A and C are
always maximal areas, but updates are needed to determine whether the point
of area B is maximal. For any strategy S in updating these areas there exists a
configuration of points for these three areas such that S requires three update
where actually only one was needed. For example, consider that S updates A
first. We choose one of (1) and (3) to be the input. If the algorithm updates B
next, we say that (1) is the input, and force the algorithm to update C as well.
However, both (1) and (3) can be “solved” by updating C' and B respectively.
To show the lower bound, we simply repeat this configuration arbitrarily often,
with each configuration lying below and to the right of the previous one.

Remark 1. Finally, we note that there is no update-optimal algorithm for the
maximal problem with arbitrary areas. Consider the situation shown in Figure
Assume there are n intervals on the line segment [ such that after a horizontal
projection each interval contains the projection of A. Hence each interval is
maximal and for any strategy of determine whether A is maximal we have to
update some of these intervals. For any given strategy there exists a configuration
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M z

A

Fig. 2. Example showing that update-optimality is impossible for unrestricted areas.

such that the first n — 1 updated intervals correspond to points that lie in a
horizontal projection to the left of A and the n’s updated interval corresponds
to a point such that no p oint in A can be maximal. If this interval would have
been updated first the status of A could have been determined by only one
update. Since n was arbitrary there exists no c-update optimal algorithm for
arbitrary areas.

4 Convex Hull

Based on the witness algorithm, described in Section 2l we now give an algorithm
for computing the convex hull. Again, we restrict the areas to either trivial
areas or closures of connected open areas. We also require that every non-empty
intersection of two non-trivial areas contains an e-ball. This algorithm will again
be 3-update optimal, and we will also show that this is the best possible. Let F
be the set of areas.

Definition 4. Let F be a set of areas in R? and let | be a line. Then | splits N>
in three regions: two half planes (H1,Hs) and l. We say | has an empty half if
Hy or Hsy does not intersect with any area in F.

Lemma 6. Let p be a point in A € F. The point p is always on the convexr hull
if, and only if, for every configuration with p as the point of the area A, there
exists a line | through p such that | has an empty half.

Lemma 7. Let A and B be two non-trivial areas in F with a non-empty inter-
section. Further let F — {A, B} contain at least two areas C and D such that
there exists c € C and d € D with ¢ # d. Then A and B are not always convex
hull areas.

Proof. By our general condition on all areas in F the intersection of A and B
must contain a non-empty open area FE. Since ¢ # d and E is open there exist
D, q € E such that p lies inside the triangle with vertices ¢, ¢ and d, see Figure B

Lemma 8. Let p be a point in an area A € F and | be a line through p such
that to one direction of p the line 1 splits an area B € F — {A} and to the
other direction of p the line | intersect with an area C € F —{A, B}. Further let
D e F—{A,B,C} such that either
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Fig. 3. Choice of p and ¢

i) D — {p} is not empty, if the area C is non-trivial,
it) D — 1 is not empty, if the area C is trivial.

Then p is not always on the convex hull.

Proof. Case i) By our assumption there exists a point d € D with d # p. Since C
is non-trivial it must be the closure of an open area. Hence there exists a ¢ € C
such that p,c and d are not in a line and there exists an point b € B such that
p lies in the inner of the triangle with vertices b,c and d.

Case ii) The area C'is trivial. So let ¢ be the point in C. Let d € D — . Since
[ splits B there exists a point b € B such that p lies in the inner of the triangle
with vertices b,c and d, see Figure [l

A

c N (Y
OV
b

Fig. 4. A line through p that splits on area to one sides and touches another one to
the other side

Lemma 9. Let p be a dependent convex hull point in an area A € F. Then there
exists a line l through p such that in one direction of p the line [ splits an area
B € F — {A} and to the other direction of p the line | intersect with an area
C € F—{A, B} and there exists an area D € F — {A, B,C} such that

i) D —{p} is not empty, if the area C is non-trivial,
it) D —1 is not empty, if the area C is trivial.

Proof. Since p is dependent convex hull there exists a configuration G and a line
I such that p € [ and [ has an empty half H with respect to G. If all areas except
A do not intersect with H then [ has an empty half for any configuration and p
would be therefore always convex hull. Since all areas are connected [ splits at
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least one area other than A. By rotating [ at the point p we can assume that
[ in one direction of p splits an area B € F — {A} and intersects in the other
direction with another area C € F — { A, B}.

Case i) Since p is dependent convex hull there exist three points in three
different areas other then A, such that p lies inside the triangle created by these
three points. Hence there exists exists at least three areas which are not identical
to {p}. Hence, if C is not trivial there exists D € F — {A, B,C} with D — 1 is
not empty.

Case ii) If C is trivial and all areas except A, B are lying completely on [
then in any configuration G; with p as the point of the area A, all points in G
lie on the convex hull, since all points in G; except the point of the area B lie on
one line. This contradicts that p is dependent convex hull. Hence if C is trivial
there exists at least one other area in F — {A, B} which does not lie completely
on .

Lemma 10. If there exists a partly convex hull area, then there exists a witness
set of size at most 3.

Proof. Let A be a partly convex hull area. If we assume there exists a never
convex hull point in A. Then in order to verify whether A is on the convex-hull
we have to update A. So {A} is a witness set. For the rest of this proof let A
contain a dependent convex hull point p.

If a verification does not update the area A, the point p must change its
status through updating other areas to an always convex hull point.

By Lemma @l there exists a line [ through p such that in one direction of p the
line [ splits an area B € F—{A} and to the other direction of p the line [ intersect
with an area C € F — {A, B} and there exists an area D € F — {A, B,C} such
that

i) D — {p} is not empty, if the area C' is non-trivial,
ii) D — 1 is not empty, if the area C' is trivial.

We look at these cases separately.

Case i) C is non-trivial. Since A is partly convex hull and connected, there
exists a point ¢ € A and a line I’ through ¢ such that in one direction of ¢ the
line [ splits the area B and to the other direction of ¢ the line [ intersects with
C. By Lemma Rl without updating B or C, not both point p and ¢ can change
their status to always convex hull points. Hence {A, B, C} is a witness set.

Case ii) C is trivial. By Lemma [§ without updating B or D the point p can
not change its status to always convex hull point. Hence {A, B, D} is a witness
set.

The following definitions and lemmas will lead to the Theorem B] which shows
that, we can also a witness of size at most 3, if there are no partly convex hull
areas but at least one dependent area.

Definition 5. Let F consist only of always convex hull areas. Let A and B be
two areas in F. We call A and B neighbors if in any configuration the points of
A and B are adjacent on the convex hull.
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Lemma 11. Let F consist of only always convex hull areas and let F not contain
multiple identical trivial areas. Further let F contain three or more areas. Then
every area in F has exactly two neighbors.

Proof. Since F has no multiple trivial areas and every non-trivial area is a closure
of an open area there exists a configuration C7 of F such that all points in C
are distinct. Let A be an area in F and let a be the point in C that corresponds
to the area A. Since all points in C; are distinct the point a has exactly two
neighbors (b € B € F and ¢ € C € F) on the convex hull with respect to Cj.
We will show that the areas A and B as well as A and C' are neighboring areas.

Let us assume that A and B are not neighboring areas. So, there exists an
area D € F and a configuration Cy witha’ € A, b € B—{da’} and d’' € D—{d/, b’}
such that a’ and d’ are neighbors and o’ and o’ are not. Since all of these points
are disjoint we can change our set of areas as follows.

F' ={S8 = Ure(a,p.0.0}.7is trivial 5271+ S € {A, B,C, D}}

Since all areas in F are either closures of open areas or trivial, all areas in F’
are connected. Note also that by Lemma [ none of the areas in F’ intersect
with another area in F'. Let d be the corresponding point of the area D in
the configuration C; and let ¢’ be the corresponding point of the area C in the
configuration Cs. Note that Cy and Cs when restricted to points corresponding
to the areas A, B,C and D are configuration for F’. Since the areas A, B,C
and D are connected we can continuously transform the configuration C; to the
configuration Cy (see Figure [H). Since all areas in F’ are disjoint and always
convex hull, this is not possible; a contradiction. Hence A and B are neighboring
areas. Similarly for the areas A and C.

Fig. 5. Different configurations

Definition 6. Let F be a collection of areas. Let A and B be in F. Let F' =
{C € F:C is always convex hull}. We call A and B always neighbors if A and
B are always convex hull areas and A and B are neighbors in F'.

Definition 7. Let A and B be always neighbors. We call the set
Nap={p:3q€ A,r € B withp € edge, .}
the neighboring band of A and B
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Lemma 12. If there are no partly convex hull areas in F, but F contains at
least three always convexr hull areas, then any dependent convex hull area A € F
must intersect with at least one neighboring band.

Proof. Since we have at least three always convex hull areas. The neighboring
bands of these areas build a closed 'polygon’ P. Note that an edge of P is a
neighboring band and it might be therefore thick. We call all point that lie
either outside of P or on the convex hull of P outer-points, points that lie in a
neighboring band except of the convex hull of P, points on P and the rest inner
points. Since all areas in F are closed, any area that contains outer points must
contain an always convex hull point, which contradicts our assumption that
there are no partly convex hull areas. In particular no dependent convex hull
area contains outer points. Since all inner points are never convex hull points, a
dependent convex hull area must contain at least a point on P and therefore it
must intersect with at least one neighboring band.

Lemma 13. Let there be no partly convex hull areas in F. Let F contain at least
three always convex hull areas. If A is a dependent convex hull area intersecting
with the neighboring band Np ¢, then {A, B,C} is a witness set.

Proof. Assume that we don’t need to update A, B or C'. Since A is a dependent
convex hull area we must update other areas to change the status of A. Since F
contains at least three always convex hull areas, without updating B or C the
area A will not become an always convex hull area. Hence we must update an
area D such that A becomes a never convex hull area. Therefore the updated
trivial area D’ must intersect with Np ¢ and it must be dependent convex hull.
We are now in a similar situ ation as before. Since we don’t update B or C we
have to update an area F such that D’ becomes a never convex hull area, but
again the updated trivial area E’ lies in Np ¢. Therefore we have to update at
some point the area B or C.

Lemma 14. If there are no partly convex hull areas in F and F contains at
least one dependent convexr hull area, there exists a witness set of size at most 3.

Proof. Case 1) F contains one always convex hull area A. If the area A is not
updated other updates must lead to the situation where the are only three areas
in the collection of areas without counting multiple trivial area. Hence A and
any two non-trivial areas in F build a witness set.

Case 2) F contains two always convex hull areas A and B. Similar to Case 1).
If the areas A and B are not updated, other updates must lead to the situation in
which there are only three areas, without counting multiple trivial areas. Hence
A, B and any non-trivial are in F build a witness set.

Case 3) F contains three or more always convex hull areas. Let D be a
dependent convex hull area in F. By Lemma [T2] the area D must intersect with
at least the neighboring band Np ¢ where B and C are always convex hull areas
in F. By Lemma [I3] the set {D, B,C} is a witness set.
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Fig. 6.

By Lemma [[4] Lemma [0 and Lemma [[lwe have the following Theorem.

Theorem 2. Under the restriction to the closure of open, connected areas or
trivial areas,and every non-empty intersection of two non-trivial areas contains
an e-ball, the witness algorithm for the convex hull problem is 3-update optimal.
Furthermore, this is the best possible.

The following example, Figure Bl shows that there is no algorithm which is c-
update optimal for ¢ < 3. The areas A and B are always on the convex hull.
However for any strategy to determine the status of C there exists a configura-
tion such that this strategy requires to update all three areas, but starting with
updating the last one would have given the answer directly. Since we can con-
struct a set of areas that consists entirely of triples following the same pattern,
there can not exist an c-update optimal algorithm with ¢ less than three.

A similar situation as described in Remark [[]can be used to shows that there
is no update-optimal algorithm for the convex hull problem with arbitrary areas.
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Abstract. In the Art Gallery problem, given is a polygonal gallery and
the goal is to guard the gallery’s interior or walls with a number of guards
that must be placed strategically in the interior, on walls or on corners of
the gallery. Here we consider a more realistic version: exhibits now have
size and may have different costs. Moreover the meaning of guarding is
relaxed: we use a new concept, that of watching an expensive art item,
i.e. overseeing a part of the item. The main result of the paper is that the
problem of maximizing the total value of a guarded weighted boundary
is APX-complete. This is shown by an appropriate gap-preserving reduc-
tion from the MAX-5-OCCURRENCE-3-SAT problem. We also show that
this technique can be applied to a number of maximization variations of
the art gallery problem. In particular we consider the following problems:
given a polygon with or without holes and k available guards, maximize
a) the length of walls guarded and b) the total cost of paintings watched
or overseen. We prove that all the above problems are APX-complete.

1 Introduction

In the Art Gallery problem (as posed by Victor Klee during a conference in
1976), we are asked to place a minimum number of guards in an art gallery so
that every point in the interior of the gallery can be seen by at least one guard.

Besides its application of guarding exhibits in a gallery, the Art Gallery
problem has applications in wireless communication technology (mobile phones,
etc): place a minimum number of stations in a polygonal area so that any point of
the area can communicate with at least one station (two points can communicate
if they are mutually visible).

Many variations of the Art Gallery problem have been studied during the last
two decades [2J3/4]. These variations can be classified with respect to where the
guards are allowed to be placed (e.g. on vertices, edges, interior of the polygon)
or whether only the boundary or all of the interior of the polygon needs to be
guarded, etc. Most known variations of this problem are NP-hard. Related prob-
lems that have been studied are MINIMUM VERTEX/EDGE/POINT GUARD for
polygons with or without holes (APX-hard and O(logn)-approximable [T/5]J6])
and MINIMUM F1xED HEIGHT VERTEX/POINT GUARD ON TERRAIN (O (logn)-
approximable [5l6]8]). In [I3] the case of guarding the walls (and not necessarily
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Fig. 1. A weighted polygon

every interior point) is studied. In [I4] the following problem has been intro-
duced: suppose we have a number of valuable treasures in a polygon P; what
is the minimum number of mobile (edge) guards required to patrol P in such a
way that each treasure is always visible from at least one guard? In [14] they
show NP-hardness and give heuristics for this problem. In [15] weights are as-
signed to the treasures in the gallery. They study the case of placing one guard
in the gallery in such a way that the sum of weights of the visible treasures is
maximized. Recent (non-)approximability results for art gallery problems can be
found in [T2IBI4/5K]. For a nice survey of approximation classes and important
results the reader is referred to [I1].

Here we consider the MAXIMUM VALUE VERTEX GUARD problem: A poly-
gon without holes is given with weighted disjoint line segments on its boundary
(see figure 1); an integer k > 0 is also given. The goal is to place at most k
guards on vertices of the polygon so that the total weight of line segments vis-
ible by the guards is maximized. If we think of the weighted line segments as
paintings on the walls of an art gallery then we have a realistic abstraction of the
problem of guarding a maximum total value of paintings that takes into account
the fact that paintings actually occupy parts of the walls, not merely points.
Another possible application of this problem is the illumination of a maximum
number of paintings in a gallery. Again, a painting must be totally visible from
light sources in order to consider it illuminated. There are also important appli-
cations in wireless communication networks: An interpretation of weighted line
segments are inhabited areas. The polygon models the geographical space. The
weight interpretation is the population of an area. Imagine a number of towns
lying on the boundary of a polygonal geographical area. The goal is to place at
most k stations such that the total number of people that can communicate is
maximized. Moreover, it could be the case that the towns are on the shore of a
lake, so we can only place stations on the boundary. Similar situations may arise
in various other types of landscape.

We show APX-hardness of MAXIMUM VALUE VERTEX GUARD and con-
clude that this problem is APX-complete since there exists a polynomial time
constant-ratio approximation algorithm ([12]). Our main contribution is a gap-
preserving reduction from MAX-5-OCCURRENCE-3-SAT to MAXIMUM VALUE
VERTEX GUARD specially designed for weighted maximization problems. The
construction part of our reduction uses some ideas from the constructions used
in [1], [6] (to show NP-hardness, APX-hardness respectively of the MINIMUM
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VERTEX GUARD problem). Central in our technique is a careful assignment of
appropriate weights on the line segments of the constructed polygon.

Next we study a number of variations: a) the case of edge guards (guards
occupying whole edges), b) the case in which our goal is to watch (see a part
of) line segments instead of overseeing them, c) the case of maximizing the total
length of the visible boundary and e) the case of polygons with holes. We prove
APX-completeness for all these variations and for several of their combinations.

2 MAxiMUM VALUE VERTEX GUARD Is APX-Complete

Suppose a polygon P without holes is given with weighted disjoint line segments
on its boundary. Our line segments are open intervals (a, b). The goal is to place
k vertex guards maximizing the weight of the overseen boundary. The formal
definition follows:

Definition 1. Given is a polygon P without holes and an integer k > 0. Assume
the boundary of P is subdivided into disjoint line segments with non negative
weights (see figure 1). The goal of the MAXIMUM VALUE VERTEX GUARD prob-
lem is to place k vertex guards so that the total weight of the set of line segments
overseen s Maxrimum.

We will prove that MAXIMUM VALUE VERTEX GUARD is APX-hard. We
propose a reduction from MAX-5-OCCURRENCE-3-SAT problem (known to be
APX-hard [10]) and we show that it is a gap preserving reduction. Let us recall
the formal definition of the M AX-5-OCCURRENCE-3-SAT problem:

Definition 2. Let @ be a boolean formula given in conjuctive normal form, with
each clause consisting of at most 8 literals and with each variable appearing in
at most 5 clauses. The goal of M AX-5-OCCURRENCE-3-SAT problem is to find a
truth assignment for the variables of @ such that the number of satisfied clauses
18 maximum.

2.1 Construction Part of the Reduction

For every literal, clause and variable of the given boolean expression, we con-
struct a corresponding pattern as shown in figure Bl Figure [Za shows a clause

Fig. 2. a) A clause pattern with 3 literal patterns, b) a variable pattern
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Fig. 3. a) Two spikes corresponding to an occurrence of a positive literal in a clause.
Both spikes and the “ear” are overseen by two guards placed, e.g., on Fyq, (oversees
left spike and “tail”) and on Fj;; (oversees right spike and “ear”). b) two spikes corre-
sponding to an occurrence of a negative literal in a clause. Both spikes and the “ear”
are overseen by two guards placed, e.g., on Tyer (oversees right spike and “tail”) and
on Fy;; (oversees left spike and “ear”).

pattern with 3 literal “ear” patterns. It is possible to oversee the whole literal
pattern with one vertex guard only if she is placed on vertex Fj;; or Tj;;. Figure
b shows a variable pattern with two “legs” and a “tail”. Variable patterns are
augmented with additional spikes described below (see figure 3). Finally we add
an “ear” pattern in the upper left corner of the polygon and the construction is
complete. A guard on vertex w oversees both “legs” of every variable pattern.
An example is shown in figure 4.

For every occurrence of a literal in the boolean expression, i.e. for every literal
“ear” pattern, we add two “spikes” to the corresponding variable pattern: if it
is a positive (negative) literal, we add the two spikes as shown in figure 3a (3b).
The spike which is overseen by vertex Fj;; (T}:¢) is called FALSE (TRUE) spike.
Notice in figure 3 that the base of the FALSE spike is the line segment (a, Fj;¢),
whereas the base of the TRUE spike is (T};,b) and not (T}, ¢). The purpose of
this is that no vertex of the clause side (see figure 4) can oversee more than one
spike (in the variable side).

Three guards are necessary and sufficient in order to oversee a literal “ear”,
its corresponding variable pattern (two “legs” and a “tail”) and its corresponding
spikes. One of them is placed on vertex w and oversees the “legs” of the variable
pattern. The other two are placed on vertices: i) {Fyar, Flit}, or {Tvar, Tiit},
for positive literals, or ii) {Fyar, Tyt }, or {Tvar, Flit}, for negative literals. We
assign value 8 to every edge of the polygon, except the “cheap” edges of the
clause patterns depicted in figure Zh, to which we assign value 1. We set the
number of available guards k =1 4+ n + 1, where [ is the number of occurrences
of literals and n is the number of variables of the boolean expression.
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Fig. 4. Resulting polygon

2.2 Transformation of a Feasible Solution

Suppose a truth assignment for the boolean expression is given. We will construct
a guard placement that corresponds to the given truth assignment. We place
k =1+ n+ 1 guards on vertices of the polygon that we constructed in section
2.1, as follows: We place in each variable pattern a guard on vertex Fyqr (Tyar),
if the truth value of the corresponding variable is FALSE (TRUE). We place
in each literal pattern a guard on vertex Fy;; (Tj;), if the truth evaluation of
the literal is FALSE (TRUE). Finally we place a guard in the additional “ear”
pattern, on vertex w. Thus, every literal pattern is overseen. Furthermore, every
variable pattern is overseen by guards placed as described. The “legs” of variable
patterns are overseen by the guard on vertex w.

Conversely, given a placement of [ + n + 1 guards on the resulting polygon
which is an instance of MAXIMUM VALUE VERTEX GUARD we will construct a
corresponding truth assignment for the original MAX-5-OCCURRENCE-3-SAT in-
stance. First we modify the placement of guards by placing a) only one guard in
every variable pattern on one of the vertices F,q; or Tyyqr, b) only one guard in ev-
ery literal pattern on vertex F;; (T};:) if the corresponding TRUE (FALSE) spike
of the variable pattern is overseen by its guard, ¢) one guard in the additional
“ear” pattern on vertex w. In more details: given a placement of k =1+ n+1
guards with a total overseen boundary value B, we will modify the guard place-
ment so that the total value overseen is > B, and so that with the exception of
some “cheap” edges with weight 1, the modified guard placement achieves: a)
full overseeing of all polygon edges and b) “consistent” placement on two vertices
out of the four Fy, Tiie, Fyar, Tvar for all literals. Guard placement follows:

i) We place one guard on vertex w of the additional “ear” pattern.

ii) For every variable pattern: a) If there is only one guard in the pattern
placed on a vertex which oversees a spike, we place her on Fyar (Tyar) if Fyar
(Tyar) oversees the same spike. b) In all other cases (no guards, one guard over-
seeing no spikes, at least two guards) we place one guard on Fyo (Tyar) if Foar
(Tyar) oversees more FALSE spikes than Tyqr (Fyar)-
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iii) For every literal we place one guard on Fj;; (T};) if the corresponding
FALSE (TRUE) spike of the variable pattern is not overseen by the guard placed
in the variable pattern.

We will prove in section 2.3 (see Lemma 2) that the total value overseen is
at least B.

Now we can construct a truth assignment as follows: assign TRUE (FALSE)
to a variable if the corresponding variable pattern has a guard on vertex T,
(Fvar)-

2.3 Analysis of the Reduction

Let I be an instance of MAX-5-OCCURRENCE-3-SAT with n variables, [ occur-
rences of literals and m clauses (I < 3m). Let I’ be the instance of MAXIMUM
VALUE VERTEX GUARD (constructed as in BT)) with k =1 +n + 1. Let M be
the total value of the boundary.

Lemma 1. If OPT(I) = m then OPT(I') = M.

Proof. Suppose there exists a truth assignment such that all m clauses are sat-
isfied. If we place [ + n + 1 guards in the polygon as in [Z2] then it is easy to
see that the whole boundary of the polygon is overseen. So the total value of
overseen edges is M.

Note that Lemma 1 is true no matter what the values of the cheap edges are.
However we must carefully choose the values of cheap edges in order to prove
Lemma 2. We want to find an optimal placement of guards in which for many
clause patterns at least one of the Tj;; vertices is occupied by a guard. Thus the
values of cheap edges should not be 0. We also want to cover all non-cheap edges
possibly leaving some cheap ones uncovered. For every false clause of the boolean
formula cheap edges in the corresponding clause pattern will be left uncovered.

Lemma 2. If OPT(I') > M — 8em then OPT(I) > m(1 —¢).

Proof. Suppose there exists an € > 0 and a placement of the [ +n + 1 guards in
I’ so that the total value of overseen boundary is at least M — 8em. After the
modification of guard placement described in[2:2] & = [ +n + 1 guards oversee
the whole boundary except possibly some “cheap” edges and the total value
overseen is at least M — 8em: Notice that if we place a guard on vertex Fj;; or
Tyt of an “ear” which has no guards we certainly increase the overseen value by
at least 16, because edges (F;,d) and (d, e) can not be overseen by any outside
guard. Similarly a guard placed on Fyg, or T, of a variable pattern that has
no guards, certainly increases the overseen value by at least 16 (namely weight
of the two “tail” edges).

We will discuss two cases pertaining to guard placement in “ears”:

a) The original placement had two guards on vertices T};; and Fy;; of a literal
“ear” pattern and after the modification, one guard was placed on vertex Fj;
of the pattern. The total value may have been decreased by at most 8 (because



30 E. Markou, S. Zachos, and C. Fragoudakis

“cheap” edges may now be missed) but it is increased by at least 16 (because
the free guard was placed in an unguarded pattern).

b) The original placement had one guard on vertex Tj;; of a literal “ear”
pattern and after the modification she was moved to vertex Fj;; of the pattern:

i) If the corresponding FALSE spike was not overseen in the original place-
ment (by a guard in the variable pattern), the total value may have been de-
creased by at most 8 (because “cheap” edges may now be missed) but it is
increased by at least 16 (because the FALSE spike is now overseen by the guard
on Fyy).

ii) If the corresponding FALSE spike was overseen in the original placement
(by a guard g in the variable pattern), then it must be the case that the variable
pattern had originally at least two guards and after the modification, guard g
was removed and placed in another pattern because there was another guard
that was overseeing the most FALSE spikes in the variable pattern. The guard g
was overseeing at most 2 FALSE spikes because a variable pattern has at most
5 FALSE spikes, since a variable appears in at most 5 clauses of the boolean for-
mula. Thus, for every variable pattern, guards have been moved from vertex Tj;;
to Fy;; in at most two literal patterns. The total value may have been decreased
by at most 16 (because “cheap” edges of two clauses may now be missed) but
it is increased by at least 16 (because at least one free guard was placed in an
unguarded pattern).

We can now construct a truth assignment for I as in that leaves at most
em clauses unsatisfied that correspond to em clause patterns not overseen by
any guard in I’.

From Lemma 1 and the contraposition of Lemma 2 the following theorem
holds:

Theorem 1. Let I be an instance of MAX-5-OCCURRENCE-3-SAT problem with
n variables, m clauses and I < 3m occurrences of literals. Let I' be the instance
of MAXIMUM VALUE VERTEX GUARD problem (constructed as in[21) with k =
l+n+1. Let M be the total value of the boundary of the polygon. Then:

— OPT(I) =m — OPT(I') = M
— OPT(I) <m(l—¢€) - OPT(I') <M — 8em

Thus our reduction is gap-preserving [10)].

In [O/10] it was proved that the MAX-5-OCCURRENCE-3-SAT problem with
parameters m and (1 — €)m for some e > 0, where m denotes the number of
clauses in instance I, is NP-hard to decide.

Therefore, we obtain that unless P = N P, no polynomial time approximation
algorithm for MAXIMUM VALUE VERTEX GUARD can achieve an approximation
ratio of #.

Considered that M = nV +IL+2lS+mC+ FE where V denotes the total value
of a variable pattern (“legs”, “tail”, “leg-edges” between spikes, plus one edge
that links the variable pattern with the next one on the right : 104 <V < 168),
L denotes the total value of a literal pattern (“ear” : L = 40), S denotes the
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total value of a spike pattern (S = 16), C' denotes the total value of a clause
pattern without “ears” plus one edge that links the clause pattern with the next
one on the right (16 < C' < 32) and E denotes the total value of the additional
ear pattern and the remaining edges of the polygon (E = 80), then:

M <3mV +3mL+6mS+mC+ E

With a few calculations it turns out:

M LR L >1+¢
= Bem = 8 = €
M —8em 1= = 1= sporr6sro7m

for some € that depends on e. Therefore:
Theorem 2. MAXIMUM VALUE VERTEX GUARD is APX-hard.

On the other hand the MAXIMUM VALUE VERTEX GUARD problem can be
approximated within a constant ([12]). Therefore:

Corollary 1. MAXIMUM VALUE VERTEX GUARD is APX-complete.

3 A Bunch of APX-Complete Art Gallery Problems

In this section we propose appropriate modifications of the reduction of section 2
in order to show APX-hardness for a number of variations of MAXIMUM VALUE
VERTEX GUARD. We also give constant ratio approximation algorithms for these
problems (where not already known), thus showing them to be APX-complete.

The case in which guards are placed on edges (guards occupying whole edges),
is called MAXIMUM VALUE EDGE GUARD problem. A guard which is occupying
a whole edge, can be thought of as a mobile guard able to move on the edge.

Proposition 1. MAXIMUM VALUE EDGE GUARD is APX-hard.

Proof. We show the result by a reduction from MAX-5-OCCURRENCE-3-SAT to
MAXIMUM VALUE EDGE GUARD. The reduction follows the one in section 2
using modified literal and variable patterns, as shown in figure 5. It is not hard
to check that the properties mentioned in Theorem 1 hold here as well.

For the rest of our problems we consider both vertex-guard and edge-guard
versions and we use the corresponding construction for our reductions, i.e. the
one of section 2.1 for the vertex-guard problems and the one used in Proposition
1 (with the modified literal and variable patterns) for the edge-guard problems.
All the reductions are from MAX-5-OCCURRENCE-3-SAT to the problem in hand.

Now we will relax the meaning of guarding: “watching a valuable painting”,
i.e. “overseeing a part of it” instead of “overseeing all of it”.

Proposition 2. The watching versions of MAXIMUM VALUE VERTEX GUARD
and MAXIMUM VALUE EDGE GUARD problems are APX-hard.
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Fig. 5. a) A literal pattern and b) a variable pattern for edge guard problems

Proof. Let us describe a reduction from MAX-5-OCCURRENCE-3-SAT to the
watching version of MAXIMUM VALUE VERTEX/EDGE GUARD. We first con-
struct the polygon using the appropriate gadgets (depending on the kind of
guards as explained above). We then discretize the boundary using the Finest
Visibility Segmentation (FVS) described in [12]. Let us recall this technique: we
use the visibility graph Vi (P). By extending edges of Vi (P) inside P up to the
boundary of P we obtain a set of points FV'S on the boundary of P (FVS in-
cludes of course all corners of P) (see Figure 6a). There are O(n?) points in F'V S
and these points are endpoints of line segments with the following property: for
any vertex y, a segment (a,b) defined by consecutive F'V S points is visible by y
iff it is watched by y. Furthermore (a, b) is watched (and visible) by an edge e iff
it is watched by any point in F'V.SNe. Thus we can find the set of line segments
E’'(v) (E'(e)) which are watched by a vertex v (edge e) within polynomial time.

Every edge in a clause pattern will be subdivided into O(n) FVS segments,
because it can be watched only by vertices in variable patterns. Let 6 > 0 be
an integer such that the number of FVS segments in any of the (previously)
“cheap” edges of a clause pattern is at most én. We assign value 1 to every
FVS segment which belongs to a (previously) “cheap” edge of a clause pattern.
We assign value 8dn to every other segment. The properties of Theorem 1 hold
(details are omitted for brevity).

Consider now the following problem:

Definition 3. Given is a polygon P without holes and an integer k > 0. Let
L(b) be the euclidean length of the line segment b. The MAXIMUM LENGTH
VERTEX/EDGE GUARD problem asks to place k vertezx (edge) guards so that the
euclidean length of the overseen part of P’s boundary is mazimum.

Proposition 3. MAXIMUM LENGTH VERTEX/EDGE GUARD is APX-hard.

Proof. For the construction part of the reduction, we construct the polygon using
the gadgets for vertex-guard or edge-guard version with the following additional
modification: we make sure that the length of every (previously) “cheap” edge
in a clause pattern is designed at least 8 times shorter than any other edge of
the polygon. Now the properties of Theorem 1 hold here as well (again details
are omitted).
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Fig. 6. a) Subdividing the boundary into line segments with endpoints in F'V S, b) the
left part of the polygon with the hole

All these problems may also appear in polygons with holes. Holes in poly-
gons are useful because they give us the chance to model reality better (holes
represent obstacles) and to place guards in the interior of the polygon (on pre-
defined places), on vertices or edges of the holes. We remind the reader that for
MINIMUM VERTEX/EDGE GUARD for polygons with holes, no polynomial time
approximation algorithm can guarantee an approximation ratio of 11’26 Inn for
any € > 0, unless NP C TIM E(n®(oslogn)) ([715]).

Proposition 4. The following problems are all APX-hard for polygons with
holes.

— The overseeing version of MAXIMUM VALUE VERTEX/EDGE GUARD
— The watching version of MAXIMUM VALUE VERTEX/EDGE GUARD
— MAxiMuM LENGTH VERTEX/EDGE GUARD

Proof. In the construction part of the corresponding reduction for every one of
the above problems we add a hole and another “ear” pattern in the left lower
corner of the polygon as shown in figure 6b. Theorem 1 again holds.

For the problems of Propositions 1-4, polynomial time constant ratio approx-
imation algorithms are presented in [12]. Hence:

Theorem 3. The following problems are all APX-complete for polygons with or
without holes.

— the overseeing version of MAXIMUM VALUE VERTEX/EDCGE GUARD
— The watching version of MAXIMUM VALUE VERTEX/EDGE GUARD
— MAXIMUM LENGTH VERTEX/EDGE GUARD

Another variation of the MAXIMUM VALUE VERTEX/EDGE GUARD problem
is the maximization of the total value of overseen valuable paintings where only
the dimensions of the paintings are given. So the goal is to place vertex/edge
guards as well as to place the given paintings on the boundary of the polygon.
The problem called MAXIMUM VALUE VERTEX/EDGE GUARD PP is also APX-
complete ([16]).
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Fig. 7. Classifying Art Gallery problems in approximation classes. We use: “n®” to

denote the class of problems with O(n®) approximation ratio, “logn” for the class
of problems with O(logn) approximation ratio, APX for the class of problems with
constant approximation ratio and PTAS for the class of problems with an infinitely
close to 1 constant approximation ratio.

4 Conclusions

We have proved that overseeing a maximum value part of a weighted boundary
of a polygon without holes, using at most k vertex guards (MAXIMUM VALUE
VERTEX GUARD) is APX-complete. We have also proved that the variations in-
volving i) edge guards (MAXIMUM VALUE EDGE GUARD), ii) polygons with holes
and iii) watching instead of overseeing the boundary, are APX-complete. In ad-
dition, we have shown that MAXIMUM LENGTH VERTEX GUARD and MAXIMUM
LENGTH EDGE GUARD for polygons with or without holes are APX-complete.
We end up with a hierarchy of Art Gallery problems which is shown in figure 7.

Maximization Art Gallery problems for polygons with or without holes that
we studied (MAX in figure 7) are APX-hard while at the same time they have
constant approximation ratios (thus APX-complete). Minimization Art Gallery
problems for: a) polygons with holes (MIN holes in figure 7) are log n-hard and
have O(logn) approximation ratios (thus logn-complete), b) polygons without
holes (MIN without holes in figure 7) are APX-hard and have O(logn) approx-
imation ratios but it is not known whether they have constant approximation
ratios or whether they are logn-hard.

We have shown that our gap-preserving reduction can be applied with minor
modifications to a number of problems. New elements of problems studied here
are: a) weighted line segments of the polygon’s boundary and b) the useful
and promising concept of watching line segments as opposed to completely
overseeing them. Interesting open problems arise if we consider all the above
problems in the case where exhibits may lie in the interior of the polygon.
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Abstract. This paper presents a simple algorithm for the partial point
set pattern matching in 2D. Given a set P of n points, called sample set,
and a query set @ of k points (n > k), the problem is to find a matching
of @ with a subset of P under rigid motion. In other words, whether
each point in @ is matched with corresponding point in P under transla-
tion and/or rotation. The proposed algorithm requires O(n2) space and
O(n’logn) preprocessing time, and the worst case query time complexity
is O(kalogn), where « is the maximum number of equidistant pairs of
points. For a set of n points, & may be O(n4/3) in the worst case. Ex-
perimental results on random point sets and fingerprint databases show
that it needs much less time in actual practice. The algorithm is then
extended for checking the existence of a matching among two sets of line
segments under rigid motion in O(knlogn) time, and locating a query
polygon among a set of sample polygons in O(kn) time under rigid mo-
tion.

1 Introduction

In computer vision and related applications, point sets represent some spatial
features like spots, corners, lines, curves in various images pertaining to fin-
gerprints, natural scenery, air traffic, astronomical maps, etc. Pose estimation
involves assessment of object position and orientation relative to a model refer-
ence frame. In many problems of pattern recognition, such as registration and
identification of an object, a suitably chosen set of points may efficiently preserve
desired attributes of the object. In all such cases, the problem can be transformed
to matching point sets with templates. For practical applications of geometric
pattern matching, see [T2/T6].

The objective of the point set pattern matching problem is to determine the re-
semblance of two point sets P and @ (representing two different objects), under
different transformations. The most simple kind of transformation is translation.
If rotation is allowed along with translation, it is called rigid motion or congru-
ence. Other transformations include reflection and scaling. The latter refers to
magnifying (or reducing) the object by a certain factor 7. Combination of ro-
tation, translation and scaling is called similarity. Under these transformations,
the problem can be classified into three groups [4l:

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 36-45 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Exact point set pattern matching: A method for finding congruences be-
tween two sets P and Q C IR?, |P| = |Q| = n is reported in [6]. In [7], it is
shown that exact point pattern matching can be easily be reduced to string
matching [19].

Approximate point set pattern matching: The approximate point set pat-
tern matching is more realistic in many actual applications [4J5l15]. Given
two finite sets of points P and @, the problem is to find an approximate
matching under some transformation, i.e., for each point ¢; € @, find its
match, p; € P such that ¢; lies in the e-neighbourhood of p; (a circle of
radius e centered at p;).

Partial point set pattern matching: Let |P| = n, and |Q| = k, n > k, the
problem is to ascertain whether a subset of P matches with ) under some
transformation. Here P is referred to as the sample set, and @ is a query set.
In one dimension, the problem can be solved by sorting the points in both P
and @ with respect to their coordinates on the respective real lines, and then
performing a merge like pass among the two sets by considering the distances
of consecutive members in the respective sets. Using the same idea, Rezende
and Lee [23] showed that given a query set @ of k points, the existence of its
match in a sample set P of n (> k) points in IR? can be reported in O(kn?)
time under translation, rotation and scaling. The implementation of their
algorithm needs the circular ordering of points in P\ {p;} around each point
p; € P; this can be done in O(n?) time for all the points in P [20]. For testing
the congruence in 2D (i.e., if only translation and rotation are considered),
the time complexity of the best known algorithm is O(kn*/3logn + A) [3],
where A is the time complexity of locating r-th smallest distance among a
set of n points in the plane. In [2], it is shown that A is O(n*/3log®3n) in the
average case, and O(n?/3¢) in the worst case. However, determination of A
needs parametric searching technique [22], which looks difficult to implement
and not very efficient in practice [TJ21].

A detailed survey on point set pattern matching appears in [4J13].

Many applications in pattern recognition and computer vision (e.g., fingerprint
minutiae matching for access control mechanisms) require fast congruence check-
ing. There may be more than one sample set. Given a query point set, we need to
report the sample sets whose at least one k-subset matches with () in an efficient
manner.

We present a simple and easy to implement algorithm for the partial point
set pattern matching under translation and rotation. Our proposed algorithm
creates efficient data structure for each sample point set in the preprocessing
phase, and it leads to an efficient query algorithm which does not need the
complicated parametric searching technique. The time and space complexity of
the preprocessing are O(n%logn) and O(n?) respectively, and the query time
complexity is O(aklogn) in the worst case, where « is the number of equidistant
pairs of points in the set P. In [24], it is shown that «, the maximum number of
equidistant pairs in a point set of size n, may be O(n*?) in the worst case. Thus
for the applications where repeated query needs to be answered, our algorithm
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is an improvement over the best known existing algorithm where the query time
complexity is O(n4/ 310g8/ S+ kalogn) [3], and which uses parametric searching
technique. Our empirical evidence shows that a is much less than O(n*/3). We
have implemented both our algorithm, and the algorithm proposed in [23] and
run on random point sets and also in some actual applications, like fingerprint
matching. In all cases, our algorithm performs much better than that of [23].
We also show that our technique can be extended for checking the congruence
of line segments and polygons.

2 Preliminaries

Let P = {p1,p2,...,pn} be the sample set and Q@ = {q1,¢2,...,qr} be a query
set, k < n. The objective is to find a subset of size k in P that matches Q under
translation and/or rotation. The most trivial method is inspecting all possible
(Z) subsets of P for a match with Q. The time complexity is improved in [23],
by extending the concept of circular sorting [20] to higher dimensions, which
facilitates an orderly traversal of the point sets. It may be noted that the points
in IR?, d > 2, lack a total order. A characterization of canonical ordering of a
point set in IR? is first reported in [14]. In [23], the authors pointed out that
the method given in [I4], though elegant, may not be of much use in subset
matching. But, the idea of canonical ordering of [I4] can be extended to the
concept of circular sorting, that basically imposes a partial order on the points.
The algorithm in [23] stores the circular order of the points in P\ {p;} with each
point p; € P. Then it selects a query point, say g1 € @, arbitrarily, and computes
the circular order of the points in @ \ {¢1} around ¢;. It anchors ¢; with each
point in P, and rotates @ to identify a k-subset match in P. This scheme can
detect a match (if any) under translation, rotation and scaling; the space and
query time complexities are O(n?) and O(n? + klogk + kn(n — 1)) = O(kn?)
respectively.

3 Proposed Algorithm

We now propose a new scheme of detecting a match under congruence (trans-
lation and rotation only) by selectively choosing a few points in P for anchor-
ing with ¢;. We adopt a preprocessing method on the sample set and use the
following facts to design an efficient query algorithm with reduced number of
anchorings.

Fact 1. As the distances amongst the points in a set are preserved under transla-
tional or rotational transformations, a sufficient condition for a match of Q with
a k-subset of P under translation and/or rotation is that all the (]2“) distances in
the point set Q should occur among the (g) distances in the point set P.
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Fact 2. [2/|]] For a sample set P of n points, the number of equidistant pairs of
points is O(n*/3) in the worst case.

3.1 Preprocessing

Let P = {p1,p2,...,pn} be a sample set, where each point in P is assigned a
unique label. In the entire text, we shall denote a line joining a pair of points a
and b by (a,b), the corresponding line segment by ab, and the length of the line
segment ab by 6(ab).

The distances of all (Z) pairs of points are computed, and an AVL-tree T [1§] is
created with all the distinct distances. Each node of T is attached with a pointer
to an array g, whose each element is the pair of points separated by distance 9.
Each element of this array contains a triple (p;, p;, 0;;), where p; and p; denote
the labels of the pair of points contributing distance J, and 6;; denotes the angle
of the line (p;,p;) with the X-axis.

We need another data structure S, which is an array containing n elements; its
i-th element (corresponding to the point p; € P) holds the address of the root
of an AVL-tree S;, containing exactly n — 1 nodes corresponding to the points in
P\ {p;}. The nodes in S; are ordered with respect to the tuples (;;,7;;), where
ri; = 6(Pip;) and 0;; = the angle made by (p;,p;) with the X-axis.

The total space used by T is O(n?). The structure S also needs O(n?) space
since it has n elements, and each S; takes O(n) space. The time complexity for
the preprocessing is dominated by sorting the (g) distances, which is O(n%logn)
in the worst case.

3.2 Query Processing

Given a set of points @ = {q1,¢2,...,qx}, the query is to ascertain whether a
k-subset of P matches with ) under translation and/or rotation. We select any
two points, namely ¢; and ¢z, from the set @), and search whether the distance
5(q1qz) is in T. If not, then no k-subset of P matches with Q (by Fact 1). If such
an entry is found, the following steps are needed:

Let 6(gigz) = d. We consider each member in x,; separately. Assume that
d(piPj) € Xxa is under processing. We anchor the line segment gigz with the
line segment D;p; with ¢; anchored at p;, (if it fails we would anchor ¢p with
p;) and search in S; (data structure corresponding to p; in S) to identify the
presence of a match.

For each point ¢, € @, the tuple (£gnq192,6(G1Ga)) is searched in S;. If such an
element (Zpgp;p;j,0(pipe)) is found (i.e., the triangle Apyp;p; in P is congruent
with the triangle Agnqi1ge in Q), py matches with g,. If all the points in @
are matched with k points of P, then @ matches with P (see Figure 1 for an
illustration).
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Fig. 1. Illustration of the match with the bold lines showing anchors

Query time complexity

Searching for the distance §(q1gz) in 7 needs O(logn) time. If the search is
successful, i.e., 6(q1g2) = d (corresponding to a node of 7), then one needs to
consider each member p;p; € xq4. The line segment g1¢z is anchored with the line
segment p;p;, and for each point ¢, € @, the tuple (£¢0¢142,0(q1qx)) is searched
in §;, which needs O(logn) time. For k — 2 points in @, the total time required
is O(klogn). If the match fails, the same steps are repeated by anchoring giqa
with D;p, i.e., searching in §j.

In the worst case, a match has to be checked for all the elements of xs, i.e.,
for all pairs of points in P having their distances equal to §. As the number of
elements in x5 can be at most O(n*/?) (see Fact 2), the worst case query time
complexity of this algorithm is O(kn*/3logn).

4 Experimental Results and Applications

4.1 Experiments on Randomly Generated Point Sets

We have implemented the proposed algorithm as well as the one reported in [23]
on a Sun Ultra-5_10, Sparc, 233 MHz; the OS is SunOS Release 5.7 Generic.
Table 1 illustrates the experimental performance of the two algorithms. We con-
sidered K sample sets P;,i = 1,2,..., K, each of size ranging from 50 to 80.
Thereafter, a particular sample set P; is selected at random; a sub-set from that
set is then chosen which under random translation and rotation forms the query
set Q. Thus, a match of () with at least one P; is ensured. Next, both the algo-
rithms for partial point set pattern matching are executed with each of the K
sample sets. The time reported is averaged over a number of experiments for dif-
ferent values of K. The drastic improvement in the execution time, as reported
in the last column of Table 1, is due to the fact that, in general, the maximum
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Table 1. Comparative results with respect to CPU Time

CPU Time in p sec.

Number of Rezende and | Proposed | %
sample sets, K |Lee’s method [23]| method |saving
10 39,696,066 1,280,111 | 96.70
20 85,016,140 3,457,594 | 95.90
50 228,242,586  |11,784,255| 94.83
100 548,033,187  |19,754,415| 96.39
200 1075,977,761 |39,225,959| 96.35

number of equidistant pair of points is very small compared to its theoretical
upper bound (see Table 2).

Table 2. Maximum number of equidistant pairs in a point set

(Experiment is performed for randomly generated point sets for different values of n)

number of points (n) [100{200{500{1000
maximum number of 416 (20| 53
equidistant pairs observed

4.2 Experiment with Real Fingerprint Minutiae

The proposed algorithm is also tested using real fingerprint minutiae, extracted
from fingerprints in the NIST 14 sdb [10J26]. The one pixel thick ridge lines are
extracted from a grayscale fingerprint image using the algorithm reported in [g].
Thereafter, minutiae that are terminations and bifurcations on the ridge lines,
are extracted using the method in [I1] (see Figure 2). We analyzed 100 images
of the NIST14 sdb for extracting minutiae. A fingerprint image is then chosen
at random; its minutiae are extracted and searched in the database using our
proposed algorithm, and always a match is found. The preprocessing stage for
the database containing 100 images requires 2.3 seconds on an average, and the
search for a particular minutiae point set in the database takes on an average
0.7 seconds.

5 Line Segment Matching

The algorithm can be tailored for checking the congruence of a query set @
among the members in a sample set P where the members in both P and ) are
line segments of non-zero length.
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Reference fingerprint Query fingerprint

Fig. 2. An example of a subset matching in a fingerprint

5.1 Preprocessing

The T data structure for this problem is an AVL-tree containing the length of the
line segments in the sample set P. The members in 7 are all distinct. If more than
one line segment are of the same length 4, then they are stored in the structure
Xs attached to the corresponding node of 7. Each entry of x5 corresponds to a
line segment ¢ = p;p,, € P; it contains a 4-tuple {p;, pm, ptr1, ptra}, where ptrq
and ptre point to two AVL-trees S; and S,;, corresponding to the points p; and
Pm Trespectively.

Unlike the earlier problem, here we don’t need to maintain the array S, but we
need to maintain S; for each point p;, which is an end-point of a line segment in
P. Let p; be an end point of a line segment ¢ € P (the other end point of /¢ is say
Pm). Si is an AVL-tree containing exactly n — 1 nodes, corresponding to the line
segments in P\ {¢}. Each node in S; corresponds to a line segment, say ¢’ = p,px
(i.e. with end points p; and py), and it contains a 4-tuple {(¢, d), (8*,d*)}, where
0 = /pjpipm and 0% = /prp;pm, and d and d* are the distances of p; and py
from the point p;.

The preprocessing time and space complexity is dominated by the time and
space required for constructing S; for the end points of all line segments in P,
which are O(n2logn) and O(n?) respectively.
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5.2 Query

During a query operation, a line segment, say ¢; = q1Gz € @, is chosen from the
query set. Let §(g1qz) = d and if the search for d (the length of l1) is successful
in 7T, then for each line segment in x4, we need to check for a match.

We anchor §1gz with each member p;p; € xq (if the match fails, we need to
anchor q1gz with P;p;), and check the presence of the line segments in @ \ {¢1}
with those of P. In other words, for each line segment ¢ = q¢’ € Q \ {¢1}, we
compute a 4-tuple {(¢,9), (¢*,0*)}, where ¢ = Lg2q1q, ¢* = Lg2q14', § = (q1Q)
and 0* = §(q1¢’), and search in S; to identify the presence of that 4-tuple. If it
fails, the same search is performed in S;. This checking needs O(klogn) time.
The number of elements in xs may be at most n. Thus, the worst case query
time is O(knlogn).

6 Polygon Matching

Here the sample set consists of a set of simple polygons with a total of n vertices,
and the query set is a simple polygon of k vertices. The polygons in the sample
set may overlap. The objective is to report the congruence, if any, of the query
polygon to a polygon in the sample set. The data structure 7 for this problem
is very similar to the line segment matching problem; it contains distinct edge
lengths considering all the polygons. If many edges are of same length (say
J), they are stored in s data structure attached to § in 7. As in the earlier
problem, each element of x5 corresponds to an edge of a polygon, and it contains
a pair of pointers indicating its presence in another data structure S. In the S
data structure, we store the polygons using doubly connected circular link list.
The space complexity of this data structure is O(n). The preprocessing time
complexity is dominated by the time of creation of 7, which needs a sorting of
the edges of all the polygons with respect to their lengths, which is O(nlogn).

During the query, we choose one edge from the query polygon. Let its length
be §. We consider elements in x5 one by one; for each element e, we reach it
in S using the pointer field attached to e in xs. Next, we traverse the circular
link list for @ and the polygon in S containing the edge e for a detailed match.
Thus, if |Q| = k, then the detailed match takes O(k) time. As the number of
edges of length § may be O(n) in the worst case, the query time complexity is
O(logn + kn) = O(kn).

7 Conclusion

A simple algorithm for point set pattern matching under congruence is proposed.
Given a sample set of n points, our algorithm preprocesses it in O(n?logn) time
to create a data structure of size O(n?). Next, given a query set of arbitrary
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size, say k, it can locate a k-subset of the sample set which matches ) under
congruence in O(kalogn) worst case time, where « is the maximum number of
equidistant pair in P. Though the worst case value of « is O(n4/ 3), the empirical
results show that it is much less in general. Experimental results show that our
algorithm outperforms the algorithm proposed in [23]. It needs to mention that,
another algorithm for testing the congruence between two sets is proposed in [3]
whose worst case time complexity is same. But that algorithm is not efficient for
multiple query on the same sample set, and it uses parametric searching which
is not practical for implementation.

The algorithm is then extended for checking congruence among two sets of line
segments in O(knlogn) time, and locating a query polygon among a set of sample
polygons in O(kn) time under congruence. We also like to mention the followings:

If the query set consists of more than one polygon with k edges in total, then
also the congruence can be checked in O(kn) time.

If we have a planar map consisting of straight line segments, where a point can
appear as end point of many lines, then a minor modification of the aforesaid
data structure can identify a piecewise linear curve (may be closed or open),
in O(knlogm) time, where m denotes the maximum number of lines incident
on a point in the planar map. The preprocessing time and space complexity
remains same.
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Abstract. Bandwidth limitations, resource greedy applications and an
increasing number of voice and data users are straining the air interface of
wireless networks. Hence, novel approaches and new algorithms to man-
age wireless bandwidth are needed. This paper unlocks the potential to
improve the performance of overall system behavior by allowing users
to change service level and/or service provider for a (small) price. The
ability to dynamically re-negotiate service gives the user the power to
control QoS while minimizing usage cost. On the other hand, the ability
to dynamically change service level pricing allows the service providers
to better manage traffic, improve resource usage and most importantly
maximize their profit. This situation provides a surprising win-win sit-
uation for BOTH the service providers AND the users. In this paper,
we present easy to implement online algorithms to minimize the overall
usage cost to individual mobile users.

1 Introduction

Commercial wireless data services are beginning to proliferate. Profit is the typ-
ical motive for their creation and deployment. In the pursuit of profit, future
wireless networks will attempt to support a wide range of applications. It is
clear that controlling and allocating bandwidth for individual users with poten-
tially bursty data flows over constrained, error prone and costly communication
channels (such as mobile wireless) is increasingly important.

One way to better manage traffic is to allow bandwidth requests to closely
track application demands, such as browser needs and explicit user requests,
along with the ability to charge for more capacity. From the service provider’s
perspective, it is advantageous to increase the price when the demand is high and
decrease the price when the demand is low. However, due to the bursty nature
of the traffic, it is unrealistic to use statically fixed peak and non-peak hours.
Instead, it is better to allow the network to dynamically change the pricing
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scheme. This is called dynamic pricing [7]. Recall that pricing has drastically
influenced the growth of many industries, including network and communication
industries [BI2J9IT0I11/1]. Examples of dynamic pricing include peak/off-peak
pricing, usage based pricing, priority based pricing, congestion based pricing
[GI8J10], popularity based pricing (see [6l719]).

The dynamic pricing model allows for users to re-negotiate the service level
they are accessing and change service providers in response to advertised price
fluctuations. The ability to re-negotiate between/within service providers gives
the user the ability to abandon or complete a task with low cost. Another op-
portunity for re-negotiation arises when a user has low bandwidth requirements
but occasionally requires something more.

The problem from a user’s perspective is that mobility exposes them to, not
only changing network conditions but, changing service providers with differing
service levels and pricing structures. In the future, mobile users are likely to be
besieged by choice.

In this paper we propose an online algorithm that exploits choice and lever-
ages dynamic pricing to improve service for these users. In addition, these algo-
rithms can be applied to determine good transmission rate with the minimum
cost for mobile users and/or work cooperatively with other network algorithms
that set costs and broadcast variable pricing information.

Why wouldn’t the user always choose the exact bandwidth/service-level re-
quired for QoS from the cheapest service provider? (Un)Fortunately, there is a
small cost to change service levels and a larger cost to change service providers.
Moreover, the cheapest service provider may increase the price within a short
time (i.e., dynamic pricing). Since it costs to change providers, tracking the
cheapest service provider may not be a good choice for the user.

The objective function of our algorithm is to minimize the overall cost for
the user. Observe that the overall cost includes both the cost of requested band-
width/level as well as the costs for re-negotiation.

1.1 Definitions, Notations and Our Model

We now define our model that is an abstraction of a network (wired/wireless)
that is capable of bandwidth re-negotiation.

Service Providers: We assume that there are K service providers (say P;, Ps,
..., Px) and each employ dynamic pricing. But, the set of available (or suitable)
providers for the user is constantly changing since the user can be mobile. So,
at any moment in time, a user can choose a service provider from the set of
available providers which is a subset of these K providers.

A service provider may offer different levels of service. For instance, the ser-
vice provider may divide the bandwidth into channels and tome slots. For better
quality, more time slots (or codes for CDMA) are needed, which will result in
higher cost. We have made the following assumptions to reflect these facts:
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Discretization: Within a single service provider P;, traffic may be carried at
B; different levels. The number B; of levels is a measure of the granularity of
the service offering and may differ from provider to provider.

Let 04,05, ... ,éiBi be the levels of quality of service of the service provider P;.
We also assume that there is a linear order > among the levels and we number
the levels such that £, > ¢} for all j.

In order to generalize our results, we assume that the quality of the service
at level £; need NOT be the same for two different providers. However, within a
service provider, we impose a natural restriction that the cost function is mono-
tonically increasing with increasing quality of service. We define the capacity of
a level for a service provider to be the maximum number of customers that the
provider can support for that level.

Cost Function: Let Ly = {¢},(5,...,¢% }, and T be the time domain. Also,
let N be the set of positive integers including zero. Then the cost function Cj,
for the service provider Py is defined to be:

C) : L, xT — N1 with the condition that for all time ¢ and for all K? < E;?

[Cr(eF,1) < Cr(£5,1)].

Minimum QOS: Assume that the user demands a minimum quality of service
(or level) gosy(t) € Ly, for service at time ¢ if the user chooses Py as the service
provider.

We assume that a user (or the mobile device) has access to current cost of
any level of the potential service provider (e.g. through wireless control channel).
As a consequence, the user, given his/her current selection of service provider(s),
can calculate what (s)he has to pay thus far. However, due to dynamic pricing,
the user has no knowledge of the future costs.

A mobile user may re-negotiate (1) to increase or decrease the level of service
within a provider or (2) jump to a new service provider due to increasing price
or dropped call.

In an ideal world, the user re-negotiates with the network administrator as
often as necessary so that the negotiated bandwidth exactly matches with the
minimum requirements, thus incurring absolute minimum cost (we call it min-
imal or required bandwidth cost). But, whenever the user tries to re-negotiate,
the request goes through the admission control mechanism of the network which
decides whether to support it or not. As a result, re-negotiation takes time and
communication for both user and the network. This re-negotiation process be-
comes a severe bottleneck if the network is servicing many users who re-negotiate
often. One way to solve this problem is to associate a fixed cost r for each re-
negotiation within a provider and a fixed cost R for changing providers. More
over, one can also assume that the re-negotiation cost as well as the bandwidth
cost are expressed in the same unit (say US dollars).

Formal Problem Definition: At time ¢, given C,(¢7,t) and qos,(t) (for all z)
online (we denote it as input I), let A(I,t) = (P, ¢;) be the selection of online

algorithm A where P, is the selected provider with £j > qos.(t) be the selected
level of service.
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At time ¢, we associate two types of cost, re-negotiation cost and total band-
width cost to online algorithm A. Let Rcost(A,t) be the cost of re-negotiation,
if it happens, for the algorithm A at time ¢. If no re-negotiation takes place at
time ¢ then Rcost(A,t) = 0. Otherwise, Rcost(A,t) will depend upon the type of
re-negotiation that takes place at time ¢. Typically, we associate a fixed cost for
each type of re-negotiation. Let Bcost(A,t) be the total bandwidth cost for using
the requested level of service by A at time ¢. That is, Bcost(A,t) is defined to be
Cy(€5,t) where A(I,t) = (Py,£;). Finally, let Mcost(t) = min, Cx(qos.(t),t)
be the minimum cost required to maintain the minimum quality of service.

Given the input I, the goal of the algorithm A is to minimize

Cost(A,I) = Z[Rcost(A, t) + Beost(A,t) — Mcost(t)].

t

In this paper, we prove optimality of the following competitive ratio, where
A is our algorithm and OPT is the offline optimal algorithm.

Cost(A,I)
W Cost(OPT, 1)’

For algorithm A, we define excess bandwidth cost at time ¢ to be Beost(A,t)—
Mcost(t). We also define “total cost” to be the sum of “total bandwidth cost”
and “re-negotiation cost”. Analogously, we define “excess cost” to be the sum
of “excess bandwidth cost” and “re-negotiation cost”. It is not hard to see that
the excess cost measure is better than total cost measure.

1.2 Summary of Results

Our major result is an easy to implement online randomized algorithm, we call
it KVW2-algorithm, that a user or a mobile device can use to negotiate with
available service providers for appropriate level of service to maintain a minimum
QoS and minimize overall cost. Pricing and availability information as well as
the required (dynamically changing) QoS is also fed to the algorithm online.

In section 2 of the paper we consider a simpler case where there is only
one service provider with B levels of service. We present a deterministic online
algorithm called KVW algorithm. This algorithm is not practical since it does not
take into account the following implementation details: (1) capacity limitation of
a service provider, (2) price of a level may vary arbitrarily, (3) service levels may
not match across different service providers, and (4) available service providers
may change due to the mobility of the user or dropped calls.

We show that KVW-algorithm is the best online algorithm by proving the fol-
lowing theorem.

Theorem 1.
(a) The competitive ratio of KVW-algorithm is O(log B).
(b) The competitive ratio of every deterministic online algorithm is 2(log B).

We then show that randomization does not improve the performance.
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Theorem 2. The competitive ratio of every randomized algorithm is £2(log B).

We then consider the case where either cost or requirement but not both
are fully known to the algorithm. Surprisingly, we show that the additional
information does not significantly improve the performance of online algorithms.

Theorem 3. Assume that the lowest service level gets a cost of 1 and the highest
level gets a cost of M. Also assume that the cost does not change over time. But

the minimum requirements are given online. The competitive ratio of every online
algorithm is £2(log M/ loglog M).

Theorem 4. Assume that the bandwidth requirements are given in advance
while the cost is given online. The competitive ratio of every online algorithm is

2(log B).

In section 3, we show how to handle the first two restrictions, namely limited
capacity and price fluctuations, by presenting a practical version of KVW algo-
rithm for the single service provider. We prove that the practical online algorithm
is also optimal under r-sensible pricing scheme which we will introduce later in
this paper. Intuitively, under such r-sensible pricing scheme the current cost of
any unavailable level is at least  more than any available level.

Theorem 5. Under r-sensible pricing scheme,
(a) The competitive ratio of practical KVW-algorithm is O(log B).
(b) The competitive ratio of every deterministic online algorithm is £2(log B).

In section 4, we consider the case of multiple service providers where the
pool of available service providers changes dynamically. We consider the possi-
bility that service levels may not match across different service providers. Using
practical KVW-algorithm as a sub-routine, we present a randomized online al-
gorithm, we call it KVW2-algorithm, to remove all of the four restrictions. Here
B= max; Bi.

Theorem 6. Assume oblivious adversary that does not know the random bits
used by the online algorithm. Also, assume either unbounded capacity or R-
sensible pricing scheme, where R is the fixed cost of moving from one provider
to another.

(a) The competitive ratio of modified KVW2-algorithm is O((log, B) (log K)).
(b) The competitive ratio of any randomized online algorithm is (2(log, B +
log K).

Finally, we point out that there are no good deterministic algorithms. This
shows that randomization does help significantly when we have multiple service
providers.

Theorem 7. The competitive ratio of any deterministic online algorithm is
(K +logB).
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2 Single Service Provider

In this section, we assume that there is only one service provider. Without loss
of generality, let us assume that the service levels are 1,2,..., B. Let ¢ be the
smallest integer such that 2¢ > B.

2.1 KVW-Algorithm

We now present a deterministic algorithm to perform dynamic re-negotiation
when price and requirements are given online.

However, this algorithm is restricted in the following way: (1) service provider
has unlimited capacity, and (2) price of a level does not exceed r, the fixed cost
for re-negotiation. For the ease of understanding the algorithm, we first provide
some intuition. Imagine that service levels are integers from 1 through B. Our
algorithm maintains a window [minlevel, maxlevel] which is initially [qos[0],B+1].
Typically, our algorithm negotiates for a level (called currentlevel) in the middle
of the window and continues with level of service until either the accumulated
excess cost during this window period exceeds 7, or minimum required level of
service exceeds currentlevel. At this time, our algorithm shrinks the window by
at least half and chooses either the top or bottom half depending on the event.

Observe that the excess cost incurred by our algorithm during any fixed
window period is at most r. After O(log B) resizing of the window, it collapses
and gets reset to [qos(t),B+1] again. During this O(log B) iterations of resizing,
either offline optimal re-negotiated or incurred a cost of 7.

**x t is current time; qos(t) is continuously fed **

maxlevel= B+1

minlevel= qos(t)

currentlevel = qos(t)

excesscost = 0
* excesscost = incurred excess cost during the current window **
while not(done) {

while (maxlevel > minlevel){ ** one move *x*

Wait Until

Case (qgos(t) > currentlevel) ** up move **
minlevel = qos(t)
maxlevel = max(maxlevel,qos(t))

Case (excesscost is at least r) ** down move **
maxreqlevel = max. requested level during this move
minlevel = max(maxreqlevel,minlevel)
maxlevel = currentlevel

End of Case

End of Wait

excesscost = 0

currentlevel = FLOOR[(maxlevel+minlevel)/2]
Re-negotiate for currentlevel
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} ** end of inner while **
maxlevel= B+1; minlevel= qos(t)
} ** end of outer while **

Lemma 1. The body of the inner while loop of KVW-ALGORITHM is executed
consecutively O(c) times.

Lemma 2. After 2i iterations of the outer while loop, off-line optimal incurs a
cost of at least ir.

We are now ready to prove Theorem [l

Proof. (sketch of Theorem [J)
The upper bound, that is part (a), follows from Lemma [ and Lemma

In order to prove part (b), we prove that the competitive ratio of every online
algorithm is £2(log B) even in the total cost model. It is not hard to observe that
this lower bound is strictly stronger than the lower bound for excess cost model.

The adversary works in stages. Let A be the given online deterministic algo-
rithm. For a stage, based on the moves of A, the adversary selects 1 <4 < B and
sets the cost of the levels ¢1,4s,...,¢; to be zero and the cost of the remaining
levels to be 1. In addition, the level of no request during this stage exceeds ¢;.
Thus, by selecting ¢;, the off-line optimal does not incur a cost. We will now de-
scribe the moves of the adversary that forces A to make 2(log B) moves during
the stage where each move costs r.

The adversary maintains two levels maxlevel (initially B) and minlevel (ini-
tially 1) and the current request level is minlevel. The adversary also main-
tains the invariant maxlevel > ¢; > minlevel. Suppose the algorithm A re-
quests for level currentlevel at the time of re-negotiation. If currentlevel >
(mazxlevel + minlevel) /2, then the adversary resets mazlevel = currentlevel —1
and waits until A re-negotiates. If A never re-negotiates, then ¢; is any level be-
tween mazlevel and minlevel. On the other hand, if currentlevel < (maxlevel+
minlevel)/2, then the adversary resets minlevel = currentlevel + 1 and brings
a new input request with level minlevel. Now, the online algorithm must re-
negotiate and adversary continues until either mazlevel = minlevel or A con-
tinues to incur cost at a constant rate since it does not re-negotiate. It is easy
to see that A incurs a cost of £2(log B)r.

Next we will show that randomization does not help. In contrast, we will
show later that randomization does help when there are more than one service
providers. We employ oblivious adversary.

Proof. (sketch of Theorem B)
Applying Yao’s technique, it suffices to fix an input distribution and show that
the expected cost of every deterministic algorithm is 2(log B) times the excess
cost of off-line optimal.

For the sake of simplicity, we drop floors and ceiling (i.e., division by 2 results
in an integer). We maintain a window (low, high) which is (1, B) initially. We
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uniformly at random set the price and minimum requirement for the next time
unit according to one of the following two choices:

1. Set the cost of levels 1 through high to be 0 and all other levels to be r for the
next interval. Minimum requirement is raised to (low + high)/2. The window is
reset to be ((low + high)/2, high).

2. Set the cost of levels 1 through —1 + (low + high)/2 to be 0 and all other
levels to be r for the next interval. Minimum requirement does not change. The
window is reset to be (low, —1 + (low + high)/2).

We repeat this process (for £2(log B) times) until the window collapses. Let A
be the given deterministic algorithm. Depending on what A does, it is not hard
to show that A incurs a cost of r with probability 1/2. Therefore, the expected
cost of A is £2(rlog B). For any random sequence, it is not hard to show that
off-line optimal incurs a cost of r, by setting the initial level to be a level in the
window right before it collapses.

3 Single Service Provider with Limited Capacity

The base KVW-ALGORITHM assumes that the service provider has adequate
(infinite) capacity to handle all of the requests. In addition, it also makes another
assumption that the cost of any level is at most 7.

We now show that under some reasonable conditions, we can extend the
KVW-algorithm to deal with bounded capacity and arbitrary price fluctuations.
Suppose the algorithm asks for level k£ that is not available. Since the provider
denies a request, the algorithm can not strictly follow the strategy of KVW-
algorithm. In contrast, offline optimal, knowing the future, could have asked
for level k, sometime ago when it was available. There is no way any online
algorithm can predict such lack of availability. Thus it is trivial to establish
that the competitive ratio of any deterministic and randomized algorithm is
unbounded.

When capacity limit is reached for a level, say k, an obvious solution to
reduce the congestion is to reduce the level of service for those who do not need
level k. This can be accomplished by raising the price of the level to be at least r
more than the price of the highest available lower level. By setting the price this
way, even for a short time, any customer who is on level k£ or higher will either
pay the increased cost or cut down their level of service. We call it a r-sensible
pricing scheme.

We have yet another problem to consider. If the minimum requested level for
a user is not available, the user can dropout or continue with degraded service.
Even though the offline optimal can satisfy this requests, it must then reject
some other requests due to similar capacity restrictions (or allow the user to
continue with degraded service). As a consequence it is reasonable to compare
the cost of those inputs that are satisfied by both online and offline optimal
algorithms.

Yet another attraction in dynamic pricing is to allow arbitrary price fluctu-
ations set by the providers as a result of (free) market demand. Unfortunately,
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the analysis of the KVW-algorithm assumes that the price of any level does
not exceed r, the re-negotiation cost. We fix this problem in our extension by
allowing the user to set a tolerance for the price fluctuations. Given a tolerance
for the price fluctuation, the algorithm re-negotiates so that the total cost is
small and the cost at any moment is within the tolerance level of the cost of
minimum required level. Assuming the tolerance to be r, we now present our
algorithm. This tolerance r is used in the minfind function. This algorithm is
still surprisingly straightforward and easy to implement.

There is a technically subtle point to be observed here. Suppose a user is
using a level k and its price is hiked to (say) oo. This can happen to any online
algorithm. As a consequence, any online algorithm would incur oo cost. So it is
reasonable to assume that the price information for next time unit is available
so that the online algorithm can calculate the costs (excess or total) including
the next time unit and make decision to continue or not.

**x t is current time; qos(t) is continuously fed **
t=0; ** this is time and gets updated automatically
maxlevel= minfind(qos(t),B)+1
minlevel= qos(t)
currentlevel = FLOOR[(minlevel+maxlevel)/2]
Re-negotiate for currentlevel
K = highest available level not greater than currentlevel
currentlevel = K
excesscost = 0
* excesscost = incurred excess cost during the current window *x*
while (currentlevel < qos(t)) {
while ((maxlevel > minlevel)&(currentlevel < gos(t)){
Wait Until
Case (qgos(t) > currentlevel) ** up move
minlevel = qos(t)
x = max(maxlevel,qos(t))
maxlevel = minfind(qos(t),x)
Case (excesscost is at least r) *x down move
maxreqlevel = max. requested level during this move
which is at least current minlevel
minlevel = minfind(qos(t), maxreqlevel)
maxlevel = minfind(qos(t),currentlevel)
End of Case
End of Wait
currentlevel = FLOOR[(maxlevel+minlevel)/2]
Re-negotiate for currentlevel
K = highest available level not greater than currentlevel
currentlevel = K
excesscost = 0
} ** end of inner while *x*
maxlevel= minfind(qos(t),B)+1
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minlevel= qos(t)
excesscost = 0
} ** end of outer while **

We are now ready to prove Theorem

Proof. (sketch of Theorem [l

Observe that whenever our algorithm re-negotiates, there is a possibility that
the available level is smaller than the one we asked for. During an iteration of
the inner loop, observe that the window [minlevel, maxlevel] reduces by at least
50% if the currentlevel is at the middle of the interval. However, currentlevel is
either at the middle or at the lower half of the interval. Therefore, if the current
move is a down move then the window reduces by at least 50%. On the other
hand, for a up move the window may not reduce by much but will not increase.
We call such a move a bad up move. Observe that a bad up move is a consequence
of the fact that the currentlevel was not at the middle due to the fact that the
available level was smaller than the requested level when this currentlevel was
set. Observe that the inner while loop is executed X +log B times consecutively
where X is the number of bad up moves. Also observe that the cost incurred by
our algorithm for each iteration of the inner loop is at most 2r.

Consider the setting of currentlevel = K where currentlevel is not at the
middle of the window at time ¢; and the following iteration of the loop results
in a bad up move at time to. We now argue that offline optimal incurs a cost of
at least r during the interval [t1,t2]. This is true if offline optimal renegotiates
during this interval. Otherwise, let opt be the level chosen by offline optimal.
Suppose opt > currentlevel. Since at time t¢1, the highest available level was
currentlevel, offline optimal incurs an excess cost of r due to sensible pricing
scheme. On the other hand, suppose opt < currentlevel. Then at time ¢s, offline
optimal must re-negotiate since qos(t3) > currentlevel > opt.

Our upperbound follows if for every consecutive two iterations of the outer
while loop, there is at least one bad up move. We now consider the case where
consecutive two iterations of the outer while loop there are no bad up mowves.
Observe that there can be at most 2log, B such iterations of inner while loop.
So it suffices to show that offline optimal incurs a cost of r during such interval
[t1,t2]. This proof is analogous to the proof of lemma [2] where we consider two
consecutive iterations of the outer loop.

4 Mobile User
and Dynamically Changing Service Providers

In this section, we consider the case where there are more than one, possibly
competing, service providers. In addition, when a user is mobile, it is inevitable
that the pool of available service providers change dynamically. Recall that R is
the fixed cost of changing service providers.

We now present a randomized KVW2-ALGORITHM that dynamically decides
when to change a service provider. Due to technological differences in service
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providers, it is possible that service level 7 of two different providers may not be
identical. In spite of all these differences, we will show that we can modify the
KVW-algorithm to perform well. Interestingly, our algorithm does not assume
that the service providers vary cost independently.

Let {Py, Pa,..., Pk} be the set of K service providers. Also, let B; be the
number of levels of service offered by the provider P;. For each service provider
P;, our algorithm will maintain F;, the excess cost, since the last time it was
reset to zero by KVW2-Algorithm. It is also important to observe how we mea-
sure excess cost. Given the user’s minimum QoS requirement, one can calculate
optimal bandwidth cost assuming re-negotiation costs (within and among ser-
vice providers) are zero. The cost incurred in excess of this minimal cost is
defined to be the excess cost. We will also run (or simulate) KVW-Algorithm
on a selected subset of available providers. Recall that the KVW-Algorithm also
maintains excess cost which is different from FE;’s. Each run or simulation of
KVW-Algorithm imagines that there is only one service provider and focuses on
when and where to change the service levels. Thus, the excess cost calculation
for KVW-Algorithm is based on the optimal solution that has only one available
provider. Since the service levels of different service providers may not match, it
is important to observe that minimum requirements for a user differs for different
service providers.

A = {P1, P2, ..., PK } #* the set of available providers
C = { } ** the set of eliminated providers for a round
For all Pj in A, set Ej = 0
while (not dome) {
while (A is not empty) {
Choose uniformly at random choose Pi from A
Run KVW-Algorithm on Pi
For all Pj in A - { Pi }
Simulate KVW-Algorithm on Pj
Wait Until Ei >= 4R log Bi or
Pi could not allocated level at least equal to qos(t)
{Pj in A: Ej >=4R log Bj or Pj couldn’t allocate level
equal or greater that minimimum QoS of the user }
A=A-12Z
C = C UNION Z
End of While
= {P1, P2, ..., PK } ** the set of available providers
{ } ** the set of eliminated providers for a round
For all Pj in A, set Ej = 0
} ** end of outer while **

Z

Q =
|

It is important to observe that actual negotiations takes place between the
user and only one service provider at any time. On the other hand, using avail-
able pricing information, the algorithm can simulate other service providers and
calculate excess cost as if it were the (randomly) chosen service provider. When
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we analyze the algorithm, we assume oblivious adversary which does not see the
random actions of the algorithm. However, it can be argued that service providers
may set the price based on the traffic. Thus, the adversary may be adaptive by
setting the price based on the behavior of individual users. We agree that this
is true and that the service providers may target a single user. But, in practice,
service providers change the price according to current demand and prior us-
age statistics but not based on a particular individual. Also, observe that our
algorithm randomly selects a service provider from a pool. So, given a class of
service providers, the choice of a user has nothing to do with how expensive or
inexpensive the service provider is. Therefore any dynamic price scheme that
does target a particular individual is an oblivious adversary as far as a random
individual user is concerned. In other words, it is reasonable to assume that a
random user faces an oblivious adversary.
Due to space limitations many of the proofs are omitted.
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Abstract. We consider a new measure for the quality of on-line algo-
rithms, the relative worst order ratio, using ideas from the Max/Max
ratio [2] and from the random order ratio [8]. The new ratio is used
to compare on-line algorithms directly by taking the ratio of their per-
formances on their respective worst orderings of a worst-case sequence.
Two variants of the bin packing problem are considered: the Classical
Bin Packing Problem and the Dual Bin Packing Problem. Standard al-
gorithms are compared using this new measure. Many of the results
obtained here are consistent with those previously obtained with the
competitive ratio or the competitive ratio on accommodating sequences,
but new separations and easier results are also shown to be possible with
the relative worst order ratio.

1 Introduction

The standard measure for the quality of on-line algorithms is the competitive
ratio [BIT0J7], which is, roughly speaking, the worst-case ratio, over all possible
input sequences, of the on-line performance to the optimal off-line performance.
There have been many attempts to provide alternative measures which either
give more realistic results than the competitive ratio or do better at distinguish-
ing between algorithms which have very different behaviors in practice. Two very
interesting attempts at this are the Max/Max ratio [2] and the random order
ratio [§].

The Max/Max Ratio. The Max/Max ratio allows direct comparison of two on-
line algorithms for an optimization problem, without the intermediate compari-
son to OPT, as is necessary with the competitive ratio. Rather than comparing
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two algorithms on the same sequence, they are compared on their respective
worst case sequences of the same length. Ben-David and Borodin [2] demonstrate
that for the k-server problem the Max/Max ratio can provide more optimistic
and detailed results than the competitive ratio.

The Random Order Ratio. The random order ratio gives the possibility of con-
sidering some randomness of the request sequences without specifying a complete
probability distribution. For an on-line algorithm A for a minimization problem,
the random order ratio is the maximum ratio over all multi-sets of requests of
the expected performance of A compared with OPT on a random permutation
of the multi-set. If, for all possible multi-sets of requests, any ordering of these
requests is equally likely, this ratio gives a meaningful worst-case measure of
how well an algorithm can do. Kenyon [8] has shown that for the Classical Bin
Packing Problem, the random order ratio of Best-Fit lies between 1.08 and 1.5.
In contrast, the competitive ratio of Best-Fit is 1.7.

The Relative Worst Order Ratio. Attempting to combine the desirable properties
of both the Max/Max ratio and the random order ratio, we define the relative
worst order ratio, where when comparing two on-line algorithms, we consider a
worst-case sequence and take the ratio of how the two algorithms do on their
worst orderings of that sequence. Note that the two algorithms may have different
“worst orderings” for the same sequence.

The Worst Order Ratio. Although one of the goals in defining the relative worst
order ratio was to avoid the intermediate comparison of any on-line algorithm
to the optimal off-line algorithm OPT, it is still possible to compare on-line
algorithms to OPT. In this case, the measure is called the worst order ratio. Note
that for many problems, the worst order ratio is the same as the competitive
ratio, since the order in which requests arrive does not matter for an optimal
off-line algorithm. However, for the Fair Bin Packing Problem mentioned below,
the order does matter, even for OPT. The same is true for bounded space bin
packing [6] where only a limited number of bins are allowed open at one time.

The Bin Packing Problems. In the Classical Bin Packing Problem we are given
an unlimited number of unit sized bins and a sequence of items each with a
non-negative size, and the goal is to minimize the number of bins used to pack
all the items. In contrast, in the Dual Bin Packing Problem, we are given a fixed
number n of unit sized bins, and the goal is to maximize the number of items
packed in the n bins. A variant of Dual Bin Packing is the Fair Bin Packing
Problem, where the algorithms have to be fair, i.e., to reject items only when
they do not fit in any bin.

Our Results. Many results obtained are consistent with those previously ob-
tained with the competitive ratio or the competitive ratio on accommodating
sequences [4], but new separations and easier proofs are also shown to be possi-
ble with the relative worst order ratio.

For the Classical Bin Packing Problem, First-Fit and Best-Fit are better than
Worst-Fit, which is better than Next-Fit. This latter result is in contrast to the
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competitive ratio, where there appears to be no advantage to Worst-Fit being
able to use empty space in earlier bins, since both have a competitive ratio of 2
[6]. First-Fit is still the best Any-Fit algorithm and Next-Fit is no better than
any Any-Fit algorithm.

The worst order ratio for any fair deterministic algorithm for the Dual Bin
Packing Problem is not bounded below by any constant. In contrast, with the
relative worst order ratio, one gets constant ratios. We find that First-Fit does
at least as well as any Any-Fit algorithm and is better than Best-Fit, which is
better than Worst-Fit. Worst-Fit is at least as bad as any fair on-line algorithm
and strictly worse than First-Fit. This contrasts favorably with the competitive
ratio, where Worst-Fit is better than First-Fit [4].

Unfair-First-Fit is an algorithm for Dual Bin Packing which is not fair and
does better than First-Fit when using the competitive ratio on accommodating
sequences. Under the relative worst order ratio, Unfair-First-Fit is incomparable
to all Any-Fit algorithms, i.e., for any Any-Fit algorithm A there are sequences
where A does better and sequences where Unfair-First-Fit does better.

2 The (Relative) Worst Order Ratio

This paper considers the worst order ratio as well as the relative worst order
ratio. The relative worst order ratio appears to be the more interesting measure
for the two variants of bin packing studied here.

The definition of the relative worst order ratio uses Aw (I), the performance
of an on-line algorithm A on the “worst ordering” of the multi-set I of requests,
formally defined in the following way.

Definition 1. Consider an on-line problem P and let I be any request sequence
of length n. If o is a permutation on n elements, then o(I) denotes I permuted
by o.

For a maximization problem, A(T) is the value of running the on-line algo-
rithm A on I, and Aw(I) = min, A(o(I)).

For a minimization problem, A(I) is a cost, and Aw(I) = max, A(o(I)).

Definition 2. Let Si(c) be the statement

There exists a constant b such that Aw(I) < ¢ -Bw(I)+b for all I
and let Sa(c) be the statement

There exists a constant b such that Ayw(I) > ¢ -Bw(I) — b for all 1.
The relative worst order ratio WRy g of on-line algorithm A to algorithm B is
defined if S1(1) or S2(1) holds. Otherwise the ratio is undefined and the algo-
rithms are said to be incomparable.

If S1(1) holds, then WRy 5 = sup {r | Sa(r)}.
If So(1) holds, then WRy 5 = inf {r | Sy(r)}.

Note that if S7(1) holds, the supremum involves Sy rather than S;, and
vice versa. A ratio of 1 means that the two algorithms perform identically with
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Table 1. Ratio values for minimization and maximization problems

minimization|maximization
A better than B <1 >1
B better than A >1 <1

respect to this quality measure; the further away from 1 the greater the difference
in performance. The ratio may be greater than or less than one, depending on
whether the problem is a minimization or a maximization problem and on which
of the two algorithms is better. These possibilities are illustrated in Table [
Although not all pairs of algorithms are comparable with the relative worst
order ratio, for algorithms which are comparable, the measure is transitive.

Theorem 1. The ordering of algorithms for a specific problem is transitive.

Proof. Suppose that three algorithms A, B, and C for some on-line problem,
P, are such that A is at least as good as B and B is at least as good as C, as
measured by the relative worst order ratio. If P is a minimization problem there
exists a constant b such that for all I, Ay (I) < By (I) + b, and there exists a
constant d such that for all I, By (1) < Cy (1) + d, so there exist constants b
and d such that for all I, Ay (I) < Cw(I) + b+ d, Thus A also performs at
least as well as C, according to the relative worst order ratio. The argument for
a maximization problem is essentially the same. ]

Finally we define the worst order ratio formally:

Definition 3. The worst order ratio WRy of an on-line algorithm A is the
relative worst order ratio of A to an optimal off-line algorithm OPT, i.e., WRy =
WRx, opT.

As mentioned in the introduction, if there is no restriction on the behavior of
OPT, the worst order ratio is the same as the competitive ratio. This does not
necessarily hold for the Fair Bin Packing Problem or bounded space bin packing,
because of the restrictions on OPT’s behavior. Clearly, the worst order ratio is
never worse than the competitive ratio.

3 Classical Bin Packing

The Classical Bin Packing Problem is a minimization problem, so algorithms
which do well compared to others have relative worst order ratios of less than 1
to the poorer algorithms.

We consider Any-Fit algorithms, a class of fair algorithms defined by John-
son [6], which use an empty bin, only if there is not enough space in any partially
full bins. Three examples of Any-Fit algorithms are First-Fit (FF), which places
an item in the first bin in which it fits, Best-Fit (BF), which places an item in one
of the fullest bins in which it fits, and Worst-Fit (WF), which will place an item
in a least full open bin. We also consider an algorithm, Next-Fit (NF), which is
not an Any-Fit algorithm. Next-Fit is the algorithm which first attempts to fit
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an item in the current bin, places it there if it fits, or opens a new bin if it does
not.

Most of the results we obtain with the relative worst order ratio for the
Classical Bin Packing Problem are very similar to those obtained for the com-
petitive ratio and use similar techniques. However, the relative worst order ratio
separates Worst-Fit and Next-Fit, which the competitive ratio cannot. We first
present those results consistent with the competitive ratio.

According to the competitive ratio for the Classical Bin Packing Problem,
First-Fit is the best Any-Fit algorithm [6]. Using the same proof, one can show
that this also holds for the relative worst order ratio. The idea is to consider the
First-Fit packing of an arbitrary sequence. If the items are given bin by bin, any
Any-Fit algorithm will produce exactly the same packing.

Theorem 2. For any Any-Fit algorithm A, WRpp s < 1.

Not all Any-Fit algorithms perform as well. Worst-Fit is the worst possible
among the Any-Fit algorithms, and it is significantly worse than First-Fit and
Best-Fit.

Theorem 3. For any Any-Fit algorithm A, WRwra > 1.

Proof. Consider a request sequence I and its packing by A. Call the bins used
by A, b1,bs, ... ,b,, numbered according to the order in which they were opened
by A. Let £5(b;) be the level of b;, i.e., the sum of the sizes of the items packed
in b;. Let £M"(j) = minj<;<; {¢(b;)}. Furthermore, let E; be the set of items
packed in b;, 1 < j < n.

Let I’ be a permutation of I, where each item e € E; appears before each
item e’ € E;, for 1 < i < j < n. Consider the packing of I’ produced by Worst-
Fit. Let fwr(b;) be the level of b; in this packing. We prove by induction on j
that, for 1 < j < n, fwr(b;) > £2"(4) and all items in UJ_, E; are packed in
bi,...,b; by Worst-Fit.

The base case j = 1 is trivial: all items in E; are clearly packed in b1, since
Worst-Fit is an Any-Fit algorithm.

For j > 1, the induction hypothesis says that fwg(b;) > 00 (i), 1 <i < j—1,
and that before giving the items of Ej, b; is empty. If Worst-Fit packs all items
of E; in bj, the result trivially follows. Assume now, that some item in E; is
packed in some bin b; # b;. Since b; is empty before giving the items of E; and
Worst-Fit is an Any-Fit algorithm, we conclude that ¢ < j. By the Worst-Fit
packing rule, by (b;) > bwr(b;) > £00 (i) > 000 (5).

Now, let e; be the first item packed by A in b;, 1 < j < n. Since A is an
Any-Fit algorithm, e; does not fit in b;, 1 <4 < j. This means that e; is larger
than 1 — /(5 — 1). Since, in the Worst-Fit packing, b; has a level of at least
£ (7) | this means that for each b; and each ej, 1 <i < j<n,e; does not fit in
b;. In words, for each bin b;, the bottommost item in each bin b;, 1 <i < 7 < n,
in the packing of A does not fit in b; in the Worst-Fit packing. Hence, for each
ej, 1 < j < n, Worst-Fit must open a new bin, i.e., Worst-Fit uses the same
number of bins as A. ]
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Using Johnson’s results and techniques [6], one can show that the relative
worst order ratio of Worst-Fit to either First-Fit or Best-Fit is 2.

Theorem 4. WRwp rr = WRwr r = 2.

Proof. Since FFw(I) < BFw([I) for all I, by the proof of Theorem B it is
only necessary to compare Worst-Fit and Best-Fit. The above theorem shows
that WRwr Br > 1, so in order to prove a lower bound of 2, it is sufficient to
find a family of sequences I,,, with lim, . WFw(I,) = oo, where there exists
a constant b such that for all I,,, WFw(I,,) > 2BFw(l,) — b. The family of
sequences used in [0] to bound Worst-Fit’s competitive ratio works here. Let
0 < & < 5. Consider the sequence I, with pairs (3,¢), for i = 1..n. In this
order, Worst-Fit will pack all of the pairs, one per bin, using n bins. Best-Fit
will pack the small items all in one bin, regardless of the ordering, using only
[21] bins. Thus, WFw([,,) = n > 2[%H] — 2 = 2BFw([,,) — 2, so the relative
worst order ratio is at least 2.

The relative worst order ratio of Worst-Fit to either First-Fit or Best-Fit is

at most 2, since Worst-Fit’s competitive ratio is 2 [f]. O

Now we consider Next-Fit, which is not an Any-Fit algorithm. Next-Fit is
strictly worse than Worst-Fit and all other Any-Fit algorithms. This result is in
contrast to the competitive ratio where Next-Fit and Worst-Fit both have ratios
of 2 [6].

Theorem 5. For any Any-Fit algorithm A, WRyp s = 2.

Proof. To see that WRnr, 4 > 1, consider any request sequence I and its packing
by A. Create a new sequence I’ from I by taking the items bin by bin from A’s
packing, starting with the first bin, in the order they were placed in the bins,
and concatenate the contents together to form the sequence I'. Next-Fit also has
to open a new bin for the first item put in each bin, so it ends up with the same
configuration. Hence, for all I, NFw(I) > Aw(I), giving a ratio of at least one.

Since WRxF,a > 1, to prove the lower bound of 2 it is sufficient to find
a family of sequences I, with lim, . NFw(I,) = oo, where there exists a
constant b such that for all I,,, NFw(I,) > 2Aw([,) —b. Let 0 < ¢ < ﬁ
Consider the sequence I,, with n—1 pairs (g, 1). In this order, Next-Fit will pack
each item in a new bin, whereas A will pack all of the small items in the same
bin. Thus, NFw(I,,) = 2(n — 1) = 2Aw(I,,) — 2, so WRxr,4 > 2.

For the upper bound, note that the relative worst order ratio of Next-Fit
to any Any-Fit algorithm is at most 2, since Next-Fit’s competitive ratio is 2
[6]. O

4 Dual Bin Packing

When switching to the Dual Bin Packing Problem, which is a maximization
problem, algorithms which do well compared to others have relative worst order
ratios greater than 1, instead of less than 1, to the poorer algorithms.
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First-Fit and Best-Fit are defined in the same manner for the Dual Bin
Packing Problem as for the Classical Bin Packing Problem, though clearly they
reject items which do not fit in any of the n bins. If one uses the same definition
for Worst-Fit for Dual Bin Packing as for Classical Bin Packing, one can again
show that it is the worst Any-Fit algorithm. However, we use a more natural
definition for the fixed number of bins, where Worst-Fit always places an item
in a least full bin. For the first n items, the least full bin will be empty, so
the Worst-Fit we consider here is not an Any-Fit algorithm. (Note that this
definition is not at all natural for the Classical Bin Packing Problem, since a
new bin would be opened for every item. This variant of Worst-Fit is clearly the
worst possible algorithm for the classical problem.)

The result we obtain for the worst order ratio for the Dual Bin Packing
Problem is similar to that obtained previously with the competitive ratio, while
most of the results we obtain for the relative worst order ratio are similar to those
for the competitive ratio on accommodating sequences. The proof that First-Fit
and Best-Fit are strictly better than Worst-Fit, which is true with the relative
worst order ratio and the competitive ratio on accommodating sequences, but
not with the competitive ratio [4], is much easier using the relative worst order
ratio.

Computing the worst order ratio for deterministic algorithms for Fair Bin
Packing, not surprisingly, gives similar results to the competitive ratio [4] —
very pessimistic results.

Theorem 6. The worst order ratio for any deterministic algorithm for the Fair
Bin Packing Problem is not bounded below by any constant.

Proof. Consider any fair, deterministic on-line algorithm, A. For the following
sequence, I, defined on the basis of A’s performance, A will accept all of the
larger items and reject all of the small, while, for any permutation of I, OPT
will be able to arrange to reject some of the larger items and accept many of the
small ones.

Let0<e< i. The sequence I begins with n items of size %—1—5, called items
of type A. Suppose A places these items in the bins, leaving ¢ bins empty. Then,
exactly ¢ bins have two items and n — 2¢ have one. The sequence continues with

Type B items: n + ¢ items of size %

Type C items: n — 2q items of size % —c
Type D items: ¢  items of size % — 2¢ Ttems of types A, B, C, and D are
Type E items: 5= — 7 items of size ¢

the “large” items, and items of type E are the small items. Since it is fair, A is
forced to accept all of the large items, completely filling up the bins, so that it
must reject all the small items. Aw(I) = 3n.

In the worst ordering of I for OPT, OPT will be able to reject the least
number of large items and thus accept the least number of small items. Consider
such a worst-case ordering I’ = o(I). Without loss of generality, we may assume
that all of the large items in I’ come before all of the small. In such a sequence,
all items of type D are accepted since there are only 3n large items in all, and
an item of type D will fit in any bin which only contains two large items.
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In addition, we may assume that all of the items of type D come after all of the
larger items. To see this, suppose there exists an item x of type D, which occurs
before some larger item y. Choose these items so that x occurs immediately
before y. Now consider the sequence I”, which is identical to I’, except that the
order of = and y is inverted. OPT accepts x in both orderings, since it is of type
D. If it also accepts y in I’, it will accept it in I” too. If it rejects y in I’, and
also in I"’, I" is also a worst ordering. If it rejects y in I’, but accepts it in I”,
then its decision to reject y in I’ was because that was better, so I” is at least
as bad as I’. One can continue in this manner moving all items of type D after
the larger ones.

A similar argument shows that all of the items of type A can be assumed to
come before all of the others.

If the items of type A are placed one per bin, then the items of type B will
also have to be placed with at most one per bin, so at least ¢ are rejected.

If the items of type A are placed so that r bins are empty, then those r bins
will each get three large items, and r bins will get exactly two items of type A,
plus possibly one of type D. The remaining n — 2r bins can each hold at most
two items of type B or C. Thus, there is space for at most 3r+2(n—2r) = 2n—r
items of types B or C. This is smallest when r = 3, its largest possible value.
There are 2n — ¢ items of types B and C, so § — g are rejected.

OPT can choose whether to place the items of type A one per bin or two
per bin, whichever leads to more rejected large items. If ¢ > 7, it will choose
the first; otherwise it will choose the second. In any case, it rejects s > 7 large
items and accepts at least s(3 — €)/e small items.

Thus, the worst order ratio is at most

3n 3ne
WR, < =
A= (3n—s)+s(5—e)/e (3n—s)e+s(3 —¢)
_ 3ne < 3ne _ 36e < 36e
 (Bn—2s)e+35 T (Bn—%)e++4  30e+1 ' 0

Note that for the Dual Bin Packing Problem, the competitive ratio on accom-
modating sequences [4] can be used to get results concerning the relative worst
order ratio, but the competitive ratio cannot necessarily. The problem with using
the competitive ratio directly is that we are comparing to OPT which may be
more able to take advantage of a fairness restriction with some orderings than
with others. When the sequences are not accommodating sequences, then we
may be looking at sequences where there is some order where OPT also does
poorly. This cannot happen with accommodating sequences. For example, if al-
gorithm A has a competitive ratio on accommodating sequences of at least p
and B has a competitive ratio of at most r < p, then there is an accommodating
sequence I where Aw(I) > p|I| > r|I| > Bw(I). This can help give a result
in the case where one has already shown that A is at least as good as B on all
sequences.

For Dual Bin Packing, one can again show that First-Fit is the best Any-Fit
algorithm, also using the proof by Johnson [6], the only difference being that now
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any items First-Fit rejects are concatenated to the end of the sequence created
for the Any-Fit algorithm A and will also be rejected by A.

Theorem 7. For any Any-Fit algorithm A, WRppa > 1.

Theorem 8. WRpp pr > %.

Proof. The above theorem shows that WRrr gr > 1, so it is sufficient to find

a family of sequences I,,, with lim, ., FFw(I,) = oo, where there exists a
constant b such that for all I,,, FFw(I,) > IBFw(I,) —b. Let 0 < & < gs.

Consider the sequence I,, starting with pairs, (% + 2nie,e), for i = 0..n — 1
and followed by 3 — n(2i + 1)e, for i = 0,..n — 1 and n — 1 of size ne. Best-Fit
will reject the last n — 1 items when they are given in this order. The worst
order for First-Fit would be such that First-Fit paired together the items of size
just less than %, so that it could only accept | 5] of those larger than % Thus,

2
FFRw(l,) > 3n— 1+ 272 = Z(3n) — 3 = IBFw(l,) — 2, as required. i

=L 3
276 27

Recall that for the Dual Bin Packing Problem, Worst-Fit is the algorithm
which places an item in one of the bins which are least full; we assume it chooses
the first such bin. Worst-Fit is a fair algorithm. Its relative worst order ratio
to any other fair algorithm is less than or equal to one, so it is the worst such
algorithm. To prove this we consider the packing of an arbitrary sequence done
by the Any-Fit algorithm under consideration and define the height of an item
e to be the total size of the items packed before e in the same bins as e. If the
items are given in order of non-decreasing height, Worst-Fit will produce the
same packing.

Theorem 9. For any fair algorithm A, WRyra < 1.

According to the relative worst order ratio, First-Fit and Best-Fit are strictly
better than Worst-Fit. This is in contrast to the competitive ratio, where First-
Fit and Best-Fit actually have worse ratios than Worst-Fit [4]. The relative
worst order ratio corresponds more to the competitive ratio on accommodating
sequences, where First-Fit and Best-Fit can be shown to perform better than
Worst-Fit [4]. The result concerning the relative worst order ratio is, however,
much easier to prove.

Theorem 10. WRwr pr = WRwp,pr = 5.

Proof. The proof of the above theorem shows that there is no sequence I where
WFw(I) > FFw(I) or WFw(I) > BFw(I), so to prove the upper bound it is
sufficient to find a family of sequences I,,, with lim,,_, FFw(I,) = oo, where
there exists a constant b such that for all I,,, WFw(l,,) < %BFW(In) +b. Let
0<e< %, and let I,, consist of n items of size €, followed by n — 1 of size 1.
Worst-Fit will accept only the n items of size € when they are given in this order.
First-Fit or Best-Fit will accept all of these items, regardless of their order. This

. . n
gives a ratio of 5."—.
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Consider now the lower bound. Since Worst-Fit cannot have a lower ratio
to Best-Fit than to First-Fit, it is sufficient to show that it holds for First-Fit.
Consider any sequence I and the worst ordering of I for Worst-Fit. Without loss
of generality, assume that all the items Worst-Fit accepts appear in I before those
it rejects. Consider First-Fit’s performance on this ordering of I, and suppose it
accepts m items, but Worst-Fit only accepts m’ < m.

Reorder the first m’ items so that First-Fit gets them bin by bin, according
to Worst-Fit’s packing. Since no item will be packed in a later bin by First-Fit
than by Worst-Fit, for each item Worst-Fit accepts, First-Fit will have room for
it in the same bin. Thus, First-Fit will accept all the items Worst-Fit accepts.
First-Fit accepts at most n — 1 more items than Worst-Fit, since each of the
m — m’ items which Worst-Fit rejects must be larger than the empty space in
any of Worst-Fit’s bins. Thus, the total size of any n rejected items (if there
are that many) would be more than the total empty space in the n bins after
packing the items accepted by Worst-Fit.

Since Worst-Fit is fair, it must accept at least n items if it rejects any at all.
Thus, the relative worst order ratio of Worst-Fit to either First-Fit or Best-Fit

3 n
is at least 5T 0

An example of an algorithm for the Dual Bin Packing Problem which is
not fair is Unfair-First-Fit [1]. It behaves as First-Fit, except that when given
a request of size greater than 1/2, it automatically rejects that item if it has
already accepted at least 2/3 of the items it has received so far. The intuition is
that by rejecting some large items, it may have more room for more small items.
The algorithm is defined in Figure [I1

Input: S = (01,02,...,0n)
Output: A, R, and a packing for those items in A
As={}; Ri={)
while S # ()
0:=hd(S); S:=tail(S)
if size(0) > 1 and Wl‘% >2

R:=RU{o}
elseif there is space for o in some bin
pack o according to the First-Fit rule
A:=AU{o}
else
R:=RU{o}

Fig. 1. The algorithm Unfair-First-Fit

Theorem 11. Under the relative worst order ratio, Unfair-First-Fit is incom-
parable to all Any-Fit algorithms.

Proof. 1t is easy to see that there exist sequences where Unfair-First-Fit does
worse than any Any-Fit algorithm. Consider, for example, the request sequence
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containing n items of size 1. Unfair-First-Fit will only accept 2/3 of them, while
any fair algorithm (and thus all Any-Fit algorithms) will accept all of them.
Hence, on such a sequence, any Any-Fit algorithm accepts 3/2 times as many
items as Unfair-First-Fit.

To show the other direction, it suffices to compare Unfair-First-Fit to First-
Fit, the best among the Any-Fit algorithms. Since the competitive ratio on
accommodating sequences for First-Fit is bounded above by g + O(ﬁ), and

the competitive ratio on accommodating sequences for Unfair-First-Fit is % +
O(+), for large enough n [1], there exists an accommodating sequence where
Unfair-First-Fit outperforms First-Fit. Asymptotically, Unfair-First-Fit accepts
% times as many items as First-Fit. 0O

5 Conclusion and Open Problems

This new performance measure gives the advantages that one can compare two
on-line algorithms directly, that it is intuitively suitable for some natural prob-
lems where any ordering of the input is equally likely, and that it is easier to
compute than the random order ratio. It is also better than the competitive
ratio at distinguishing between algorithms for Classical and Dual Bin Packing.
Although the competitive ratio on accommodating sequences can also be used
to show that Worst-Fit is better than First-Fit for Dual Bin Packing, the proof
is easier with the relative worst order ratio.

The definition of the competitive ratio has been taken rather directly from
that of the approximation ratio. This seems natural in that on-line algorithms
can be viewed as a special class of approximation algorithms. However, for ap-
proximation algorithms, the comparison to OPT is very natural, since one is
comparing to another algorithm of the same general type, just with more com-
puting power, while for on-line algorithms, the comparison to OPT is to a dif-
ferent type of algorithm.

Although the competitive ratio has been an extremely useful notion, in many
cases it has appeared inadequate at differentiating between on-line algorithms.
When this is the goal, doing a direct comparison between the algorithms, instead
of involving an intermediate comparison to OPT, seems the obvious choice. A
direct comparison on exactly the same sequences will produce the result that
many algorithms are incomparable because one algorithm does well on one type
of ordering, while the other does well on another type. With the relative worst
order ratio, on-line algorithms are compared directly to each other on their
respective worst orderings of multisets. This first study of this new measure
seems very promising in that most results obtained are consistent with those
obtained with the competitive ratio, but new separations are found.

Work in progress [3] shows that for the paging problem, the relative worst
order ratio of LRU (FIFO) to LRU (FIFO) with lookahead [ is min(k, 4 1) when
there are k pages in fast memory. This compares well with the competitive ratio,
where these algorithms have the same competitive ratio. This result is similar to
that which Koutsoupias and Papadimitriou obtained using comparative analysis



The Relative Worst Order Ratio for On-Line Algorithms 69

[9], and stronger than that obtained with the Max/Max ratio [2]. The relative
worst order ratio should be applied to other on-line problems to see if it is also
useful for those problems.

The definition presented here for the relative worst order ratio allows one to
say that A is better than B even if there exist sequences where B does better
than A by an additive constant. Another possible definition would require that
A do at least as well as B on every sequence. In all the examples of comparable
algorithms presented here, one algorithm does at least as well as the other on
every sequence. It would be interesting to find an example showing that this
alternative definition is different from the definition in this paper.

For the Classical Bin Packing Problem, there exist multi-sets where First-
Fit’s worst ordering uses one less bin than Best-Fit’s worst ordering. One exam-
ple of this is the following sequence: i i g, %7 g, i, i, where Best-Fit uses three
bins for its worst ordering, while First-Fit only uses two. However this seems to
be hard to extend to an asymptotic result. Determining if WRpr pr < 1 is an
open problem.
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Abstract. This paper introduces the notions of span and coverage for
analyzing the performance of on-line algorithms for stream merging. We
show that these two notions can solely determine the competitive ratio
of any such algorithm. Furthermore, we devise a simple greedy algorithm
that can attain the ideal span and coverage, thus giving a better per-
formance guarantee than existing algorithms with respect to either the
maximum bandwidth or the total bandwidth. The new notions also allow
us to obtain a tighter analysis of existing algorithms.

1 Introduction

A typical problem encountered in video-on-demand (VOD) systems is that many
requests for a particular popular video are received over a short period of time
(say, Friday evening). If a dedicated video stream is used to serve each request,
the total bandwidth requirement for the server is enormous. To reduce the band-
width requirement without sacrificing the response time, a popular approach is to
merge streams initiated at different times (see e.g., [L1IT0J3IRIOI45IT3IT5ITT2IT4]).

Stream merging is based on a multicasting architecture and assumes that each
client has extra bandwidth to receive data from two streams simultaneously.
In such a system, a stream can run in two different states: normal state and
exceptional state. A new stream X is initially in normal state and all its clients
receive one unit of video from X in every time unit for immediate playback. Some
time later, X may change to the exceptional state and all its clients receive and
buffer an extra of 1/\ unit of video from an earlier stream Y in every time unit,
where X is an integer parameter characterizing the extra bandwidth allowed for
a particular VOD system. When X'’s clients have buffered enough data from Y,
they can synchronize with the playback of Y and all clients of X can switch to
Y. At this time, X can terminate, and X is said to merge with Y. Note that
such a merging reduces the total bandwidth requirement.
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To support stream merging effectively, we need an on-line algorithm to decide
how streams merge with each other. The performance of such an on-line algo-
rithm can be measured rigorously using the competitive ratio, i.e., the worst-case
ratio between its total bandwidth and the total bandwidth used in an optimal
schedule. The literature contains a number of on-line stream merging algorithms,
e.g., the greedy algorithm [3] (also called nearest-fit), the Dynamic Fibonacci tree
algorithm [3], the connector algorithm [7], and the a-dyadic algorithm [9]. The
greedy heuristic is attractive because of its simplicity and ease of implemen-
tation; a stream simply merges to the nearest possible stream. Unfortunately,
it has been shown to be £2(n/logn)-competitive, where n is the total number
of requests [3]. The other three algorithms provide much better performance
guarantee; in particular, the connector algorithm and the a-dyadic algorithm
are known to be 3-competitive [7J6]. Yet these algorithms are much more com-
plicated than the greedy algorithm. The Dynamic Fibonacci tree algorithm is
based on a data structure called Fibonacci merge tree, the connector algorithm
needs to pre-compute a special reference tree to guide the on-line algorithm, and
the a-dyadic algorithm is recursive in nature.

In reality, it might make more sense for a stream merging algorithm to min-
imize the maximum bandwidth over time instead of the total bandwidth [2]. In
[6], we consider the special case when the extra bandwidth parameter \ is equal
to one (i.e., a client can receive 1 unit of normal and 1 unit of extra data in
one time unit) and show that with respect to the maximum bandwidth, the con-
nector algorithm is 4-competitive and the a-dyadic algorithm is 4-competitive
when « is chosen to be 1.5. Empirical studies indeed confirm that the connector
algorithm and the a-dyadic algorithm do have very similar performance under
different measurements [2/16).

As far as we know, the best lower bounds on the competitive ratios with
respect to the maximum bandwidth and the total bandwidth are 4/3 and 1.139,
respectively. An obvious question is whether we can further improve the anal-
ysis of existing algorithms or come up with another algorithm with a better
competitive ratio. With a deep thought, we want to identify the key elements
in designing a good stream merging algorithm and to explain why the connec-
tor algorithm and dyadic algorithm have similar performance. In this paper we
attempt to answer the above questions.

When designing a stream merging algorithm, there are two conflicting con-
cerns in determining how long a stream should run before it merges. Obviously,
we want to merge it with an earlier stream early enough so as to minimize the
bandwidth requirement. Yet we also want a stream to run long enough so that
more streams initiated later can merge with it. Good algorithms such as the con-
nector algorithm and the a-dyadic algorithm must be able to balance these two
concerns properly. In this paper we show how these two concerns can be measured
rigorously and more importantly, can be used to determine the competitive ratio
of an algorithm. More precisely, we define the notions of span factor and coverage
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Table 1. Competitive ratios of different algorithms. The values enclosed are the previ-
ously best results. Unless otherwise specified, the ratios are valid for all possible A > 1.

HConnector algorithm‘Dyadic algorithm‘Our greedy algorithm

. . 3 2
maximum bandwidth (4 with A = 1) (4 with A = 1) 2
3 2.5
total bandwidth 2.5
(3) 3)

factor, and show that if a stream merging algorithm has a span factor at most
s and a coverage factor at least ¢, then the algorithm is K. s-competitive with
respect to the maximum bandwidth and max(2.5, K, ;)-competitive with respect

to the total bandwidth, where K, ; = 1+max { [log .. 114_-‘_72{\% [logH% L1237 }

Note that K, s attains the smallest value of 2 when s =1 and ¢ = A/(1+ ).

Another contribution of this paper is a simple greedy algorithm that guaran-
tees the ideal span factor and coverage factor, i.e., 1 and A\/(1+ \), respectively
(or in general, given any number s, guarantee a span factor at most s and a
coverage factor at least sA/(1 + A)). In other words, this greedy algorithm is 2-
competitive with respect to the maximum bandwidth, and 2.5-competitive with
respect to the total bandwidth. This result improves existing work regarding the
competitiveness and generality. See Table [I] for comparison.

The notions of span and coverage factors also help us obtain a tighter analysis
of the existing algorithms. For the connector algorithm, we find that the span
factor is at most %% and the coverage factor is at least 1/2; thus, the connector
algorithm is 3-competitive with respect to either the maximum or the total
bandwidth. The a-dyadic algorithm has a better performance, its span factor
is at most (o — 1)% and coverage factor at least o« — 1. When « is chosen as
1;;2;, the competitive ratio is exactly 2 and 2.5 with respect to the maximum
and the total bandwidth, respectively.

The technique used in this paper is drastically different from the so-called
“schedules-sandwiching” technique, which was used in our previous work to an-
alyze the connector and a-dyadic algorithms. A basic step of the schedules-
sandwiching technique is to “enlarge” the on-line schedule to make it more reg-
ular for comparison with an optimal schedule. The disadvantage is that the
enlarged schedule may loosen the actual bandwidth required. Another major
reason for not using this technique in this paper is that we have no idea how the
actual on-line schedules look like (since our analysis is based on any schedule
satisfying the bounds on the span factor and coverage factor). The core of our
analysis is based on a many-to-one mapping between the bandwidth of the on-
line schedule & and an optimal schedule O. To compare the bandwidth of the
two schedules at some time ¢, we use this mapping to map each stream X in S
that is still running at ¢ to a unique stream Y in O that is still running at ¢.
The mapping is designed in such a way that only those streams X that start at
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some particular time interval can map to Y. Then, using the given bounds on
the span factor and coverage factor, we prove that there are not many streams
running in normal state, or running in exceptional state in this interval.

2 The Model

Let A be a fixed positive integer. In a VOD system with 1/X extra bandwidth
there are a server and a set of clients connected through a network. A stream
sends one unit of video in one time unit. A client receives one unit of video in
one time unit from one stream, and has the capability to receive and buffer an
extra 1/\ unit of video from another stream. From time to time, requests are
received from clients for the same popular video, which is ¢ units of length. The
system responses a request by multicasting a video stream of the popular video
and the client making the request starts receiving data from the stream.

To model stream merging, a stream has two states: normal and exceptional.
Initially, a stream, say X, is in normal state and all of its clients will receive
one unit of video from X in one time unit. After some time, X may change to
exceptional state. In such a state, X will be coupled with an earlier stream W,
and X'’s clients will receive, in one time unit, one unit and 1/A units of video
from X and W, respectively. We say that X merges with W at time ¢ if at this
time, X terminates and all its clients switch to listen to W and become W's
clients. Obviously, X merges with W only when the clients of both X and W
have received the same amount of data. Followings give the formal condition.

Condition 1 Suppose W and X are initiated at time ty and tx, respectively. If
X merges with W, then X has to be in exceptional state for exactly A(tx —tw)
time units so that its clients would receive the extra (tx — tw) units of video
played by W. Furthermore, if X s in normal state for ty time units, then W
has to be in normal state for at least tn+(1+X)(tx —tw) time units so that it will
still be in normal state at time ty +tn+ (14 M) (tx —tw) = tx +in+A(Ex —tw),
the time when the merging occurs.

The major problem in stream merging is to find a schedule to determine,
for every stream multicasted by the system, the life of this stream (i.e., how
long will they be in normal and exceptional states) and to which streams they
merge. We say that an on-line stream merging algorithm A is c-competitive with
respect to maximum bandwidth (resp. total bandwidth) if A will always produce
a schedule with maximum bandwidth (resp. total bandwidth) at most ¢ times
that of an optimal schedule.

We say that a request sequence R = (t1,ta,... ,t,) is compact if t,, —t; <
¢/(1 + A) (recall that ¢ is the length of the popular video). A key property
about compact sequence is that except for the stream for the first request, which
must be a full stream, streams for any other requests can merge with an earlier
stream. Given any schedule S, denoted by load(S,t) the load of S at time ¢,
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i.e., according to & how many streams are running at ¢. The following lemma
suggests we can focus on compact request sequence.

Lemma 1. Let ¢ be a positive number. Suppose that A is an on-line stream
merging algorithm such that given any compact sequence C, A always produces
a schedule S for C with 1oad(S,t) < cload(T,t) where T is any schedule for C,
and t is any time. Then, we have the following:

1. We can construct from A a stream merging algorithm that is c-competitive
with respect to maximum bandwidth for any general request sequence.

2. We can construct from A a stream merging algorithm that is max{2.5,c}-
competitive with respect to total bandwidth for any general request sequence.

Proof. For Statement (1), see [6]. For Statement (2), we note that from [3[7],
we know how to construct from A a max{3, c}-competitive algorithm. A more
elaborate construction can reduce 3 to 2.5. Details will be given in the full paper.

In the rest of the paper, we assume the input sequence is compact.

3 Span and Coverage

Consider any schedule S. Let X be a stream in § initiated at time ¢x. When
we say a stream Y initiated at time ¢y > tx is mergable with X, we mean if
Y runs in exceptional state initially, it will have enough time to merge with X;
by Condition [[] it is equivalent to say that X is still in normal state at time
tx + (1+N)(ty —tx).

Suppose X merges with a stream initiated at time tparent, and it runs in
normal state and in exceptional state for 7, and 7. time units, respectively.
Suppose the stream immediately before X is initiated at time tpefore. L€t tmiss
be the smallest time at which there is a stream initiated and this stream is not
mergable with X. We define the following characteristics of a schedule:

The coverage factor of X, denoted as Cr(X), is the ratio |[tvefore, tmiss)|/
|[tparent, thefore]| Where |I| denote the length of the interval I, and the
span factor of X, denoted as Sr(X), is the ratio 7, /7.

We call the value minxesCr(X) the minimum coverage factor and
maxxes Sr(X) the maximum span factor of S.

Let s be any positive number. We show below a modified greedy on-line
algorithm G, which, given any input sequence, returns a schedule with maximum
span factor at most s, and minimum coverage factor at least 1%\8. Note that
this is best possible because it can be proved that for dense input sequence, there
does not exist any schedule that has maximum span factor at most s, and the
minimum coverage factor strictly greater than 1%\8.

We say that a stream X covers time t if a stream initiated at time ¢ is

mergable with X. Let § = 7 _‘_1; _;\s)\. For any time interval [x,y], we say that a
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time ¢ € [x,y] is a J-checkpoint for [x,y] if t = x + §'(y — ) for some i > 0.
Suppose at tx a stream X is initiated in the system. G, determines the life of
this stream, as well as with which stream X merges, as follows.

— If X is the stream for the first request, X is a full stream and will not merge
with any stream.

— Otherwise, find the latest stream W (i.e., the one with the largest initiation
time) with which X is mergable. Suppose W is initiated at tparent. L€t tiast
be the largest time covered by W. (Note that we can find W and t},5 because
we know the life of all streams before X.) Then, X will merge with W, and it
will run in normal state for just long enough to cover the next §-checkpoint
for [tpavents tlast] (i-e., the smallest d-checkpoint for [tparent, tiast] that is no
less than tx).

Theorem 1. Let S be the schedule produced by Gs for some input sequence R.

Then we have Sr(S) < s, and Cr(S) > 14%\8.

Proof. Consider any stream X scheduled by Gs. Suppose that X is initiated at

tx and merges with an earlier stream W initiated at time tparent. We define the
following notations.

— tast 18 the largest time covered by W.

- I= [tparent;tlast]-

— by = tparent + 0 TH|I] and ¢, = tparent + 0°|I| are the two checkpoints for I
that enclosed tx, i.e. ty < tx <t,.

— Let tniss be the smallest time at where there is a stream initiated at time
tmiss and X cannot cover tpiss-

— 7, and 7. are the duration of X in normal and exceptional state, respectively.

First, we consider the coverage factor of X. By construction, we have t,—tx <
tmiss — tx - Suppose the stream directly before X is initiated at tpefore- NOte that
thefore < t¢ (otherwise, we can conclude that there is a stream later than W and
X is mergable with this stream; this contradict with our choice of W), and we
have tpefore — tparent < t¢ — tparent = 5i+1|j| and

. 1-4 1-6
tr — thefore = tr — g = o (1 - 5)|I| = T(S +1‘I‘ > T(tbefore - tparent)-

Finally, note that (tmiss — tx) + (tX — tbefore) > (tr — tx) + (tX — tbefore) =
tr — thefore = %(tbefore - tparent) = H_i/\s(tbefore - tparent) and it follows that
Cr(X) > Hi)\s.

Now, we consider the span factor of X. Since X merges with W and by
Condition [[} we have 7, = A(tx — tparent) > A(tr — tparent) = AS*T1|I|. According
to the algorithm, X is in normal state just long enough to cover the checkpoint
tr, thus, 7, = (14+N)(t, —tx) < (1+A) (8 —to) = (1+X)(8|I| — 6°FL|I]). Thus,

T (LENFI(1=8)  1-514A
e = MU T S W




76 W.-T. Chan et al.

and it follows that Sr(X) < s. This completes the proof.

In the next section, we analyze schedule with minimum coverage factor at
least ¢ and maximum span factor at most s. We call such a schedule (c,s)-
bounded schedule.

4 The Competitiveness of (¢, s)-Bounded Schedules

In Section B], we introduce a representation of a merging schedule, based on
which we perform our analysis. In Section we describe a counting argument
that relates the load of a (¢, s)-bounded schedule with that of an optimal sched-
ule. Finally, in Section 3] we complete the analysis.

4.1 Geometric Representation of a Schedule

In [7], we introduced the following way to represent a merging schedule.

Given a schedule S, its geometric representation comprises a set of rectilinear
lines on the plane. Suppose a stream X is initiated at time £y, run in normal
state for 7,, time, and then in exceptional state for 7, time. Then, for X, we put
a crook C(X) (a horizontal line segment followed by a vertical line segment) on
the plane as follows:

Starting from (o, tg), we draw a right-going horizontal line of length
Tn/(1+ A), followed by a down-going vertical line of length 7./A.

The following lemma lists the important information given by C(X).

Lemma 2. Suppose C(X) passes through the point (x,y). Then we can conclude
that stream X is still running at time t = (1 + X\)x — \y, and at this time t, the
clients of X will have received totally £ = (x — y)(1 + \) units of data.

Proof. X is initiated at time ty. By construction, C(X) has a horizontal segment
from (tg,t0) to (z,t0), and a vertical segment from (x,tg) to (z,y), and thus
after (tg,to), X runs in normal state and exceptional state for (1 4+ X\)(x — tg)
and A(tp — y) time units respectively. Then, the lemma follows directly from
definition.

Recall that for a stream X to merge with some stream Y at time ¢, the clients
of both X and Y should have received the same amount of data at t. Together
with Lemma [ it is easy to see that if X merges with Y at time ¢, then C(X)
must terminate at some point (x,y) on C(Y') where t = (14 Az — Ay.

Now, we introduce the notion of timeline. For any time ¢ > 0, define the
timeline for ¢, denoted as L, to be the line y = ((1+X)/A\)a —t/A. Note that for
any point (zg,yo) on Ly, we have t = (1 4+ A)xzg — Ayp. Together with Lemma 2]
we conclude that any crook that intersects £; must still be running at time ¢
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Fig.1. A canonical schedule with the first request arriving at time 0.

and hence contributes a load at ¢. Let S N £; denote the set of crooks in S that
intersects with £;. Then the load of S at ¢, i.e., Load(S,t), is equal to |S N Ly].

Before giving our analysis on |S N £;|, we need some definitions. We say
the point (¢,t) is a request point if there is a request at time ¢, and thus there
is a stream initiated at ¢t. For any point p = (z,y), let above(p) and left(p)
denote the point (z,z) and (y,y), respectively. Note that above(p) and left(p)
are just the points on the line y = x that are directly above and to the left of
p, respectively. Given any crook C, let h(C) and v(C) denote respectively the
horizontal and vertical segment of C. We say that a crook C' is in the shadow
of another crook C” if C' is lying completely above h(C”). A schedule § is called
canonical if it satisfies the following properties:

— All the crooks in S form a tree in which the leaves are on the line y = z,
and the root is at the point (¢; + ¢/(1 + A),%1). (Recall that ¢ is the length
of the video.) Furthermore, the path from a leaf to the root is a monotonic
rectilinear path in which every horizontal segment is right going and every
vertical segment is down going.

— If crook C covers the interval [a,b], then for any request point (¢,t) with
t € [a,b], the crook for (¢,t) is in the shadow of C'.

— Let p be a point on some crook C. If p is on h(C), then left(p) is a request
point. If p is on v(C'), then above(p) is a request point.

See Figure[Ilfor an example. Obviously, not every schedule is canonical. However,
the following theorem suggests we can focus on canonical schedules.

Theorem 2. Given an on-line algorithm A, we can construct another algorithm
B that simulates A such that for any input sequence R, if A produces a sched-
ule Sa for R that is (c, s)-bounded, i.e., has minimum coverage factor ¢, and
mazimum span factor s, then B will construct another schedule for R that is
canonical, with minimum coverage factor at least c, span cover ratio at most s,
and without increasing the load at any time.

Proof. Using the techniques described in Chan et al. [8], we can transform Sx to
make sure every stream will merge with the nearest mergable stream, and this
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will ensure the schedule satisfies the first two properties of a canonical schedule.
Then, using a technique of Coffman et al. [9], we can make sure every stream
X will merge with another stream at the earliest possible moment, i.e. as soon
as the last stream scheduled to merge with X has done so, X will change to
exceptional state immediately; this will ensure the schedule satisfies the last
property of a canonical schedule. Details will be given in the full paper.

Lemma 3. Suppose S is (¢, s)-bounded. For any crook C in S, the length of

h(C) is at most HAAS times the length of v(C).

Proof. Let X be the stream C represents. Suppose X runs in normal state and
exception state for 7, and 7, time units. Since S is (e, s)-bounded, we have
Tn < $Te. By construction, we have the length of A(C) and v(C) equal 7,,/(1+ )
and 7. /A. The lemma follows.

Now, we analyze the load of a (¢, s)-bounded a canonical schedule S at any
time ¢. From above discussion, it is equivalent to study |S N L|.

4.2 A Counting Argument for Bounding |8 N L]

Suppose S is for the request sequence R. Let O be an optimal canonical schedule
for R. Below, we show a technique for finding an upper bound on |S N L] in
terms of |O N Ly].

Since O is canonical, it is a tree with its root at 7 = (t1 + €/(1 + A), ¢1). For
every point p € SN L, we associate p with a unique point ¢ € O N L; as follows:

Suppose p is on the crook C in §. Since S is canonical, we know either
above(p) and left(p) is a request point. Let u be the request point in
{above(p),left(p)} (if both above(p) and left(p) are request points,
let u = left(p)). Note that u and the root r are on the different sides
of £; (see Figure[ll), and thus the path from u to r in O must intersect
at some unique point ¢. By definition, ¢ € O N L;. We say that ¢ is the
boss of p, and p is turned to be a slave of ¢ through u.

Now, we are ready to relate |S N L] and |O N L]. Consider the following
table Tsp, in which there are |S N L;| rows and |O N L] columns. The rows of
Tso are labeled by the points in S N L;, and the columns by those in O N L;.
Every row has a single entry equal to 1, and all the other entries are equal to 0.
More precisely, for a row p, we have

1, if g is the boss of p;

(1)

0, otherwise.

Tsolp,q] = {

Let N be the total number of 1’s in T'sp. Obviously |S N L¢] = N. In the next
section, we show that if S is (¢, s)-bounded, we can derive an upper bound K s
on the number of 1’s in every column of Tso». Then, we have

SO L] =N < K.,|ONL. 2)
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Fig. 2. The position of the points in Slave(q).

4.3 Finding the Upper Bound K,

Suppose S is (¢, s)-bounded. Consider any column g of Tsp. Denoted by Slave(q)
the set of all slaves of ¢q. By definition, the total number of 1’s in column ¢ is
equal to |Slave(q)|. Below, we derive an upper bound on |Slave(q)|.

Given any two points w and v, let wo denote the line segment joining u
and v, and let ||ut| be the length of wv. For sake of simplicity, we let ¢, =
above(q) and ¢; = left(q). Let g be the intersection point of the horizontal
line passing through ¢, and L;. Let g, be the intersection point of the vertical
line passing through ¢; and £; (See Figure B). The following simple lemma gives
the relationship about the line segments.

Lemma 4. We have |[7.q|=|@dl, |7 |=351deal and @)= 7aqll-
Proof. Note that that ¢, is on the line y = z, and ¢ and ¢, are on the line
Ly :y=((1+AN/N)z —t/X The lemma follows from simple calculation from
analytic geometry.

The following theorem is useful in our analysis.

Lemma 5. Consider any point p € Slave(q). Suppose p is turned to be a slave
of q through the point w. Then u must lie on the segment G;q,.

Proof. By definition, the path 7 from u to the root in O passes through ¢. Since
7 is a monotonic rectilinear line, it cannot pass ¢ if u is outside §;q,.

Now, we are ready to estimate |Slave(q)|. As a warm-up, we first consider a
special but important case, namely when ¢ = A/(1+ A) and s = 1.

Let A and B be the points in Slave(q) that are above and below ¢ on L,
respectively.

Lemma 6. Suppose S is (c, s)-bounded with ¢ = \/(1+X) and s = 1. If |A] > 2
then we can conclude |A| =2 and |B| = 0.
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Proof. Suppose |A| > 2. Let p be the highest point in A. Recall that p is some
point in S N L;, and thus must lies on the crook C' in §. Note that p must lie
on the horizontal segment h(C) of C (otherwise, p is on v(C) and by definition,
p is turned to be a slave of ¢ through above(p), which lies outside §;q,; this is
impossible because of Lemma [H). Thus, ||A(C)| > ||Zaqr| (see Figure ). From
the fact that S is (¢, s)-bounded, and together with Lemmas [3] and @] we have
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Now consider the other point p’ € A that is immediately below p on L;.
Suppose p’ is on the crook C’ in S. Note that C” covers left(p), and since S
is canonical, C' is in the shadow of C’. It follows that hA(C') and h(C’) must be
at least ||v(C)| > ||gaq|| apart. This is only possible when left(p) and left(p’)
are at the two endpoints of §;q, (Lemma Bl asserts that they cannot lie outside
1Ga)- Thus, there are no other points on gq, that is in Slave(q), and together
with Lemma ] we conclude that |A| = 2,|B| = 0.

Lemma 7. Suppose S is (¢, s)-bounded with ¢ = A/(1+X) andd = 1. If |B| > 2
then we can conclude |B| =2 and |A| = 0.

Proof. Suppose |B| > 2. Let w be the lowest point in B, and C,, be the crook
in S on which w lies. Using an argument similar to that we use in Lemmal[f], we
can show that w, = above(w) is a request point. Let wg, = (thefore, thefore) (for
some thefore)- Let X be the stream in S that is initiated directly after tpefore-
Suppose X merges with a stream initiated at time tparent. Note that no crooks
can cross the line segments w,w; all crooks above h(Cy,) are in the shadow of
C\y and no crooks can cross v(Cy,) (because S is canonical). This implies that
tparent < Thefore — ||[Waw||. Since S has minimum coverage factor ¢, by definition,
we conclude that the stream X covers the interval [thefore, thefore + C(tbefore —
tparent)] and hence the interval [thefore; thefore + ¢||Wa]|]-

Let go = (ta,ta), and q; = (t;,1;). We claim that thefore + ¢|[Waw|| > to. This
is obviously true for the case when w, = ¢;; in such case, we have q;q, = Ww
and thus

tsore + ] = s + el = t1+ 1o @ =t + ] = to
(The third equality comes from Lemma Hl) When w,, is at some other position
on q;q,, we can prove the claim by a more complicated, but straightforward,
calculation.
In conclusion, the stream X covers the interval [tpefore, ta], and thus there
are only two crooks starting in the line segments §;q,, namely C,, and X can
intersect £;. As we assume |B| > 2, we conclude |B| = 2 and |A| = 0.

We immediately have the following theorem and corollary.
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Theorem 3. Suppose S is a (¢, s)-bounded with ¢ = A/(1+ ) and s = 1. Then
for any time t, |S N L] < 2|0 N Ly.

Proof. Consider any column g of Ts». The number of 1’s at this column equal
|Slave(q)|, which, by from Lemmas [land [{] is no greater than 2. Together with
Inequality (2), the theorem follows.

The following corollary, which follows directly from Theorems Ml and [B] gives the
first on-line algorithm for stream merging which is 2-competitive.

Corollary 1. The on-line algorithm Gs with s = 1 is 2-competitive.

The following theorem states our result for the general case.

A A
Theorem 4. Let K. =max {1 +logy . (1 + m) ;1+logy ea (1+ 1%)}
Suppose S is (c, s)-bounded. Then we have for any time t, |SNLy| < K. s|ONLy|.

Proof. A direct generalization of the proof of Theorem Bl
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Abstract. A weakly-connected dominating set, W, of a graph, G, is
a dominating set such that the subgraph consisting of V(G) and all
edges incident with vertices in W is connected. Finding a small weakly-
connected dominating set of a graph has important applications in clus-
tering mobile ad-hoc networks. In this paper we introduce several new
randomised greedy algorithms for finding small weakly-connected dom-
inating sets of regular graphs. These heuristics proceed by growing a
weakly-connected dominating set in the graph. We analyse the average-
case performance of the simplest such heuristic on random regular graphs
using differential equations. This introduces upper bounds on the size of
a smallest weakly-connected dominating set of a random regular graph.
We then show that for random regular graphs, other “growing” greedy
strategies have exactly the same average-case performance as the simple
heuristic.

Keywords: weakly-connected, dominating sets, random regular graphs

1 Introduction

The proliferation of wireless communicating devices has created a wealth of op-
portunities for the field of mobile computing. However, in the extreme case of
self-organising networks, such as mobile ad-hoc networks, it is challenging to
guarantee efficient communications. In these infrastructure-less networks, only
nodes that are sufficiently close to each other can communicate and, as mo-
bile nodes roam at will, the network topology changes arbitrarily and rapidly.
Clustering mobile nodes locally is an effective way to hierarchically organise the
structure: one special node (the clusterhead) oversees the message routing within
its cluster. It is straightforward to route messages between different clusters when
the clusterheads form a connected component (i.e., a backbone). However, the
size of the backbone may be large in order to guarantee connectedness.
Recently, several authors [4, 6] suggested ways to reduce the size of the back-
bone by identifying common gateway nodes between clusterheads, relaxing the
requirement of connectedness to weakly-connectedness. With clustering mobile
ad-hoc networks in mind, we present and analyse algorithms that build small

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 83-95, 2003.
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weakly-connected dominating sets for networks with constant regular degree (as
the possible number of connections per node is a constant due to power and
technology limitations).

In this paper we consider connected d-regular graphs. When discussing any
d-regular graph on n vertices, dn is assumed to be even to avoid parity problems.
For other basic graph theory definitions the reader is referred to Diestel [5].

A dominating set of a graph, G, is a set of vertices, D C V(G), such that
every vertex of G either belongs to D or is incident with a vertex of D in G.
Define the minimum cardinality of all dominating sets of G as the domination
number of G and denote this by v(G). The problem of determining v(G) for a
given graph, G, is one of the core NP-hard problems in graph theory (see, for
example, Garey and Johnson [8]).

A connected dominating set, C, of a graph, GG, is a dominating set such that
the subgraph induced by the vertices of C in GG is connected. Define the minimum
cardinality of all connected dominating sets of G as the connected domination
number of G and denote this by 7.(G). The problem of determining ~.(G) is also
NP-hard and remains so for regular and bounded degree graphs (see Haynes et
al. [11)).

Grossman [9] introduced another NP-hard variant of the minimum dominat-
ing set problem, that being the problem of finding a minimum weakly-connected
dominating set. A weakly-connected dominating set, W, of a graph, G, is a
dominating set such that the subgraph consisting of V(G) and all edges incident
with vertices in W is connected. Define the minimum cardinality of all weakly-
connected dominating sets of G as the weakly-connected domination number of
G and denote this by 7, (G).

The following section provides some known results about the problems de-
fined above and presents our results of the average-case performance of our
algorithms. In Section 3, we present our simple, yet efficient, randomised greedy
algorithm. In Section 4 we describe the model we use for generating regular
graphs uw.a.r. (uniformly at random) and describe the notion of analysing the
performance of algorithms on random graphs using systems of differential equa-
tions. The analysis of our algorithm is presented in Section 5. In the final section
we consider alternative greedy heuristics and comment why any basic improve-
ment to the simple heuristic we present will not improve the results.

2 Small Weakly-Connected Dominating Sets

Finding a small weakly-connected dominating set of a graph has applications in
clustering mobile ad-hoc networks. Chen and Liestman [4] introduced worst-case
(InA + 1) approximation results for v,,(G), when G is a graph with bounded
degree A. Their analysis techniques are similar to those used by Guha and
Khuller [10] to bound 7.(G) when G is a bounded degree graph. Faster dis-
tributed algorithms have been recently introduced by Dubhashi et al. [6].

We demonstrate the relationship between dominating sets, weakly-connected
dominating sets and connected dominating sets using the small example given in
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(a) A graph G on 12 vertices (b) A minimum dominating set for G

(¢) A minimum weakly-connected (d) A minimum connected dominating
dominating set for G set for G

Fig. 1. Comparing different types of minimum dominating set

Figure 1. The graph in Figure 1(a) is 3-regular and has twelve vertices, therefore,
any dominating set must consist of at least three vertices. The darker solid
(blue) vertices in Figure 1(b) denote such a set and the dotted line surrounding
each such vertex denotes the vertices it dominates. Note that dominating set in
Figure 1(b) is an independent dominating set (no edges exist between the vertices
in the set). As every vertex not in the dominating set of Figure 1(b) is dominated
by precisely one vertex, this implies that a weakly-connected dominating set for
this graph must contain at least four vertices. The solid darker (red) vertices in
Figure 1(c) form a weakly-connected dominating set of minimum size for this
graph. White vertices with a dark rim are gateways.

Owing to the fact that the graph in Figure 1 is 3-regular on twelve vertices,
a minimum connected dominating set for this graph must consist of at least
five vertices. The solid darker (green) vertices in Figure 1(d) form a minimum
connected dominating set for this graph.

The relationship between v(G), 7.(G) and 7, (G) has been extensively stud-
ied (see, for example, [1,3,7,11]). Clearly, for any graph, G, 7(G) < 7, (G) <
Ve(G).

Dunbar et al.[7] introduced the concept of a weakly-connected independent
dominating set, i.e., a weakly-connected dominating set, Z, of a graph, G, such
that no two vertices in Z are connected by an edge of G. Define the minimum car-
dinality of all weakly-connected independent dominating sets of G as the weakly-
connected independent domination number of G and denote this by 7% (Q).

For arbitrary graphs, relationships amongst the parameters v(G), 7., (G),
Ye(G) and 7%, (G) are known, for example, in [7], it was shown that

Yw(G) < 7e(G) < 27(G) = 1 and y(G) < 7(G) < %ZU(G) <29(G) - 1.

As we consider random graphs, we need some notation. We say that a prop-
erty, B = B, of a random graph on n vertices holds a.a.s. (asymptotically almost
surely) if the limit of the probability that 5 holds tends to 1 as n tends to infinity.
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Caro et al.[3] showed that, for any n-vertex graph, G, of minimum degree d,
that a.a.s.

(1+0d(;)_alln(d+1)n 1)

This, along with a result of Alon [1] and a well-known result of Lovdsz [12],
shows that for any n-vertex graph, G, of minimum degree d, v(G) and ~.(G) are
a.a.s. the same.

In this paper we consider randomised greedy algorithms for finding small
weakly-connected dominating sets of regular graphs. These heuristics proceed
by growing a weakly-connected dominating set in the graph. Starting from a
single vertex and its incident edges, the component grows by repeatedly deleting
edges from the graph and adding vertices and edges to the component. We
analyse the average-case performance of the simplest such heuristic on random
regular graphs using differential equations. We then show that other “growing”
greedy strategies have exactly the same average-case performance as the simple
heuristic. This introduces upper bounds on 7,,(G) when G is a random regular
graph.

As the weakly-connected dominating set returned by each of the algorithms
we consider is actually a weakly-connected independent dominating set, our
results also give upper bounds on v (G). In this paper we prove the following
theorem.

Ye(G) =

Theorem 1. For a random d-regular graph, G, on n vertices, where d remains
constant, the size of a minimum weakly-connected dominating set of G, v, (G),
asymptotically almost surely satisfies

Y (G) < %(?’)n + o(n), when d = 3,
Yw(G) < MTL + o(n), when d =4 and

d—3
Y (G) < (2(dd1) - d(d_3)d72d,1 ) n+ o(n), when d > 5.
2(d—2)(d—1)d=2

3 Growing a Weakly-Connected Component

The heuristic we describe is a greedy algorithm that is based on repeatedly
selecting vertices of given current degree from an ever-shrinking subgraph of the
input graph. At the start of our algorithm, all vertices have degree d. Throughout
the execution of our algorithm, vertices are repeatedly chosen at random from a
given set. A neighbour of such a vertex may be selected for inclusion in the set
under construction. In each iteration, a number of edges are deleted.

For a d-regular graph, G, the algorithm constructs a subset, W, of the vertices
of G in a series of steps. Each step starts by selecting a vertex u.a.r. from those
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vertices of a particular current degree. The first step is unique in the sense that
it is the only step in which a vertex is selected u.a.r. from the vertices of degree
d. We select such a vertex, u, u.a.r. from all the vertices of the input graph to
add to W and delete its incident edges.

For each step after the first, we select a vertex, u, u.a.r. from those vertices of
positive degree that is less than d. Such a vertex will always exist (after the first
step and before the completion of the algorithm) as the input graph is assumed
to be connected. We then select a neighbour, v, of v u.a.r. and investigate its
degree. If v has degree d, we add v to W and delete all edges incident with v.
Otherwise, (v has degree less than d) we simply delete the edge between u and
v and start another step.

At any given stage of the algorithm we say that the component represents
the set W constructed thus far, along with all edges of G that are incident with
vertices in W. Every vertex of W is chosen from the vertices of degree d and
all edges that are deleted are either incident with a vertex in W or have both
end-points of degree less than d. These two facts ensure that the component
remains weakly-connected throughout the algorithm and once no vertices of
degree d remain (at which point the algorithm terminates) W is a dominating
set, in fact, it is a weakly-connected independent dominating set. We say that
the component grows as edges and vertices are added to it.

The component starts out as a copy of the complete bipartite graph K 4
(or d-star). This is achieved by selecting the first vertex of W u.a.r. from all
the vertices of the input graph. Pseudo-code for our algorithm, Rand_Greedy, is
given in Figure 2. In the algorithm, N(u) denotes the set of vertices incident to
uin G.

At each iteration, the algorithm either deletes an edge from the graph that
connects two vertices in the component or adds a new vertex to the component

Input : A d-regular n-vertex graph, G.
Output: A weakly-connected dominating set W for G.

1 W« 0
2 select uw u.a.r. from the vertices of degree d;
3 W<+ {u};
4 delete all edges incident with w;
5  while (there are vertices of degree d remaining)
{
6 select u u.a.r. from the vertices of positive degree less than d;

\\Random greedy selection criteria
7 select v u.a.r. from N(u);
\\Attempt to increase the number of vertices in the component
delete the edge between u and v;
if (v has degree d — 1) { W« WU {v};
delete all edges incident with v; }

© 0o

Fig. 2. Algorithm Rand_Greedy
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that is incident to at least one vertex that is already in the component (along
with all of its incident edges and any of its neighbours that were not already
part of the component).

4 Random Graphs and Differential Equations

The analysis of the algorithm we present is carried out on random regular graphs
using differential equations. We therefore introduce the model we use to generate
a regular graph u.a.r. and give an overview of an established method that uses
differential equations to analyse the performance of randomised algorithms. For
other random graph theory definitions see Bollobés [2].

The standard model for random d-regular graphs is as follows. (See
Wormald [13] for a thorough discussion of this model and the assertions made
about it here, as well as other properties of random regular graphs.) Take a
set of dn points in n buckets labelled 1,2,...,n, with d points in each bucket,
and choose u.a.r. a pairing, P, of the points. The resulting probability space
is denoted by P, q. Form a d-regular pseudograph on n vertices by placing an
edge between vertices i and j for each pair in P having one point in bucket ¢
and one in bucket j. This pseudograph is a simple graph (i.e., has no loops or
multiple edges) if no pair contains two points in the same bucket and no two
pairs contain four points from just two buckets. The d-regular simple graphs on
n vertices all occur with equal probabilities. With a probability that is asymp-
totic to e(1=4*)/ 4 the pseudograph corresponding to the random pairing in P, 4
is simple. It follows that, in order to prove that a property is a.a.s. true of a
uniformly distributed random d-regular (simple) graph, it is enough to prove
that it is a.a.s. true of the pseudograph corresponding to a random pairing.

As in [14], we redefine this model slightly by specifying that the pairs are
chosen sequentially. The first point in a random pair may be selected using
any rule whatsoever, as long as the second point in that random pair is chosen
uw.a.r. from all the remaining free (unpaired) points. This preserves the uniform
distribution of the final pairing.

Wormald [14] gives an exposition of a method of analysing the performance
of randomised algorithms. It uses a system of differential equations to express
the expected changes in variables describing the state of the algorithm during
its execution.

Throughout the execution of our algorithm, edges are deleted and, as this
happens, the degree of a vertex may change. In what follows, we denote the set of
vertices of degree 7 in the graph, at time ¢, by V; = V;(¢) and let Y; = Y;(¢) denote
|Vi|. (For such variables, in the remainder of the paper, the parameter ¢ will be
omitted where no ambiguity arises.) We may express the state of the graph at
any point during the execution of the algorithm by considering the variables
Y; where 0 < i < d. In order to analyse a randomised algorithm for finding a
small weakly-connected dominating set, W, of regular graphs, we calculate the
expected change in this state over a predefined unit of time in relation to the
expected change in the size of the set W.
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Let W = W(t) denote |W| at any stage of an algorithm (time t) and let
EAX denote the expected change in a random variable X conditional upon
the history of the process (where the notation E denotes expectation). We then
use equations representing EAY; and EAW to derive a system of differential
equations. The solutions to these differential equations describe functions which
represent the behaviour of the variables Y;. Wormald [14, Theorem 6.1] describes
a general result which guarantees that the solutions of the differential equations
almost surely approximate the variables Y; and W with error o(n). The expected
size of W may be deduced from these results.

5 Average-Case Analysis

Denote each iteration of the while loop in Figure 2 as one operation. In order
to analyse the algorithm we calculate the expected change in the variables Y;
in relation to the expected change in the size of W for an operation. These
equations are then used to formulate a set of differential equations.

Note that (depending on the algorithm being analysed), it may be necessary
to calculate the expected change in the variables Y; in relation to the expected
change in W for all 0 < i < d. However, as our algorithm terminates when
Y; = 0, computing the expected change in the variable Yy in relation to the
expected change in the size of W turns out to be sufficient. This equation may
then be used to formulate a differential equation. The remainder of this section
provides the proof of Theorem 1.

Proof. Let s = s(t) denote the sum of the degrees of the vertices in G at a
given stage (time t). Note that s = Z?Zl iY;. For our analysis it is convenient to
assume that s > en for some arbitrarily small but fixed ¢ > 0. Operations when
s < en will be discussed later.

For each operation, we select a vertex, u, v.a.r. from V(G) \ {Vp U V;} and
select u.a.r. a neighbour, v, of u. If v has degree d, all edges incident with v are
deleted. Otherwise, just one edge incident with v is deleted (the edge between u
and v). The expected change in Yy due to decreasing the degree of v is —dYy/s.
Decreasing the degree of u by one has no effect on Y; as u € V. In the event v
has degree d, a further change in Y; may result if any of the other neighbours of v
have degree d. The expected number of neighbours of v that have degree d, given
that v has degree d and u & Vy is d(d — 1)Yy/s. Therefore, the expected change
in Yy when performing an operation (at time t) is EAY;+o0(1) = EAY(¢) +o(1)

where
EAY, = —2¥d <1 G 1)Yd> . (2)
S S

The expected change in the size of W when performing an operation (at time
t) is EAW + o(1) = EAW (t) + o(1) which is simply given by

EAW = ?. (3)
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The o(1) terms in Equations (2) and (3) are due to the fact that the values
of all the variables may change by a constant during the course of the operation
being examined. Since s > en the error is in fact O(1/n).

We use Equations (2) and (3) to formulate a differential equation. Write
Yi(t) = nzq(t/n), W(t) = nz(t/n) and s(t) = n&(t/n). From the definition of s
we have ¢ = Zle iz;.

Equation (2) representing the expected change in Yy for an operation forms
the basis of a differential equation. The differential equation suggested is

) —d d(d—-1
ﬁ — <d 1+ ( )Zd ’
ox 13 13
where x = t/n and t is the number of operations.
Equation (3) representing the expected increase in the size of W for an op-
eration suggests the differential equation for z as
0z dzg

= (5)

(4)

We compute the ratio §z/dz4, and we have

0z -1
Tzd - 1+ @' (6)
The solution to this differential equation represents the cardinalities of Vj
and W (scaled by 1/n) for given ¢ up until £ = €. After which point, the change
in the variables per operation is bounded by a constant and the error in the
solution is o(1).
Notice that with every edge deleted, £ decreases by 2. It follows that 6£/dzq =
2¢/dzq. Solving this equation with initial condition £ = d when z4 = 1 gives
&= dzi/ < Substituting this expression for £ into Equation (6), we have

-1
;i = d—2- " (7)
W (d—1) T

The initial condition for Equation (7) is z = 0 when z; = 1. We use the
substitution w = (d — 1)ﬁz;/d. The initial condition then becomes w = (d —

1)ﬁ when z = 0 and we wish to find the value of z when w = 0. So we have

o denTT g
z:d(d—l)ﬁ/ 2w
0

1+ wd—2
L panTE L, DT w
=d(d—1)72 /0 w dw — d(d —1)7=2 /0 méw
1
d » (d—1)3=2 w
=T ( ya=2 /0 Ll (8)
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Although Equation (8) has an exact solution for all d > 3, it is not of the
simplest form for d > 4. For d = 3 and d = 4 the solution to Equation (8) does
have a simple form which we provide below. We then upper bound the solution
to Equation (8) when d > 5 in order to complete the proof of the theorem.

Substituting d = 3 into Equation (8) we have

3 3/2 w g 3n(3)
0

T1T8), 1x0’ T TR

Thus proving that for a random 3-regular graph on n vertices 7, (G) is a.a.s.

less than 31n(3
DT()n + o(n).

Similarly, substituting d = 4 into Equation (8) we have

s
2 4/3 w oo 2B-In(4)
0

z2=-—=
39 14 w? 9

Thus proving that for a random 4-regular graph on n vertices v,,(G) is a.a.s.
less than
2(3 —1n(4))
9
We now approximate the solution to Equation (8) for values of d larger
than 4. We do so by lower bounding the function w/(1 + w%2) in the interval
0<w< (d— 1)ﬁ. Note that over this interval for w, the function w/(1+w?=2)
is always positive and in this interval, its derivative equals zero at just one point.
This implies,

n+ o(n).

w _(d-3))

1
TS oy v Oswsd-nTe
)

When w/(1 + w?2) = (d — 3){(7) /(d — 2) we have w = (d — 3)7=2. Note that
0< (d— 3)d%12‘ < (d— l)dlf2 for the values of d under consideration. We compute
two liner functions of w. We show that the first, in the interval 0 < w < (d—3)d%12
is at most w/(1+w?=?) and the other, in the interval (d—?))dif12 <w< (d—l)ﬁ7
is also at most w/(1 + w9=2).

Lemma 1. For every d > 4 in the interval 0 < w < (d — 3)%,
d—3 w
< .
d—2" = 11 w2
Proof. Rearrange the expression above to get

(d—3)wl 4+ w2 < (d-2)w

1
d72<
R

which completes the proof as w < (d — 3)%712. O
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1

Lemma 2. For every d > 4 in the interval (d — 3)%12‘ <w<(d—1)7=2
1
(d—3) ((d—l)(d—2)—w) o w
2—d+(d—2)d-1)(7=)(d-3)(a=) ~ T+w>
Proof. Rearrange the expression above to get
1

(d—3)d—1)(7=) < (d—2)(d—1)72)(d - 3)F=)w + (d - 3)wi
—w— (d—3)(d—1)(F2)wi-2,

As w and (d — 3)(d — 1)(ﬁ)wd_2 are positive:
(d-3)d—1)7=) < (d=2)(d—1)7=2)(d - 3)T=)w + (d — 3)w'".
AsO<w< (d—1)77:

(d—3)(d—1)(7=) < (d—2)(d—1)(7=)(d - 3)(7=) (@ - 1)(7=)
+(d - 3)(d—1)(7=)

which completes the proof as (d — 1)(ﬁ) > 0. |
We have
1
d . (d—1)3—2 w
=———d(d—-1)7=2 —4
*=5a-p - /O 11wz’

d —d (d=3) dilz d—3
< — —2 -

-, (d-1)T (d - 3) ((d—1)(ﬁ)—w)
~dd—1) /(d—3)‘112 2 d+(d—2)(d— 1)) (- 3)(7=)

Evaluating this enables us to prove that for a random d-regular graph on n
vertices, (d > 4), v, (G) is a.a.s. less than

d  dd-3)Ts o
(2(61—1) 2(d_2)(d—1)3%> o)

This completes the proof of Theorem 1.

ow.

In Table 1, we present our upper bounds on v, (G), a(v,(G)), the exact
solution to Equation (6), 8(7.,(G)), (produced by using a Runge-Kutta method)
along with the value nln(d + 1)/(d 4+ 1) from Equation (1) as a comparison to
the known asymptotic results for 7(G) and 7.(G).
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Table 1. Bounds on 7, (G) for a random d-regular graph, G

d a(1w(G) Blw(G)) ™o d a(yw(@) Blr(@)) ™ol
03 0.4120n 0.4120n  0.3466n 09 0.2852n 0.2328n  0.2303n
04 0.3586n 0.3586n  0.2780n 10 0.2659n 0.2190n  0.2180n
05 0.4167n 0.3205n  0.2986n 20 0.1657n 0.1424n  0.1450n
06 0.3713n 0.2914n  0.2780n 40 0.1005n 0.0887n  0.0906n
07 0.3362n 0.2681n  0.2599n 60 0.0741n 0.0661n  0.0674n
08 0.3081n 0.2489n  0.2441n 80 0.0593n 0.0533n  0.0543n

6 Comparison with Degree-Greedy Heuristics

Having analysed what seems to be the simplest algorithm for finding a small
weakly-connected dominating set of regular graphs, it is natural to consider
whether different heuristics may give an improved result. So-called degree-greedy
algorithms that are based on choosing a vertex of a particular degree at each
iteration give improved results for various other problems on regular graphs.

There are several degree-greedy algorithms that one may design for finding a
small weakly-connected dominating set of a regular graph. Providing all of these
algorithms are based on iteratively growing a single weakly-connected compo-
nent, these may only differ in two ways; namely, for each iteration (after the
initial operation), the type of greedy selection criteria used and by how many
vertices the set is allowed to increase per iteration. These are represented by the
lines 6 and 7 in the while loop of the heuristic presented in Figure 2.

The remaining features remain the same: the initial operation (lines 1-4)
must choose a vertex of degree d (deleting some or all of its incident edges) to
initiate the growing component. It should also be clear that, in order to ensure
only one component is “grown”, each iteration must start by selecting a vertex
of degree less than d (line 6). As vertices of degree d represent non-dominated
vertices, any such algorithm may terminate once the number of vertices of degree
d in the graph reaches zero.

To analyse such a heuristic, using the differential equation technique as we
have, it is usually necessary to develop equations based on the expected changes
in the variables Y;, however, as the algorithm may terminate once no vertices of
degree d remain (and providing all vertices of degree d encountered during an
operation become part of the set and have all of their incident edges deleted), it
is sufficient to track the variable Yy as opposed to the vector (Y7,Ys, ..., Yy).

As any alternative heuristic may only modify lines 6 and 7 (and the vertex, u,
selected in each iteration must have degree less than d), it is therefore immediate
that any such selection may not affect the variable Y. The choice of which vertex
of degree less than d to choose is therefore immaterial in this regard.

Once u has been selected, the only way Yy may decrease is if a number of
edges incident with u are deleted. It is well known that, for a random regular
graph, the neighbourhood of a vertex, up to a constant distance, is a.a.s. acyclic,
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(see, for example, [13]) and as we are only interested in the degrees of vertices at
distance at most 2 from u, the subgraph considered in each iteration will a.a.s.
be a tree.

It may be observed that investigating the degree of one neighbour of u per
iteration or investigating the degree of more than one neighbour of u per iteration
will have no effect on the resulting differential equation. The latter may be seen
as an algorithm that performs a sequence of operations per iteration. The first
in the sequence selects a vertex u from those of a given degree and investigates
the degree of one of its neighbours.

In each remaining operation in the sequence, the same vertex u is selected
and one more of its neighbours has its degree investigated. (This may be achieved
by a standard modification to the pairing process as outlined in Section 4.)

As soon as the required number of neighbours have had their degree investi-
gated, the sequence terminates. Each neighbour of degree d encountered must be
included in the set under construction. (Again, this comes from the assumption
that vertices of degree less than d are dominated as once each of these vertices
has its degree investigated, an edge incident with that vertex is deleted.) All
edges incident with these vertices would then be removed from the graph.

It is not difficult to see that this would mean that the performance of algo-
rithms that base each selection on choosing vertices of minimum (or maximum)
degree and algorithms that iteratively choose one (or more than one) neigh-
bour(s) per iteration, would be represented by Equation (6), and therefore will
have the same average-case performance (as the solution to the differential equa-
tion would, of course, be the same).
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Abstract. In this paper we show that every chordal graph with n ver-
tices and m edges admits an additive 4-spanner with at most 2n—2 edges
and an additive 3-spanner with at most O(n - logn) edges. This signifi-
cantly improves results of Peleg and Schéaffer from [Graph Spanners, J.
Graph Theory, 13(1989), 99-116]. Our spanners are additive and easier
to construct. An additive 4-spanner can be constructed in linear time
while an additive 3-spanner is constructable in O(m - logn) time. Fur-
thermore, our method can be extended to graphs with largest induced
cycles of length k. Any such graph admits an additive (k + 1)-spanner
with at most 2n — 2 edges which is constructable in O(n - k + m) time.

Classification: Algorithms, Sparse Graph Spanners

1 Introduction

Let G = (V, E) be a connected graph with n vertices and m edges. The length of
a path from a vertex v to a vertex u in G is the number of edges in the path. The
distance dg(u,v) between vertices u and v is the length of a shortest (u,v)-path
of G. We say that a graph H = (V, E’) is an additive r-spanner (a multiplicative
t-spanner) of G, if E' C E and dy(z,y) —da(z,y) <r (du(z,y)/dc(z,y) < t,
respectively) holds for any pair of vertices z,y € V (here t > 1 and r > 0 are
real numbers). We refer to r (to t) as the additive (respectively, multiplicative)
stretch factor of H. Clearly, every additive r-spanner of G is a multiplicative
(r + 1)-spanner of G (but not vice versa).

There are many applications of spanners in various areas; especially, in dis-
tributed systems and communication networks. In [20], close relationships were
established between the quality of spanners (in terms of stretch factor and the
number of spanner edges |E’|), and the time and communication complexities
of any synchronizer for the network based on this spanner. Also sparse spanners
are very useful in message routing in communication networks; in order to main-
tain succinct routing tables, efficient routing schemes can use only the edges of
a sparse spanner [21]. Unfortunately, the problem of determining, for a given
graph G and two integers t,m > 1, whether G has a t-spanner with m or fewer
edges, is NP-complete (see [19]).

The sparsest spanners are tree spanners. Tree spanners occur in biology [2],
and as it was shown in [I§], they can be used as models for broadcast operations.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 96-[107] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Multiplicative tree t-spanners were considered in [7]. It was shown that, for a
given graph G, the problem to decide whether G has a multiplicative tree t—
spanner is N P—complete for any fixed ¢ > 4 and is linearly solvable for ¢t = 1,2
(the status of the case t = 3 is open for general graphs). Also, in [10], NP-
completeness results were presented for tree spanners on planar graphs.

Many particular graph classes, such as cographs, complements of bipar-
tite graphs, split graphs, regular bipartite graphs, interval graphs, permuta-
tion graphs, convex bipartite graphs, distance-hereditary graphs, directed path
graphs, cocomparability graphs, AT-free graphs, strongly chordal graphs and
dually chordal graphs admit additive tree r-spanners and/or multiplicative tree
t-spanners for sufficiently small r and ¢ (see [BJ6IT3ITAITA22123]). We refer also to
MEAYGITITST7ITRITI24] for more background information on tree and general
sparse spanners.

In this paper we are interested in finding sparse spanners with small additive
stretch factors in chordal graphs and their generalizations. A graph G is chordal
[12] if its largest induced (chordless) cycles are of length 3. A graph is k-chordal
if its largest induced cycles are of length at most k.

The class of chordal graphs does not admit good tree spanners. As it was
mentioned in [22)23], H.-O. Le and T.A. McKee have independently showed that
for every fixed integer ¢ there is a chordal graph without tree t—spanners (additive
as well as multiplicative). Recently, Brandstédt et al. [4] have showed that, for
any t > 4, the problem to decide whether a given chordal graph G admits a
multiplicative tree t-spanner is NP-complete even when G has the diameter at
most ¢t + 1 (¢ is even), respectively, at most ¢t + 2 (¢ is odd). Thus, the only
hope for chordal graphs is to get sparse (with O(n) edges) small stretch factor
spanners. Peleg and Schéffer have already showed in [19] that any chordal graph
admits a multiplicative 5-spanner with at most 2n — 2 edges and a multiplicative
3-spanner with at most O(n -logn) edges. Both spanners can be constructed in
polynomial time.

In this paper we improve those results. We show that every chordal graph
admits an additive 4-spanner with at most 2n—2 edges and an additive 3-spanner
with at most O(n-logn) edges. Our spanners are not only additive but also easier
to construct. An additive 4-spanner can be constructed in linear time while an
additive 3-spanner is constructable in O(m-logn) time. Furthermore, our method
can be extended to all k-chordal graphs. Any such graph admits an additive
(k4 1)-spanner with at most 2n — 2 edges which is constructable in O(n-k+m)
time. Note that the method from [T9] essentially uses the characteristic clique
trees of chordal graphs and therefore cannot be extended (at least directly) to
general k-chordal graphs for £ > 4. In obtaining our results we essentially relayed
on ideas developed in papers [3], [8], [9] and [19].

2 Preliminaries

All graphs occurring in this paper are connected, finite, undirected, loopless,
and without multiple edges. For each integer | > 0, let B;(u) denote the ball of
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radius [ centered at u: Bi(u) = {v € V : dg(u,v) < I}. Let N;(u) denote the
sphere of radius ! centered at u: Ni(u) = {v € V : dg(u,v) = 1}. Nj(u) is called
also the [th neighborhood of u. A layering of G with respect to some vertex u
is a partition of V into the spheres Nj(u), I = 0,1,.... By N(u) we denote the
neighborhood of u, i.e., N(u) = Ni(u). More generally, for a subset S C V let
N(S) = Uyes N(w).

Let 0 = [v1,v2,...,v,] be any ordering of the vertex set of a graph G. We will
write a < b whenever in a given ordering o vertex a has a smaller number than
vertex b. Moreover, {a1,---,a;} < {b1,---,bx} is an abbreviation for a; < b;
(i =1,---,l; j = 1,---,k). In this paper, we will use two kind of orderings,
namely, BFS-orderings and LexBFS-orderings.

In a breadth-first search (BFS), started at vertex w, the vertices of a graph
G with n vertices are numbered from n to 1 in decreasing order. The vertex u is
numbered by n and put on an initially empty queue of vertices. Then a vertex
v at the head of the queue is repeatedly removed, and neighbors of v that are
still unnumbered are consequently numbered and placed onto the queue. Clearly,
BF'S operates by proceeding vertices in layers: the vertices closest to the start
vertex are numbered first, and most distant vertices are numbered last. BFS
may be seen to generate a rooted tree T with vertex u as the root. We call T'
the BF'S-tree of G. A vertex v is the father in T of exactly those neighbors in G
which are inserted into the queue when v is removed. An ordering o generated
by a BFS will be called a BFS-ordering of G. Denote by f(v) the father of a
vertex v with respect to o. The following properties of a BFS-ordering will be
used in what follows.

(P1) If x € N;(u),y € Nj(u) and ¢ < j, then >y in o.

(P2) If v € Ny(u)(g > 0) then f(v) € Ny_1(u) and f(v) is the vertex from
N (v) with the largest number in o.

(P3) If > y, then either f(z) > f(y) or f(z) = f(y).

Lezicographic breadth-first search (LexBFS), started at a vertex u, orders
the vertices of a graph by assigning numbers from n to 1 in the following way.
The vertex u gets the number n. Then each next available number k is as-
signed to a vertex v (as yet unnumbered) which has lexically largest vector
(SnySn—1y---,Sk+1), where s; = 1 if v is adjacent to the vertex numbered 4, and
s; = 0 otherwise. An ordering of the vertex set of a graph generated by LexBFS
we will call a LexBFS-ordering. Clearly any LexBFS-ordering is a BFS-ordering
(but not conversely). Note also that for a given graph G, both a BFS-ordering
and a LexBFS-ordering can be generated in linear time [12]. LexBFS-ordering
has all the properties of the BFS-ordering. In particular, we can associate a tree
T rooted at v,, with every LexBFS-ordering o = [v1,va, ..., v,] simply connect-
ing every vertex v (v # v, ) to its neighbor f(v) with the largest number in o.
We call this tree a LexBFS-tree of G rooted at v, and vertex f(v) the father of
vin 7.
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3 Spanners for Chordal Graphs

3.1 Additive 4-Spanners with O(n) Edges

For a chordal graph G = (V, E) and a vertex u € V, consider a BFS of G started
at u and let ¢ = max{dg(u,v) : v € V}. For a given k, 0 < k < ¢, let SF,
Sk, S{;k be the connected components of a subgraph of G induced by the
kth neighborhood of u. In [3], there was defined a graph I" whose vertices are
the connected components Sf, k=20,1,...,qand 7 = 1,...,px. Two vertices
Sk, Sj]-c_l are adjacent if and only if there is an edge of G' with one end in S¥
and another end in S;“l. Before we describe our construction of the additive
4-spanner H = (V, E’) for a chordal graph G, first we recall two important
lemmas.

Lemma 1. [3] Let G be a chordal graph. For any connected component S of
the subgraph of G induced by Ny (u), the set N(S)N Ny_1(u) induces a complete
subgraph.

Lemma 2. [3] I" is a tree.

Now, to construct H, we choose an arbitrary vertex v € V and perform a
Breadth-First-Search in G started at u. Let o = [v1,...,v,] be a BFS-ordering
of G. The construction of H is done according to the following algorithm (for
an illustration see Figure [I).

PROCEDURE 1. Additive 4-spanners for chordal graphs
Input: A chordal graph G = (V, E) with BFS-ordering o, and connected com-

ponents S¥, Sk ... S;,fk for any k, 0 < k < ¢, where ¢ = maz{dg(u,v) :
veV}
Output: A spanner H = (V, E’) of G.
Method:
E' = (;

for k= q downto 1 do
for j=1to p; do
M =0
for each vertex v € SJ}? add edge vf(v) to E' and vertex f(v) to M;
pick vertex ¢ € M with the minimum number in o;
for every vertex z € M \ {c¢} add edge zc to E’;
return H = (V, E').

Lemma 3. If G has n vertices, then H contains at most 2n — 2 edges.

Proof: The edge set of H consists of two sets E; and F,, where E; are those
edges connecting two vertices between two different layers (edges of type v f(v))
and Fs are those edges which have been used to build a star for a clique M inside
a layer (edges of type cf(v)). Obviously, E; has exactly n — 1 edges; actually,
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Fig.1. (a) A chordal graph G. (b) A BFS-ordering o, BFS-tree T associated with o
and a layering of G. (c¢) The tree I" of G associated with that layering. (d) Additive
4-spanner (actually, additive 3-spanner) H of G constructed by PROCEDURE 1 (5
edges are added to the BFS-tree T').

they are the edges of the BFS-tree of G. For each connected component S¥ of
size s, we have at most s vertices in M. Therefore, while proceeding component
Sk at most s — 1 edges are added to E,. The total size of all the connected
components is at most n, so Fy contains at most n — 1 edges. Hence, the graph

H contains at most 2n — 2 edges. 0O
Lemma 4. H is an additive /-spanner for G.

Proof: Consider nodes Sf and S of the tree I" (rooted at S{ = {u}) and their
lowest common ancestor SE, in I'. For any two vertices z € S¥ and y € S;- of G,
we have dg(z,y) > k — p+ 1 — p, since any path of G connecting x and y must
pass SP,.

From our construction of H (for every vertex v of G the edge vf(v) is
present in H), we can easily show that there exist vertices z’,y’ € SP, such
that dgy(x,2') = k — p, du(y,y’) = | — p. Hence we only need to show that
dg(2’,y’) < 4. If 2/ = 3 then we are done. If vertices 2’ and y’ are dis-
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tinct, then by Lemma[Il N(S?) N N,p_1(u) is a clique of G. According to the
Procedure 1, fathers of both vertices z’ and 3’ are in M and they are con-
nected in H by a path of length at most 2 via vertex ¢ of M. Therefore,
du(a',y) < du(@', f(@) + da(F@), F) + du(F)y) < 1+2+1 = 4.
This concludes our proof. 0O

We can easily show that the bounds given in Lemma H are tight. For a
chordal graph presented in Figure[2, we have dg(y,b) = 1. The spanner H of G
constructed by our method is shown in bold edges. In H we have dg(y,b) = 5.
Therefore, dy(y,b) — da(y,b) = 4.

Fig. 2. A chordal graph with a BFS-ordering which shows that the bounds given in
Lemma B are tight. We have dg (y,b) — dc(y,b) = 4 and du (y,b)/dc(y,b) = 5.

Lemma 5. H can be constructed in linear O(n + m) time.
Combining Lemmas we get the following result.

Theorem 1. Every n-vertex chordal graph G = (V, E) admits an additive 4-
spanner with at most 2n — 2 edges. Moreover, such a sparse spanner of G can be
constructed in linear time.

Notice that any additive 4-spanner is a multiplicative 5-spanner. As we men-
tioned earlier the existence of multiplicative 5-spanners with at most 2n—2 edges
in chordal graphs was already shown in [19], but their method of constructing
such spanners is more complicated than ours and can take more than linear time.

3.2 Additive 3-Spanners with O(n - logn) Edges

To construct an additive 3-spanner for a chordal graph G = (V, E), first we get
a LexBFS-ordering o of the vertices of G (see Figure[J). Then, we construct an
additive 4-spanner H = (V, E1 |J E») for G using the algorithm from Section 311
Finally, we update H by adding some more edges. In what follows, we will need
the following known result.
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(a) (b)

Fig. 3. (a) A chordal graph G. (b) A LexBFS-ordering o, LexBFS-tree associated with
o and a layering of G.

Theorem 2. [11] Every n-vertex chordal graph G contains a mazimal clique C
such that if the vertices in C' are deleted from G, every connected component in
the graph induced by any remaining vertices is of size at most n/2.

An O(n + m) algorithm for finding such a separating clique C' is also given
in [I1].

As before, for a given k, 0 < k < ¢, let SF, Sk...., S’;jk be the connected
components of a subgraph of G induced by the kth neighborhood of u. For each
connected component S¥ (which is obviously a chordal graph), we run the fol-
lowing algorithm which is similar to the algorithm in [T9] (see also [18]), where
a method for construction of a multiplicative 3-spanner for a chordal graph is
described. The only difference is that we run that algorithm on every connected
component from each layer of G instead of on the whole graph G. For the purpose
of completeness, we present the algorithm here (for an example see Figure H).

PROCEDURE 2. A balanced clique tree for a connected component S*

Input: A subgraph Q of G induced by a connected component S¥.
Output: A balanced clique tree for Q.

Method:

find a maximum separating clique C of the graph @
as prescribed in Theorem B}

suppose C partitions the rest of () into connected
components {Q1,...,Qr};

for each @;, construct a balanced clique tree
T(Q;) recursively;

construct T(Q) by taking C to be the root and
connecting the root of each tree T'(Q;) as a child of C.
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(a) (b) (c)

Fig.4. (a) A chordal graph induced by set S? of the graph G presented in Figure 3
(b) its balanced clique tree and (c) edges of E3(St) ] E4(S7).

The nodes of the final balanced tree for S¥ (denote it by T'(S¥)) represent a
certain collection of disjoint cliques {CF(1),...CF(s¥)} that cover entire set SF
(see Figure @ for an illustration). For each clique C¥(j) (1 < j < s¥) we build
a star centered at its vertex with the minimum number in LexBFS-ordering o.
We use FE3(i, k) to denote this set of star edges. Evidently, |FE3(i, k)| < |S¥| — 1.

Consider a clique CF(j) in S¥. For each vertex v of CF(j) and each clique
C¥(5") on the path of balanced clique tree T(S¥) connecting node CF(j) with the
root, if v has a neighbor in C¥(j'), then select one such neighbor w and put the
edge vw in set F4(i, k) (initially E4(¢, k) is empty). We do this for every clique
CE(j), j € {1,...,s¥}. Since the depth of the tree T(SF) is at most loga|SF|+ 1
(see [19], [18]), any vertex v from S¥ may contribute at most logs|S¥| edges to
E4(i, k). Therefore, |E4(i, k)| < |SF| - loga|SF|.

Define now two sets of edges in G, namely,

ES = U 0E3(27k)7 E4 = U 0E4(i7k)7

k=1i=1 k=1i=1

and consider a spanning subgraph H* = (V, E1 |J E2 |J E3|J E4) of G (see Fig-
ure [B)). Recall that F; | E» is the set of edges of an additive 4-spanner H con-
structed for G by PROCEDURE 1 (see Section BT]).

From what has been established above one can easily deduce that |E3| < n—1
and Ey| < n-log,n, thus yielding the following result.

Lemma 6. If G has n vertices, then H* has at most O(n -logn) edges.

To prove that H* is an additive 3-spanner for GG, we will need the following
auxiliary lemmas.

Lemma 7. [12] Let G be a chordal graph and o be a LexBFS-ordering of G.
Then, o is a perfect elimination ordering of G, i.e., for any vertices a,b,c of G
such that a < {b,c} and ab,ac € E(G), vertices b and ¢ must be adjacent.



104 V.D. Chepoi, F.F. Dragan, and C. Yan

Fig. 5. An additive 3-spanner H* of graph G presented in Figure [3]

Lemma 8. [9] Let G be an arbitrary graph and T'(G) be a BES-tree of G with the
root u. Let also v be a vertex of G and w (w # v) be an ancestor of v in T(G)
from layer N;(u). Then, for any vertex x € N;(u) with dg(v,w) = dg(v,z),
inequality x < w holds.

Lemma 9. H* is an additive 3-spanner for G.

Lemma 10. If a chordal graph G has n vertices and m edges, then its additive
3-spanner H* can be constructed in O(m -logn) time.

The main result of this subsection is the following.

Theorem 3. Every chordal graph G = (V, E) with n vertices and m edges ad-
mits an additive 3-spanner with at most O(n - logn) edges. Moreover, such a
sparse spanner of G can be constructed in O(m -logn) time.

In [I9], it was shown that any chordal graph admits a multiplicative 3-spanner
H' with at most O(n - logn) edges which is constructable in O(m - logn) time.
It is worth to note that the spanner H' gives a better than H* approximation of
distances only for adjacent in G vertices. For pairs z,y € V at distance at least
2 in G, the stretch factor t(z,y) = dy+(x,y)/dc(z,y) given by H* for z,y is at
most 2.5 which is better than the stretch factor of 3 given by H'.

4 Spanners for k-Chordal Graphs

For each [ > 0 define a graph Q' with the [th sphere N;(u) as a vertex set.
Two vertices x,y € N;(u) (I > 1) are adjacent in Q' if and only if they can
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be connected by a path outside the ball B;_j(u). Let @Q},.. .,Qél be all the
connected components of Q.

Similar to chordal graphs and as shown in [8] we define a graph I" whose
vertex-set is the collection of all connected components of the graphs Q', | =
0,1,..., and two vertices are adjacent in I" if and only if there is an edge of G
between the corresponding components. The following lemma holds.

Lemma 11. [§/ I" is a tree.

Let u be an arbitrary vertex of a k-chordal graph G = (V, E), o be a BFS-
ordering of G and T be the BFS-tree associated with ¢. To construct our spanner
H for G, we use the following procedure (for an example see Figure [G).

PROCEDURE 3. Additive (k + 1)-spanners for k-chordal graphs
Input: A k-chordal graph G = (V| E) with a BFS-ordering o, and connected

components @4, Q, ..., Qé,l for any [, 0 < < g, where ¢ = maz{dg(u,v) :
veVl.
Output: A spanner H = (V, E’) of G.
Method:
E' =

for [ =g downto 1 do
for j=1to p do
for each vertex v € Q' add vf(v) to E;
pick vertex ¢ in Qé with the minimum number in o;
for each v € Qé \ {c} do
connected = FALSE;
while connected = FALSE do
/* this while loop works at most |k/2] times for each v */
if ve € E(G) then
add vc to E/;
connected = TRUE;
else if vf(c) € E(G) then
add vf(c) to E';
connected = TRUE;
else v = f(v), c = f(c)
return H = (V, E').

Clearly, H contains all edges of BFS-tree T' because for each v € V' the edge
vf(v) is in H. For a vertex v of G, let P, be the path of T connecting v with
the root u. We call it the maximum neighbor path of v in G (evidently, P, is
a shortest path of G). Additionally to the edges of T, H contains also some
bridging edges connecting vertices from different maximum neighbor paths.

Lemma 12. Let c be vertex of Q% with the minimum number in o (1 € {1, ...,q},
i€ {l,...,m}). Then, for any a € QL, there is a (a,c)-path in H of length at
most k consisting of a subpath (a,...,z) of path P,, edge xy and a subpath
(y,...,c) of path P.. In particular, dg(a,c) < k. Moreover, 0 < dg(c,y) —
dg(a,z) < 1.
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(a) ()

Fig.6. (a) A 4-chordal graph G. (b) A BFS-ordering o, BFS-tree associated with o
and a layering of G. (c¢) The tree I" of G associated with that layering. (d) Additive
5-spanner (actually, additive 2-spanner) H of G constructed by PROCEDURE 3.

For any n-vertex k-chordal graph G = (V, E) the following lemma holds.

Lemma 13. H is an additive (k + 1)-spanner of G.
Lemma 14. If G has n vertices, then H has at most 2n — 2 edges.

Lemma 15. If G is a k-chordal graph with n vertices and m edges, then H can
be constructed in O(n -k + m) time.

Summarizing, we have the following final result.

Theorem 4. Every k-chordal graph G = (V, E) with n vertices and m edges
admits an additive (k + 1)-spanner with at most 2n — 2 edges. Moreover, such a
sparse spanner of G can be constructed in O(n -k +m) time.
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Abstract. We present efficient fixed-parameter algorithms for the NP-
complete edge modification problems CLUSTER EDITING and CLUSTER
DELETION. Here, the goal is to make the fewest changes to the edge set
of an input graph such that the new graph is a vertex-disjoint union
of cliques. Allowing up to k edge additions and deletions (CLUSTER
EDITING), we solve this problem in O(2.27% + |V|*) time; allowing only
up to k edge deletions (CLUSTER DELETION), we solve this problem in
O(1.77% + |V |*) time. The key ingredients of our algorithms are two easy
to implement bounded search tree algorithms and a reduction to a prob-
lem kernel of size O(k3). This improves and complements previous work.

Keywords: NP-complete problems, edge modification problems, data
clustering, fixed-parameter tractability, exact algorithms.

1 Introduction

Motivation and problem definition. There is a huge variety of clustering algo-
rithms with applications in numerous fields (cf., e.g., [819]). Here, we focus on
problems closely related to algorithms for clustering gene expression data (cf. [L9]
for a very recent survey). More precisely, Shamir et al. [17] recently studied two
NP-complete problems called CLUSTER EDITING and CLUSTER DELETION].
These are based on the notion of a similarity graph whose vertices correspond
to elements and in which there is an edge between two vertices iff the similar-
ity of their corresponding elements exceeds a predefined threshold. The goal is
to obtain a cluster graph by as few edge modifications (i.e., edge deletions and
additions) as possible; a cluster graph is a graph in which each of the connected
components is a clique. Thus, we arrive at the edge modification problem, CLUS-
TER EDITING, central to our work:

* Supported by the Deutsche Forschungsgemeinschaft (DFG), research project
“OPAL” (optimal solutions for hard problems in computational biology), NI 369/2.
** Partially supported by the Deutsche Forschungsgemeinschaft (DFG), junior research
group “PIAF” (fixed-parameter algorithms), NI 369/4.
! The third problem CLUSTER COMPLETION (only edge additions allowed) is easily
seen to be polynomial-time solvable.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 108-[119, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Input: An undirected graph G = (V| F), and a nonnegative integer k.
Question: Can we transform G, by deleting and adding at most k edges, into
a graph that consists of a disjoint union of cliques?

CLUSTER DELETION is the special case where edges can only be deleted. All
these problems belong to the class of edge modification problems, see Natanzon
et al. [14] for a recent survey.

Previous work. The most important reference point to our work is the paper of
Shamir et al. [I7]. Among other things, they showed that CLUSTER EDITING is
NP-complete and that there exists some constant € > 0 such that it is NP-hard to
approximate CLUSTER DELETION to within a factor of 1+e. In addition, Shamir
et al. studied cases where the number of clusters (i.e., cliques) is fixed. Before
that, Ben-Dor et al. [2] and Sharan and Shamir [I8] investigated closely related
clustering applications in the computational biology context, where they deal
with modified versions of the CLUSTER EDITING problem together with heuristic
polynomial-time solutions. From the more abstract view of graph modification
problems, Leizhen Cai [3] (also cf. [5]) considered the more general problem
(allowing edge deletions, edge additions, and vertex deletions) where the “goal
graph” has a “forbidden set characterization” with respect to “hereditary graph
properties” and he showed that this problem is fized-parameter tractable. More
precisely, Cai’s result implies an O(3* - |G|*) time algorithm for both CLUSTER
EDITING and CLUSTER DELETION where the forbidden set is a Ps (i.e., a vertex-
induced path consisting of three vertices)E Natanzon et al. [I4] give a general
constant-factor approximation for deletion and editing problems on bounded-
degree graphs with respect to properties (such as being a cluster graph) that
can be characterized by a finite set of forbidden induced subgraphs. Kaplan et
al. [10] and Mahajan and Raman [13] considered other special cases of edge
modification problems with particular emphasis on fixed-parameter tractability
results. Khot and Raman [11] recently investigated the parameterized complexity
of vertex deletion problems for finding subgraphs with hereditary properties.

New results. Following a suggestion of Natanzon et al. [14] (who note that, re-
garding their NP-hardness results for some edge modification problems, “...
studying the parameterized complexity of the NP-hard problems is also of in-
terest.”), we present significantly improved fixed-parameter tractability results
for CLUSTER EDITING and CLUSTER DELETION. More precisely, we show that
CLUSTER EDITING is solvable in O(2.27% +|V|?) worst-case time and that CLUS-
TER DELETION is solvable in O(1.77% + |V |) worst-case time. This gives simple
and efficient exact algorithms for these NP-complete problems in case of reason-
ably small parameter values k (number of deletions and additions or number of
deletions only). In particular, we present an efficient data reduction by prepro-

2 Observe that a graph is a cluster graph iff it contains no P3 as a vertex-induced
subgraph. This will also be important for our work. Note that Shamir et al. [17]
write “Ps-free,” but according to the graph theory literature it should be called
“Ps-free.”
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cessing, providing a problem kernel of size O(k?). Due to the lack of space, some
proofs had to be omitted and are deferred to the full paper.

2 Preliminaries and Basic Notation

One of the latest approaches to attack computational intractability is to study
parameterized complexity. For many hard problems, the seemingly unavoidable
combinatorial explosion can be restricted to a “small part” of the input, the
parameter, so that the problems can be solved in polynomial time when the
parameter is fixed. For instance, the NP-complete VERTEX COVER problem
can be solved by an algorithm with O(1.3* + kn) running time [4[16], where
the parameter k is a bound on the maximum size of the vertex cover set we
are looking for and where n is the number of vertices in the given graph. The
parameterized problems that have algorithms of f(k)-n®® time complexity are
called fized-parameter tractable, where f can be an arbitrary function depending
only on k, and n denotes the overall input size, see [1I56] for details.

Our bounded search tree algorithms work recursively. The number of recur-
sions is the number of nodes in the corresponding tree. This number is governed
by homogeneous, linear recurrences with constant coefficients. It is well-known
how to solve them and the asymptotic solution is determined by the roots of
the characteristic polynomial (e.g., see Kullmann [I2] for more details). If the
algorithm solves a problem of “size” s and calls itself recursively for problems
of sizes s —dy, ... ,s8—d;, then (dy,... ,d;) is called the branching vector of this
recursion. It corresponds to the recurrence ts = ts_g, + -+ + ts—q, (to simplify
matters, without any harm, we only count the number of leaves here) with the
characteristic polynomial z¢ = 249 ... 4 24=4i ' where d = max{dy, ... ,d;}.
If « is a root of the characteristic polynomial with maximum absolute value,
then ts is @® up to a polynomial factor. We call |«| the branching number that
corresponds to the branching vector (dy,... ,d;). Moreover, if « is a single root,
then t; = O(a®) and all branching numbers that will occur in this paper are
single roots.

The size of the search tree is therefore O(a*), where k is the parameter and
« is the largest branching number that will occur; in our case, for CLUSTER
EDITING, it will be shown that it is about 2.27 and it belongs to the branching
vector (1,2,2,3,3) which occurs in Sect.

We assume familiarity with basic graph-theoretical notations. If = is a vertex
in a graph G = (V, E), then by Ng(z) we denote the set of its neighbors. We
omit the index if it is clear from the context. The whole paper only works with
simple graphs without self-loops. By |G| we refer to the size of graph G, which
is determined by the numbers of its vertices and edges.

In our algorithms, we use Table T to store an annotation for the edges of the
graph such that T has an entry for every pair of vertices u,v € V:

“permanent”: In this case, {u,v} € E and the algorithm is not allowed to
delete {u,v} later on; or
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“forbidden”: In this case, {u,v} ¢ E and the algorithm is not allowed to
add {u, v} later on.

Note that, whenever the algorithm deletes an edge {u, v} from E, we set T[u,v]
to forbidden since it would not make sense to reintroduce previously deleted
edges. In the same way, whenever the algorithm adds an edge {u,v} to E, we
set T'[u,v] to permanent. In the following, when adding and deleting edges, we
assume that we make these adjustments even when not mentioned explicitly.

3 Problem Kernel for Cluster Editing

A reduction rule replaces, in polynomial time, a given CLUSTER EDITING in-
stance (G, k) consisting of a graph G and a nonnegative integer k by a “simpler”
instance (G', k') such that (G, k) has a solution iff (G’,%’) has a solution, i.e.,
G can be transformed into disjoint clusters by deleting/adding at most k edges
iff G’ can be transformed into disjoint clusters by deleting/adding at most &’
edges. An instance to which none of a given set of reduction rules applies is called
reduced with respect to these rules. A parameterized problem such as CLUSTER
EDITING (the parameter is k) is said to have a problem kernel if, after the ap-
plication of the reduction rules, the resulting reduced instance has size f(k) for
a function f depending only on k.

We present three reduction rules for CLUSTER EDITING. For each of them, we
discuss its correctness and give the running time which is necessary to execute
the rule. In our rules, we use table T" as described in Sect. [2l Using the reduction
rules, we show, at the end of this section, a problem kernel consisting of at
most 2(k? + k) vertices and at most 2(]“2'1)16 edges for CLUSTER EDITING.

Although the following reduction rules also add edges to the graph, we con-
sider the resulting instances as simplified. The reason is that for every added
edge, the parameter is decreased by one. In the following rules, it is implicitly
assumed that, when edges are added or deleted, parameter k is decreased by
one.

Rule 1. For every pair of vertices u,v € V:
1. If u and v have more than k£ common neighbors, i.e.,

{zeV|{u,z} € Fand{v,z} € E}| >k,

then {u, v} has to belong to E and we set T'[u, v] := permanent. If {u, v}
is not in F, we add it to F.
2. If v and v have more than k non-common neighbors, i.e.,

[{ z € V| either {u, z} € E or {v,z} € E but not both }| > k,

then {u, v} may not belong to E and we set T'[u, v] := forbidden. If {u, v}
is in E, we delete it.

3. If w and v have both more than ¥ common and more than k& non-common
neighbors, then the given instance has no solution.
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Lemma 1. Rule 1 is correct. O

Note that Rule 1 applies to every pair u, v of vertices for which the number
of neighbors of u or v is greater than 2k.

Rule 2. For every three vertices u,v,w € V:
1. If T[u,v] = permanent and T'[u,w] = permanent, then {v,w}, if not
already there, has to be added to E and T'[v, w] := permanent.
2. If T[u,v] = permanent and T'[u,w] = forbidden, then {v,w}, if already
there, has to be deleted from E and T'[v, w] := forbidden.

The correctness of Rule 2 is obvious. Regarding the running time, we analyze
the interleaved application of Rules 1 and 2 together.

Lemma 2. A graph can in O(|V|?) time be transformed into a graph which is
reduced with respect to Rules 1 and 2. ]

Rule 3. Delete the connected components which are cliques from the graph.

The correctness of Rule 3 is straightforward.
Lemma 3. Rule 3 can be executed in O(|G|) time. O

Notably, for the problem kernel size to be shown, Rules 1 and 3 would be
sufficient. Rule 2 is also taken into account since it is very easy and general and
can be computed in the course of computing Rule 1. Thus, we give here a small
set of general and easy reduction rules which yields a problem kernel with O(k?)
vertices and O(k?®) edges and which is computable in O(|V|?) time. Note that
the O(|V|?) running time given here is only a worst-case bound and it is to be
expected that the computation of the rules is much more efficient in practice.

Theorem 1. CLUSTER EDITING has a problem kernel which contains at most
2(k? + k) wvertices and at most Q(kgl)k‘ edges. It can be found in O(|V|3) time.

Proof. Let G be the reduced graph. Since Rule 3 deletes all isolated cliques
from the given graph, the connected components in G are non-cliques. If the
reduced instance can be solved, we need at least one edge modification for each
connected component in G to transform it into a set of disjoint cliques. Let us
restrict, in the following, our attention to each of the connected components
separately, one of them having vertex set V' and edge set E'. We use G[V'] to
denote the subgraph induced by V’. Let k' > 1 be the minimum number of edge
modifications, namely k[, edge additions and k], edge deletions, that we need to
transform G[V'] into disjoint cliques. Under the assumption that G is reduced,
i.e., none of the given reduction rules applies, we will show by contradiction that
V| <2(k+1) -k and that [E'| < 2(*1")& as follows.

Regarding the vertex set of the connected component, assume that |V’| >
2(k+1)- k. In the case that k/, = 0, we have k], edge deletions, 1 < k/, =k’ <k,
to transform G[V'] into cliques. Consider the largest of these cliques. All edges
connecting this clique are present (k, = 0) and at least one vertex v’ of this
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clique is connected to a vertex v’ outside the clique. In the case that v’ is not
connected to an other vertex in this clique, we can lowerbound the clique size
by at least |V'|/(k}; + 1), i.e., more than

Q2k+1)-K)/(ky+1) > (2(k+1)-K)/(2K) =k + 1.

Thus, v’ has at least k + 1 neighbors—all other vertices in the clique—which
are not neighbors of v’. This contradicts the assumption that G is reduced since
Rule 1 would apply. In the case that v’ is connected to other vertices in this
clique, we can lowerbound the clique size by at least |V'|/k/, i.e., more than
(2(k+1)-k)/E, > 2(k+1). Again, v’ has at least k + 1 neighbors in this clique
which are not neighbors of v/, contradicting the assumption that G is reduced.

In the case 1 < k!, < K/, we conclude that one of the cliques to be obtained
from V' has size at least |V'|/(k}, + 1) > [V'|/k’ > 2(k + 1). Denote the set of
vertices of this clique by €' C V’. Then we have k/, < k many edge additions
in order to insert the edges missing in C’. To recall, C’ contains more than
2(k + 1) vertices and at most k edges shall be missing. In the case that &/, = &’
then, by counting arguments, there clearly has to be a pair of vertices in C’ which
share no edge and which have more than £ common neighbors. In the case that
kI <K', C" contains a vertex u which is connected to a vertex v not in C’. Since
at most k/, < k’ edges in C” are missing, there are at least k + 1 neighbors of u
which are not neighbors of v. In both cases, for &k, = k¥’ and for 1 < k!, < k/, we
obtain a contradiction to the assumption that G is reduced since Rule 1 would
apply.

Regarding the edge set of the connected component, we infer a contradiction
from the assumption that |E'| > 2(kJ2rl) k' in an analogous way as for the vertex
set.

Summing up over all connected components, the graph contains at most
2(k? + k) vertices and 2(k;1)k edges (otherwise, no solution exists).

The running time follows directly from Lemmas [2] and Bl O

4 Search Tree Algorithm for Cluster Editing

In this section, we describe a recursive algorithm for CLUSTER EDITING that
follows the bounded search tree paradigm. The basic idea of the algorithm is to
identify a “conflict-triple” consisting of three vertices and to branch into subcases
to repair this “conflict” by adding or deleting edges between the three considered
vertices. Thus, we invoke recursive calls on instances which are simplified in
the sense that the value of the parameter is decreased by at least one. Before
starting the algorithm and after every such branching step, we compute the
problem kernel as described in Sect. [3l The running time of the algorithm is,
then, mainly determined by the size of the resulting search tree. In Subsect. [£1]
we introduce a straightforward branching strategy that leads to a search tree
of size O(3%); in Subsect. EE2, we show how a more involved branching strategy
leads to a search tree of worst case size O(2.27%).
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Note that the more general result of Leizhen Cai [3] as discussed in the intro-
ductory section also provides an algorithm with exponential factor 3*. By way
of contrast, however, he uses a sort of enumerative approach with more compu-
tational overhead (concerning polynomial-time computations). In addition, the
search tree algorithm in Subsect. ] also lies the basis for a more refined search
tree strategy with the improved exponential term 2.27%. Since our mathemat-
ical analysis is purely worst-case, we expect that the search tree sizes would
be usually much smaller in practical settings; this seems particularly plausible
because our search tree strategy also allows numerous heuristic improvements
of the running time and the search tree size without influencing the worst-case
mathematical analysis.

4.1 Basic Branching Strategy

Central for the branching strategy described in this section is the following
lemma which was already observed in [17].

Lemma 4. A graph G = (V, E) consists of disjoint cliques iff there are no three
vertices u,v,w € V with {u,v} € E, {u,w} € E, but {v,w} ¢ E. |

Lemma [ implies that, if a given graph does not consist of disjoint cliques, then
we can find a conflict-triple of vertices between which we either have to insert
or to delete an edge in order to transform the graph into disjoint cliques. In the
following, we describe the recursive procedure that results from this observation.
Inputs are a graph G = (V, E) and a nonnegative integer k, and the procedure
reports, as its output, whether G can be transformed into a union of disjoint
cliques by deleting and adding at most k edges.

— If the graph G is already a union of disjoint cliques, then we are done: Report
the solution and return.

— Otherwise, if k& < 0, then we cannot find a solution in this branch of the
search tree: Return.

— Otherwise, identify u,v,w € V with {u,v} € E, {u,w} € E, but {v,w} ¢ E
(they exist with Lemma H). Recursively call the branching procedure on the
following three instances consisting of graphs G’ = (V, E’) with nonnegative
integer k' as specified below:

(Bl) E' :== FE —{u,v} and k' := k — 1. Set T'[u, v] := forbidden.
(B2) E' := E—{u,w} and k¥’ := k—1. Set T'[u, v] := permanent and T[u, w] :=

forbidden.
(B3) E' := E+ {v,w} and k¥’ := k — 1. Set T'[u,v] := permanent, T'[u, w] :=
permanent, and T'[v, w] := permanent.

Proposition 1. CLUSTER EDITING can be solved in O(3% - k2 + |V'|3) time.

Proof. The recursive procedure suggested above is obviously correct. Concerning
the running time, we observe the following. The preprocessing in the beginning
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to obtain the reduction to a problem kernel can be done in O(|V|?) time (Theo-
rem[I). After that, we employ the search tree with size clearly bounded by O(3%).
Hence, it remains to justify the factor k2 which stands for the computational
overhead related to every search tree node. Firstly, note that in a further prepro-
cessing step, we can once set up a linked list of all conflict triples. This is clearly
covered by the O(|V|?) term. Secondly, within every search tree node (except
for the root) we deleted or added one edge and, thus, we have to update the
conflict list accordingly. Due to Theorem [[] we only have O(k?) graph vertices
now and with little effort, one verifies that the addition or deletion of an edge can
make at most O(k?) new conflict-triples appear and it can make at most O(k?)
conflict-triples disappear. Using (perfect) hashing in combination with doubly
linked lists of all conflict triples, one can perform O(k?) updates of this list and
the hash table in O(k?) time. O

In fact, it does “not really” matter what the polynomial factor in k is, as the
interleaving technique of [15] can be applied improving Proposition [T}

Corollary 1. CLUSTER EDITING can be solved in O(3% + |V'|3) time.

Proof. In [15], it was shown that, in case of a polynomial size problem kernel, by
doing the “kernelization” repeatedly during the course of the search tree algo-
rithm whenever possible, the polynomial factor in parameter k£ can be replaced
by a constant factor. O

4.2 Refining the Branching Strategy

The branching strategy from Subsect. LTl can be easily improved as described in
the following. We still identify a conflict-triple of vertices, i.e., u,v,w € V with
{u,v} € E, {u,w} € E, but {v,w} ¢ E. Based on a case distinction, we provide
for every possible situation additional branching steps. The amortized analysis
of the successive branching steps, then, yields the better worst-case bound on
the running time. We start with distinguishing three main situations that may
apply when considering the conflict-triple:

(C1) Vertices v and w do not share a common neighbor, i.e. iz € V,x # u :
{v,2} € E and {w,z} € E.

(C2) Vertices v and w have a common neighbor = and {u,z} € E.

(C3) Vertices v and w have a common neighbor = and {u,z} ¢ E.

Regarding case (C1), we show in the following lemma that, here, a branching
into two cases suffices.

Lemma 5. Given a graph G = (V, E), a nonnegative integer k and u,v,w € V
with {u,v} € E, {u,w} € E, but {v,w} ¢ E. If v and w do not share a common
neighbor, then branching case (B3) cannot yield a better solution than both cases

(B1) and (B2), and can therefore be omitted.
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Fig. 1. In case (C1), adding edge {v, w} does not need to be considered. Here, G is the
given graph and G’ is a clustering solution of G by adding edge {v,w}. The dashed
lines denote the edges being deleted to transform G into G’, and the bold lines denote
the edges being added. Observe that the drawing only shows that parts of the graphs
(in particular, edges) which are relevant for our argumentation

Proof. Consider a clustering solution G’ for G where we did add {v,w} (see
Fig. ). We use Ngng'(v) to denote the set of vertices which are neighbors of v
in G and in G’. Without loss of generality, assume that | Ngner (w)| < |Nangr (v)].
We then construct a new graph G from G’ by deleting all edges adjacent to w.
It is clear that G” is also a clustering solution for G. We compare the cost of
the transformation G — G” to that of the transformation G — G:

—1 for not adding {v,w},

+1 for deleting {u,w},

—|Ngne (v)| for not adding all edges {w, z}, x € Neng (v),
+|Neng (w)] for deleting all edges {w, 2}, v € Nogngr (w).

Herein, we omitted possible vertices which are neighbors of w in G’ but not
neighbors of w in G because they would only increase the cost of transforma-
tion G — G'.

In summary, the cost of G — G” is not higher than the cost of G — G, i.e.,
we do not need more edge additions and deletions to obtain G” from G than to
obtain G’ from G. O

Lemma [{ shows that in case (C1) a branching into two cases is sufficient,
namely to recursively consider graphs G; = (V, E — {u,v}) and G2 = (V, E —
{u,w}), each time decreasing the parameter value by one.

For case (C2), we change the order of the basic branching. In the first branch,
we add edge {v,w}. In the second and third branches, we delete edges {u,v}
and {u,w}, as illustrated by Fig.

— Add {v,w} as labeled by @ in Fig.[2l The cost of this branch is 1.

— Mark {v,w} as forbidden and delete {u, v}, as labeled by 3. This creates
the new conflict-triple (z,u,v). To resolve this conflict, we make a second
branching. Since adding {u, v} is forbidden, there are only two branches to
consider:
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u

@

Fig. 2. Branching for case (C2). Bold lines denote permanent, dashed lines forbidden
edges

Fig. 3. Branching for case (C3)

e Delete {v,x}, as labeled by &). The cost is 2.
e Mark {v,z} as permanent and delete {u,z}. With reduction rule 2 from
Sect. Bl we then delete {z,w}, too, as labeled by (6). The cost is 3.
— Mark {v,w} as forbidden and delete {u,w} (@). This case is symmetric to
the previous one, so we have two branches with costs 2 and 3, respectively.

In summary, the branching vector for case (C2) is (1,2, 3,2, 3).
For case (C3), we perform a branching as illustrated by Fig. Bl

— Delete {u, v}, as labeled by @). The cost of this branch is 1.
— Mark {u,v} as permanent and delete {u,w}, as labeled by (3. With Rule
2, we can additionally mark {v,w} as forbidden. We then identify a new
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conflict-triple (v,u,z.) Not being allowed to delete {v,u}, we can make a
2-branching to resolve the conflict:
e Delete {v, 2}, as labeled by ). The cost is 2.
e Mark {v,z} as permanent. This implies {z,u} needs to be added and
{z,w} to be deleted, as labeled by ®. The cost is 3.

— Mark {w,v} and {u,w} as permanent and add {v,w}, as labeled by @.
Vertices (w,u,x) form a conflict-triple. To solve this conflict without delet-
ing {w,u}, we make a 2-branching:

e Delete {w, z} as labeled by @). We then also need to delete {x,v}. The
cost is 3. Additionally, we can mark {z,u} as forbidden.

e Add {u,x}, as labeled by ®. The cost is 2. Additionally, we can mark
{z,u} and {z,v} as permanent.

It follows that the branching vector for case (C3) is (1,2,3,3,2).

In summary, this leads to a refinement of the branching with a worst-case
branching vector of (1,2,2,3,3), yielding branching number 2.27. Since the re-
cursive algorithm stops whenever the parameter value has reached 0 or below,
we obtain a search tree size of O(2.27%). This results in the following theorem.

Theorem 2. CLUSTER EDITING can be solved in O(2.27% + |V |3) time. a

In a similar way to Theorem 2l we can prove the following result for CLUSTER
DELETION (proof deferred to the full paper).

Theorem 3. CLUSTER DELETION can be solved in O(1.77% + |V |3) time. O

5 Conclusion

Adopting a parameterized point of view [156], we have shed new light on the
algorithmic tractability of the NP-complete problems CLUSTER EDITING and
CLUSTER DELETION. We developed efficient fixed-parameter algorithms in both
cases and the algorithms seem easy enough in order to allow for efficient im-
plementations. In ongoing work, we recently succeeded in further lowering the
search tree sizes for CLUSTER EDITING from 2.27% to 1.92F and for CLUSTER
DELETION from 1.77% to 1.62% (further improvements seem possible). This ap-
proach, however, heavily relies on an automated generation and evaluation of
numerous branching cases by computer [7] which seems “undoable” by a human
being.

Shamir et al. [T7] showed that so called p-CLUSTER EDITING is NP-complete
for p > 2 and p-CLUSTER DELETION is NP-complete for p > 3. Herein, p denotes
the number of cliques that should be generated by as few edge modifications as
possible. Hence, there is no hope for fixed-parameter tractability with respect to
parameter p, because fixed-parameter tractability with respect to parameter p
would thus imply P = NP.

We feel that the whole field of clustering problems might benefit from more
studies on parameterized complexity of the many problems related to this field.
There appear to be numerous parameters that make sense in this context.
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Abstract. In this paper we deal with the general problem of recom-
bining the information from evolutionary trees representing the relation-
ships between distinct gene families. First we solve a problem from [g]
regarding the construction of a minimum reconciled tree by giving an ef-
ficient algorithm. Then we show that the exemplar problem, arising from
the exemplar analysis of multigene genomes [2], is NP-hard even when
the number of copies of a given label is at most two. Finally we intro-
duce two novel formulations for the problem of recombining evolutionary
trees, extending the notion of the gene duplication problem studied in
[BIITIOITOL6], and we give an exact algorithm (via dynamic programming)
for one of the formulations given.

1 Introduction

The reconstruction and comparison of evolutionary trees is a main topic of com-
putational biology that poses several new challenging problems to the computer
science research community. An evolutionary tree or species tree is a rooted bi-
nary tree where each leaf is labelled by a taxon in a set of extant species of
which the tree represents the ancestral relationships. The common strategy for
constructing a species tree consists of two basic steps: given a gene (or a gene
family) for the extant species, one constructs a gene tree representing the rela-
tionships among the sequences encoding only that gene in the different species.
Indeed, a gene family is represented by homologous sequences and the initial
assumption is that such genes evolve in the same way as the species. The sec-
ond step consists of deriving or inferring from the gene trees the species tree.
Indeed, gene trees can differ from the actual species tree because of some typical
biological phenomena related to evolutionary events, such as gene divergence
resulting from duplications, losses and other gene mutations. Duplications are
common evolutionary events and consist of copying in multiple places a gene lo-
cated along a DNA strand. Then all those copies evolve independently from each
other. In a species tree the fact that an internal node has two children represents
a speciation event, that is a species has evolved into two different species. In a
gene tree an internal node with two children represents either a speciation event
or the effect of an evolutionary event localized in a single gene.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 120-[I31] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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For the above reason, gene trees for different gene families may not agree,
consequently the need for summarizing different often contradictory gene trees
into a unique species tree arises. A recent and biologically successful approach to
this problem is the gene duplication model proposed by various authors [5/9//6]
based on the idea that a possibly correct species tree can be derived from different
gene trees by using a cost measure for gene duplications and mutations.

In order to relate or reconcile a gene tree to a species tree, the duplication
model introduces a mapping M from nodes of a gene tree G to nodes of a species
tree S. In a gene tree, an internal node g represents an ancestral gene which is
associated by M to the most recent ancestral species of S (an internal node of
tree S) that contains all contemporary genes (leaves of the gene tree) descending
from ¢g. The mapping M is computationally modeled by using the least common
ancestor (1ca) mapping in a species tree. When a duplication happens in g, that is
the gene tree and the species tree are inconsistent because of duplication events,
the lca maps a gene g and one of its children or both to the same ancestral
species: a duplication occurs at g, or we say also that g is associated to a
duplication. Biologically, this fact means that the divergence of the children of
gene g in the gene tree is due to a gene duplication inside the same species, and
not to a true speciation event. The number of duplications can be interpreted
as a measure of the similarity between a gene tree and a species tree, while by
using a parsimonious criterion the reconstruction of a species tree from a gene
tree is commonly based on the idea of minimizing the duplication cost, as done
recently in [8l[7] where some optimization problems are introduced.

The most important difference between a species tree S and a gene tree G
is given by the way leaves of the two trees are labeled; the label of S and G are
taken from the same set L, but a given label occurs at most once in S.

A problem, pointed out in [5]9] as a valid biological mean to study gene
phylogenies, is the one of finding the best tree that reconciles a gene tree to a
species tree, more precisely in [9] a notion of reconciled tree as a smallest tree
satisfying three basic properties has been defined.

Later, in [§], a recursive definition of reconciled tree used to give an algorithm
to construct such a tree has been proposed. In the same paper the authors
posed the question whether their construction produces a smallest reconciled
tree according to the notion introduced in [9], thus leaving as an open problem
to give an effective algorithm to construct a smallest reconciled tree.

In this paper we face the problem of how to reconcile a gene tree to a species
tree under the duplication cost model in two cases: the species tree is given or
is unknown. Both problems have a gene tree G as part of the instance, and are
defined as follows: (1) if a species tree S is given, find a tree R that explains (or
reconciles) G w.r.t. S, (2) if no species tree is given, find a species tree S that
optimally reconciles G w.r.t. S, that is a tree which minimizes the number of
duplications.

First we face the problem (1) by solving the open question mentioned above
and posed in [§]. Indeed, we propose a recursive algorithm to build the minimum
reconciled tree: our construction allows us also to show that such a tree is unique.
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Then, we analyze the complexity of computing an optimal species tree (2) under
certain restrictions.

In [8] it is shown that the reconstruction of a species tree from a gene tree,
under the duplication cost is NP-hard when the number of occurrences of a
label (i.e. a gene copy) in the gene tree is unbounded. Since the complexity
of the problem is related to the copies of genes in a gene tree, in this paper we
investigate a new approach to the reconstruction problem based on the exemplar
analysis. The notion of exemplar is used in genome rearrangement to deal with
multigene families when comparing two genomes, that is genomes in which a
gene can occur more than once [2]: the ezxemplar of two compared genomes is
a genome obtained from them by keeping only one copy of each gene, so as
to minimize some rearrangement distance. In the paper, we propose to combine
the phylogenetic analysis with algorithmic methods that are pertinent to genome
comparison, following a new research direction recently suggested in [2]. Indeed
we apply the exemplar analysis to model the reconstruction of a species tree
from a gene tree by requiring that a species tree is a homomorphic subtree of
the gene tree: we call this problem the exemplar tree. We show that even if a
gene occurs in at most two copies, i.e. the occurrences of the labels are bounded
by two, the exemplar tree problem is NP-hard.

We conclude the paper by suggesting a new measure for the duplication cost
in reconciling a gene tree to a given species tree. We first define a variant of prob-
lem (2) in which the species tree must explain the gene tree by a general mapping
that satisfies basic requirements of biological relevance, as pointed out in [10].
Then we solve efficiently, via dynamic programming the problem of reconciling
a gene tree to a given species tree by using this general mapping.

2 Gene Trees and Species Trees

In this section we will present some basic terminology used in the paper. We
will follow the notation used in [§] to introduce the fundamental problem of
reconciling gene trees to species trees.

In the paper we focus on evolutionary trees. For this reason, unless otherwise
stated, all trees are binary, that is each internal node = of a tree has exactly
two children, the left one denoted by a(z) and the right one denoted by b(z).
Moreover trees are rooted, that is there is a distinguished vertex, called root, that
has no ancestor.

We consider two different kinds of evolutionary trees: species trees and gene
trees. These trees have the property that leaves are labeled, while the internal
nodes are unlabeled. Given an evolutionary tree T', that is a species tree or a
gene tree, we denote with A(T) its leafset and with L(T') the set of labels of its
leaves.

A species tree S has the property that its leafset is uniquely labeled, in the
sense that no two leaves share a common label, consequently the sets A(S) and
L(S) are isomorphic. Given a node x of a species tree S, the cluster of z, denoted
by C(z), is the set of labels of all leaves of S that are descendants of x.
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A different kind of tree is the gene tree. A gene tree is characterized by the
fact that two leaves may share a label, hence, given an internal node g of a gene
tree G, the labels of its descendent leaves is a multiset. Just as for species tree,
we define the cluster of g, denoted by C(g), simply as the set of all labels of leaves
in G that are descendants of g. By a slight abuse of language we will denote an
internal node z of a species tree or gene tree with its associated cluster C(z).
Given a species or gene tree T, the root of T, is denoted by r(T"). Moreover C(T')
denotes the set of clusters of T'.

In the following we will always use G to denote a gene tree, S to denote a
species tree and T for a generic tree. Given a pair (G, S), the lca mapping, in
short lca, is a function that associates to each node g of G the node s of S, such
that C(s) is the smallest cluster of S containing C(g). Please note that the lca
function is unique for a given pair (G, 5).

Having defined the lca mapping we are now able to define a notion of distance
between a gene tree and a species tree.

As defined in [§], whenever a node g of G and one (or both) of its children
are mapped through lca in the same node x of S we will say that a duplication
occurs in g. More formally we have a duplication in g if lca(a(g)) = lca(g)
or lea(b(g)) = lca(g). The number of duplications induced by lca is called the
duplication distance from G to S, that is d(G, S).

Given a labeled tree T' and a subset L; of the leaves of T', then the homo-
morphic subtree Ty of T induced by L; is obtained by first removing all nodes
and edges of T' that are not in a path from the root of T to a leaf in Lq, and
then contracting each internal node x that has only one child, that is creating
an edge connecting the two neighbors of x in T, and then to remove x and all
edges incident on it.

3 The Reconciled Tree Problem

A gene tree G and a species tree S are comparable if L(G) C L(S). Given a
pair (G, S) of comparable trees, a basic approach proposed in [9] and used in
[8] for gene tree reconciliation, consists of computing a reconciled tree R(G, S).
The general notion of reconciled tree is that of a tree which contains G as a
homomorphic subtree and also represents the evolutionary history of S by having
exactly the clusters of the species tree S. Clearly, for any pair (G, S) there exists
an infinite number of reconciled trees but, according to the parsimony principle,
we are interested only in the smallest one, that is the tree with the minimum
number of leaves: we will denote such tree as minimum reconciled tree R(G, S)

In [9] a formal definition of a minimum reconciled tree (Def. M) has been
given. Whenever it does not arise any ambiguities we will denote a reconciled
tree R in place of R(G,S).

Definition 1. A minimum reconciled tree R(G,S) of a gene tree G and a species
tree S is a smallest tree satisfying the following properties:

1. G is a homomorphic subtree of R(G,S),
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G S R(G,S)

Fig. 1. A gene tree G, a species tree S and a reconciled tree of G with respect to S

2. C(R(G,S)) =C(5)
3. for any internal node x of R(G, S) either a(x)Nb(x) = 0 or a(z) = b(z) = x

Please notice that the third point of Def. [[] implies that, for each internal
node z of R, the two sets C(a(z)) and C(b(x)) are either distinct or equal; this
fact will be used in proving some of the following results. In [§] a recursive
definition of a general reconciled tree has been introduced in order to describe
an efficient algorithm for constructing such tree: this definition is reported here as
Def. 2 The authors of [§] ask whether their definition and Def. [ are equivalent.
Indeed, they could not prove that their construction is optimal w.r.t. the size
of the reconciled tree. We will answer affirmatively to such question by giving a
recursive construction of a minimum reconciled tree (Def. B]), moreover we can
prove that the optimal (smallest) tree is unique. Our construction is simpler
than the one of Def. [, and it can easily be proved to be equivalent to that one.

Our new definition uses the same operations on trees given in the definition
of the reconciled tree proposed in [8]: restriction, composition and replacement.

— Given an internal node t of a tree 17, the restriction of T1 at t, denoted by
T |t, is the subtree of T} rooted at t.

— Given two trees 11, T their composition, denoted by T7 A Ty, consists of
the (rooted binary) tree T such that a(r(T)) = r(T1) and b(r(T)) = r(T3),
Tla(r(T)) = Ty and T|b(r(T)) = T5. Informally T is obtained by adding a
node r and connecting r to the roots of the two trees T} and T5.

— Given an internal node t of a tree T, the replacement of Ti|t with Ty at t,
denoted by T; (t — T5), is the tree obtained by replacing in T} the restriction
T |t with T5.

We will now give two recursive definitions of reconciled trees, successively
we will prove that these definitions are equivalent. Each point of the definitions
explains how the clusters of the two topmost levels of G relate to those of S.
The definition of the reconciled tree given in [8] is the following:

Definition 2. R(G,S) is equal to:
1. R(Gla(r(@)),S) A R(G|b(r(G)),S) if lea(r(G)) = r(S) and lca(a(r(G))),

a0 (C) — 1(5)
2. S(lcala(r(G))) — R(Gla(r(@)),S)) & RGI(r(G)), ) if lealr(G)) = r(S)

),
and lca(a(r(@))) C a(r(S)) and lea(b(r(G))) = r(S5)
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8. S(lca(a(r(G))) — R(Gla(r(G)), Sla(r(9))), lea(b(r(G))) — R(G|b(r(G)),
S|ll))((r((g)))))) if lea(r(G)) = r(S) and lca(a(r(G))) C a(r(S)) and lea(b(r(G)))
C b(r

4. 8(a(r(9)) = R(G, Sla(r(5))) if lea(r(G)) € a(r(9))

The case lca(r(G)) C b(r(S)) is symmetric to point 4. Our new definition of
the reconciled tree is:

Definition 3. R(G,S) is equal to G if G and S are both leaves, otherwise:

1. R(Gla(r(Q)),S) & R(G|b(r(G)),S), if lea(r(G)) = r(S), and at least one of
lea(a(r(@G))) and lea(b(r(G))) is equal to r(S);

2. R(Gla(r(G)), Sla(r(5))) & R(G[b(r(G)), S|b(r(S))), if lea(r(G)) = r(S),
lea(a(r(G 3)) and lea(b(r(G))) are mapped in s1 C a(r(S)) and sy C b(r(S))
respectively

3. S(a(r(S)) — R(G, Sla(r(S)))) if lca(r(G)) C a(r(S)).

The case lca(r(G)) C b(r(S)) is symmetric to point 3. Notice that every point
of Def. Blmodifies the two trees G and S to be reconciled so that L(G) C L(S)
always holds, moreover the termination condition is reached when G and S are
both leaves, that is G = S. Also note that the conditions considered in Def. Bl
are mutually exclusive and cover all possible cases. We leave to the reader the
proof that the tree constructed by the algorithm induced by the definition Def. Bl
satisfies the three properties of Def.[I, but it is not evident whether it is a smallest
tree with such property and if this case holds whether it is unique. A classical
result from graph theory (Remark[) leads to Lemma [Il whose proof is omitted.

Remark 1. Let Ty and T, be two uniquely labeled binary trees such that C(7T1) =
C(Tz). Then T} is isomorphic to Tb.

Lemma 1. Let T be a uniquely labeled binary tree and let T’ be a binary tree
(not necessarily uniquely labeled) such that L(T) C L(T") and C(T) 2 C(T").
Then L(T) = L(T") and C(T) = C(T").

The following propositions (Prop. [, Bl and [3) state properties that must
be verified by all minimum reconciled trees for G and S, according to Def. [T
At the same time Def. Bl leads immediately to an algorithm for computing a
minimum reconciliation tree, indeed such algorithm maintains Prop. [ Bland Bl
as invariants.

Given a reconciled tree R for G, .S, it must be that any homomorphic subtree
T of G in R must have its root in r(R) or one of such homomorphic subtrees
has root in T|a(r(R) or in T|b(r(R).

Proposition 1. Let R be a minimum reconciled tree for (G,S), such that there
exists one homomorphic subtree of G in R having the root in R|a(r(R)). Then

Cla(r(R))) = Cla(r(5))), C(b(r(R))) = C(b(r(S))) and r(G) C a(r(S)). More-
over R|a(r(R)) must be a reconciled tree for G and S|a(r(S)).
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Proof. By the property 3 of Def.[ll, C(a(r(R))) NC(b(r(R))) = 0. In fact assume
to the contrary that C(a(r(R))) = C(b(r(R))) = C(r(R)), then C(a(r(R))) =
C(b(r(R))) =C(r(R)) = C(r(S)). Thus R|a(r(R)) is a minimum reconciled tree,
since it contains a homomorphic copy of G and contains all the clusters of S,
which contradicts the initial assumptions.

Since it must be C(a(r(R))) N C(b(r(R))) = 0 it follows a(r(R)) = a(r(S)),
b(r(R)) = b(r(S)) and moreover C(Rla(r(R))) = C(S|a(r(3))), C(RI(r(R))) =
C(S|b(r(S))) by Lemma [I

From the property of homomorphic subtree, since by hypothesis R|a(r(R))
contains a homomorphic copy of G, it follows r(G) C Rla(r(R)) and from the
fact above r(G) C a(r(S)).

Now consider the subtree R|a(r(R)). This subtree must contain a homomor-

phic copy of G by hypothesis and, as shown above, must have exactly the clusters
of Sla(r(S)). Thus it is a reconciled tree for (G, S|a(r(S)).

Now we will deal with the case that, given R a minimum reconciled tree for
(G, S), r(R) is the root of every subtree T of R homomorphic to G. Moreover
we will assume that the left child of #(T") is in R|a(r(R)) and the right child of
r(T) is in R[b(r(R)).

Proposition 2. Let R be a minimum reconciled tree for (G,S) such that r(R)
is the root of all the subtrees T of R homomorphic to G, a(r((T)) C Rla(r(R)),
b(r(T)) C R|b(r(R)) and C(a(r(R))) NC(b(r(R))) = 0. Then a(r(G)) C a(r(9))
and b(r(G)) C b(r(S)). Moreover Rla(r(R)) must be a reconciled tree for
Gla(r(@)) and S|a(r(S)) and R|b(r(R)) must be a reconciled tree for G|b(r(G))
and S|b(r(9)).

Proof. Since C(R) = C(S) and C(a(r(R))) NC(b(r
to assume that a(r(R)) = a(r(S)) and b(r(R)) =

Since by the first hypothesm the left child o
homomorphic to G is in R|a(r(R)), then a(r(R)
a(r(8)). Similarly b(r(G)) C b(r(S))

Now we will prove that R|a(r(R)) must be a reconciled tree for G|a(r(G)) and
Sla(r(S)). In fact Rla(r(R)) must contain a homomorphic copy of Gla(r(G)),
since for hypothesis the left child of the root of any subtree of R homomor-
phic to G must be in R|a(r(R)). Moreover, since C(R|a(r(R))) C C(S|a(r(5)))
and L(R|a(r(R))) = L(S|a(r(S))), by Lemma [ follows that C(R|a(r(R))) =
C(Sla(r(S))). Clearly R|a(r(R)) must satisfy the third property of Def. [ thus
making R|a(r(R)) a reconciled tree for G|a(r(G)) and Sla(r(S)).

Similarly R|b(r(R)) must be a reconciled tree for G|b(r(G)) and S|b(r(S)).

))) = 0, it is not restrictive

(r(9)).
the root of the subtree of R
2 a(r(G)), hence a(r(G)) C

(R
b
f
)

Proposition 3. Let R be a minimum reconciled tree for (G,S) such that r(R)
is the root of all the subtrees T of R homomorphic to G, a(r((T)) C Rla(r(R)),
b(r(T)) C RIb(r(R)) and C(a(r(R))) = C(b(r(R))). Then at least one of
lea(a(r(G))) and lea(b(r(G))) is r(S). Moreover Rla(r(R)) must be a reconciled
tree for Gla(r(G)) and S and R|b(r(R)) must be a reconciled tree for G|b(r(G))
and S.
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Theorem 1. Let R be a reconciled tree for G and S constructed as in Def.
Then R is a minimum reconciled tree for G and S and such a minimum tree is
UNLQUE.

The complete proof relies upon the fact that a tree built according to each
case of Def. ] satisfies Prop.[l, 2 Bl (case 1 is related to Prop. ] case 2 is related
to Prop[2] case 3 is related to Prop. [I).

4 Exemplar-Driven Reconciliation

In [§] it is proved that the phylogenetic reconstruction from gene families is an
NP-hard problem (problem (2) stated in the introduction), but the proof requires
that the occurrences of labels in G are unbounded. More precisely the problem
can be stated as follows:

Problem 1 (Minimum Duplication Problem (MDP)). Given a gene tree G, find
a species tree S such that L(S) = L(G) and d(G, S) is minimum.

In this section we investigate the complexity of a variant of MDP obtained
by requiring that S must be a homomorphic subtree of G, that is S is obtained
from G by extracting a single copy of each label, called the ezemplar, so that
the resulting tree minimizes the number of duplications in S. Given a gene tree
G, we call ezemplar species tree for G any species tree that has the same leafset
of G and is a homomorphic subtree of G. The formal definition of the problem
follows:

Problem 2 (Ezemplar Tree (ET)). Given a gene tree G, find an exemplar species
tree S so that the duplication distance d(G, S) is minimized.

In the following the complexity of the Exemplar Tree problem is analyzed by
bounding the number of copies of each label in a gene tree. By ET-B, with B
integer, we denote the ET problem when the number of copies of a given label
in a gene tree is at most B. The main result of this section is proving that ET-2
is NP-complete, that is restricting to instances of ET where each label appears
at most twice does not help in designing an exact polynomial algorithm.

Theorem 2. The decision version of the ET-2 problem is NP-complete.

Proof. The problem is trivially in NP. To prove that ET-2 is N P-hard we use a
reduction from the Vertex Cover problem on cubic graphs to the given problem
[].

Let G = (V,E) be a cubic graph, with vertex set V. = {vy,- - ,v,} and
edge set E = {e1, -+ ,en}. Then construct the gene tree Tz over set of labels
L(Tg) = VUEUL, UL U{u}, where Ly = Ui<j<nlj, I; = {i],--- i},
L. ={r1, - ,ron} and k > |V|. Let T¢ = L[T1,--- ,T,] denote the gene tree
shown in Fig. Bla, where each tree T; is shown in Fig. Plb.

The tree T consists of subtrees T;, one for each vertex v; of the graph G.
Each tree T; consists of a set of leaves I; and the subtree 7] which has leafset
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(a) (b)

Fig. 2. The tree T (a), and the tree T; (b)

{ei1, €i2, €;3,v; }, where e;1, €2, €;3 are the edges that are incident on vertex v;.
We call left line and right line the paths connecting the root to respectively
the leftmost and the rightmost occurrence of the label u of Tg. Both lines are
represented as thick lines in Fig.

The following properties relates Tg to an exemplar species tree S for Tg.
Note that only labels in E U {u} occur in two copies in Tg.

First note that, due to the presence of the two copies of u, the following
lemma holds.

Lemma 2. Given a species tree S that is an exemplar species tree for T, then
either a duplication occurs in all internal nodes of T along the left line or in
all internal nodes of T along the right line.

The following lemma is immediate by the structure of the trees 7 given in
Fig. 2b.

Lemma 3. Given a species tree S that is an exemplar species tree for T, then
each tree Tj{ of T can contain at most one duplication, which is associated to
the root r; of Tj.

Lemma 4. Given a species tree S that is an exemplar species tree for Tg, if
some label in E of T; is deleted, then k or k + 1 duplications occur in T}.

Proof. Clearly, if any label in E of the tree Tj is deleted to obtain a subtree S
of T, the only node of T]{ to which a duplication can be associated is the root
rj of T}.

Let x5 be the node of the exemplar species tree S of Ti such that lca(r;) = zs.
Note that, since S is a subtree of T, x5 is a node along the left line of Tz and
S. Now, since ¢(y) = ¢(r;) UX for each internal node y of T}, where X C I, and
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c(zs) D L(T;), with L(T;) D X and lca(r;) = x5, it follows that lca(y) = .
But, since I; has k elements, in T; occur at least k-duplications and by Lemma
Bl at most k + 1-duplications.

Proposition 4. A cubic graph G has a node cover of size C' if and only if,
given the gene tree T, there exists an exemplar species tree S for Tg with
d(Te,S) < C(k+1)+|V|, where k > |V].

Proof. An exemplar species tree for T must contain a unique copy of each label
e; and of label u, which are the only ones that occur twice in T¢g. In fact, each
edge e of the graph G is incident in two vertices w and v, thus e is a leaf of both
trees T, and T,,.

Note that the occurrence of u that can be deleted by inducing the least
number of duplications is the one that is on the left line of Tg. In fact, by
lemma Pleither |V| duplications occur in the left line or 2|V| duplications occur
in the right line. Now, if a given occurrence of a label e; is deleted in a subtree
TJf of T; in the gene tree T, that is e; is an edge incident on vertex v;, by
lemma B at least & duplications and at most k + 1-duplications occur in T;. We
now show that if C' vertices are enough to cover all edges in G, then at most
C(k + 1) + |V duplications occur in T¢. In fact, given N = {v; 1, -+ ,v;,¢} the
list of vertices in a node cover, then each label of an edge in F occurs in some
subtree in {T;1,---,T;,c}. Thus, at most C(k + 1) duplications are required to
delete a copy of each label in E, plus |V| duplications that occur along the left
line.

Vice versa we show that if in an exemplar species tree for T at most C'(k +
1) + |V| duplications occur, then G has a node cover of size C'. Indeed, as shown
above, since by lemma B} by deleting one or more label in E in a subtree 7}
associated to the vertex v; at least k duplications occur, if we assume that
k > C (this fact holds since k > |V]), it follows that labels can be deleted in
at most C subtrees T of Tg in order to obtain the exemplar tree S such that
d(Tg,S) < C(k+ 1) +|V|. This fact implies that all E copies occur in at most
C of such subtrees, i.e. C' vertices are incident to all edges E of G, thus proving
that C' is the size of a node cover.

5 Mapping-Driven Reconciliation

In this section we propose a new approach to the reconciliation of a gene tree to a
species tree based on the notion of a general mapping as a measure of duplication
cost. Biological reasons for adopting a mapping which generalizes the Ica have
been proposed in [I0], albeit no formal characterization of such mappings has
been given.

In this direction our contribution is the definition of two new problems. The
first problem generalizes the MDP, where we suggest that the mapping used to
count duplications might not be restricted to the lca mapping , but in order
to have biological relevance it must preserve cluster inclusion, as defined in the
following definition:
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Definition 4 (Inclusion-preserving mapping). A function 6 which maps
each node of G to a node of S is called inclusion-preserving if for each x1, x5 € G,
with L(xz1) C L(xg), then C(x1) C C(6(x1)) C C(6(x2)).

Now let § be an inclusion-preserving mapping from G to S. The main bio-
logical justification for such definition is that any inclusion-preserving mapping
associates to node x of a gene tree a set of species that includes all those in the
subtree of GG rooted at x. Please notice the lca mapping associates to such = the
smallest cluster of the species tree with the desired property.

The duplication distance form G to S induced by the mapping 4, denoted by
ds(G,S), is the number of duplications induced by ¢, where analogously as lca
a duplication occurs at node z if and only if §(z) = d(a(x)) or 6(z) = §(b(x)).

We are now able to introduce two problems that are quite similar to the
Minimum Duplication Problem.

Problem 3 (Minimum Duplication Mapped Tree Problem (MDMT)). Given a
gene tree G, compute a species tree S such that L(S) = L(G) and a mapping 4,
from G to S, such that ds(G, S) is minimum.

Problem 4 (Minimum Duplication Mapping Problem (MDM)). Given a gene tree
G and a species tree S such that L(G) C L(S), compute a mapping § from G to
S, such that ds(G, S) is minimum.

Clearly the MDMT problem is more general than both the MDM and the
MDP problems, more precisely the MDM is the restriction of MDMT where
the species tree is given in the instance, while the MDP is the restriction of
MDMT where the mapping is restricted to be the lca mapping. Moreover please
notice that any solution of the MDMT and MDP problems is a feasible, but not
necessarily optimal, solution of the MDM problem.

In the following we give an efficient algorithm for solving MDM via dynamic
programming. The following property is central to our algorithm.

Proposition 5. Let G and S be respectively a gene tree and a species tree, then
there exists an optimal solution & of MDM such that, for each node g of G, either
both children of g are mapped to d(g), or none of the children of g are mapped
to 6(g).

The algorithm mainly consists of filling in a bidimensional table indexed by
the nodes of G and the nodes of S. In the following we will denote each cell of
such table by T'[g, s] representing the cost of an optimal solution over the instance
(Glg, S|s). We order the nodes of each tree G and S according to the ancestral
relation, more precisely each node x comes after all nodes (different from x)
that are in the subtree rooted at . Then the table T'[g, s] is filled respecting the
ordering of nodes, that is starting from the leaves and going towards the root
s. Clearly if S contains only one leaf the only possible solution is mapping each
node g to the leaf of S, consequently, T'[g, s] = 0 if both g and s are leaves with
the same label, while T'[g, s] = co if g and s are leaves with different labels. The
recurrence for T'[g, s] when g and s are not both leaves follows:
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Tla(g),sl+T[b(g),s]+1 if C(g) € C(s)
Tlg s/ min § T0@a(E)HT1(6) b(s)], Tlalo) b+ Tg)a(s)] if Clg) € C(x)
’ Tla(g),a(s)l+T[b(g),a(s)], Tlalg),b(s)I+T[b(g),b(s)] if C(g) € C(s)
Tlg,a(s)], T(g,b(s)] always
The above recurrence, whose correctness follows from Prop. [, can be imple-
mented easily by filling in the entries according to the ordering of nodes, at the
end T[r(G),r(S)] contains the optimum number of duplications. Backtracking
can then be used to compute the optimal solution [T].
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Abstract. Let P and P’ be partially ordered sets, with ground set E,
|E| = n, and relation sets R and R’, respectively. Say that P’ is an
extension of P when R C R’. A partially ordered set is a forest when
the set of ancestors of any given element forms a chain. We describe an
algorithm for generating the complete set of forest extensions of an order
P. The algorithm requires O(n?) time between the generation of two
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1 Introduction

The study of extensions form an important topic in the theory of ordered sets.
On the algorithmic point of view, a natural question is to find suitable algorithms
for generating extensions. Algorithms finding all the linear extensions of an order
have been described in [1], [5], [6], [10], [11], [12], [13]. It should be noted that [11]
generates each linear extension in O(1) time. In addition, [9] contains a method
for finding all minimal interval extensions. Finally, [2] describes algorithms for
generating all extensions of any kind.

In this article, we propose methods for generating all forests extensions of an
order. Enumerative problems on forests orders have been considered before, as in
[8]. In addition, [7] describes algorithms for generating all ideals in forests orders.
Properties of these orders have been decribed in [3], [4]. A partially ordered set
(or simply an order) P is a set of elements E, together with a reflexive, anti-
symmetric and transitive binary relation R on E. Call E the ground set of P
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Let E = {e1,...,en}. Denote Ep (el) = {ejleje; € Ryi # j} and Ef(e;) =
{ejleie; € R,i # j}. Also, Eple;] = Ep(e;) U{ei}, Efles] = Ef(ei) U {el} and
Ep[ei] = EI; [61] U EJPg [61]

For E' C E, denote by P(E’) the suborder of P restricted to E’. For e; € E,
write P — e; with the meaning of P(E \ {e;}). If Ef(e;) = 0, say that e; is
a mazimal element. When E’ C E is such that P(E’) has a unique maximal
element, represent this element by mp(E"’).

Let e;,e; € E and E', E” C E. Say that e; and e; are comparable in P when
ei,ej € Ror eje; € R; e; and E' are comparable in P when e; and ey are so,
for all e, € EE’'; finally, E' and E” are comparable in P when e; and E” are
comparable, for all ¢; € E’.

Examine some special orders. Let P be an order. Say that P is a chain
when every pair of its elements are comparable. In the case that we require only
E;(e;) to be a chain, for every e; € E, then P is a forest. A forest in which
Eples|NEple;] # 0, for all e;,e; € E is called a tree. Clearly, a forest is a union
of disjoint trees.

Let F be a forest, F its ground set and e; € E. If e; is a maximal element
then call it a leaf, otherwise an internal element. If E (e;) = 0, call e; a root of
F. Denote by RT(F) the set of roots of F' and let ¢(F) = |RT(F)|. If T is a tree
of F, denote by rr(T) the (unique) root of T. If E' C F is entirely contained
in T then there exists a unique maximal element of F' comparable to E’, and
denoted by m/z(E’). When Ej (e;) # 0, the element mp(Eg (e;)) is the parent
of e;, while e; is a child of mp(Ep(e;)). Denote by Cr(e;) the set of children
of e; € E. Finally, if e; € Ey(e;) then e; is an ancestor of e;, while e; is a
descendant of e;.

Let P and P’ be orders with ground set F and relation sets R and R/,
respectively. When R C R’ then P’ is an extension of P. An extension which is
a chain is called a linear extension.

We describe an algorithm for generating all forests extensions of an order P.
The algorithm requires O(n?) time between the generation of two consecutive
forests extensions. Before the generation of the first one, there is a preprocessing
of O(n|R|) time. The algorithm is based on a convenient decomposition of the
set of all forests extensions of P.

2 The Decomposition

In this section, we prove a suitable decomposition for the set of all forests ex-
tensions of an order. The following definitions are useful.
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Let P be an order, E its ground set and e;,e; € E. Say that e; and e; are
P-restricted when e; and e; are incomparable in P and E}(e;) N Ef(e;) # 0. In
this case, write that e; is P-restricted to e; and conversely. Let P’ be an extension
of P. Call P’ compatible when every pair of P-restricted elements is comparable
in P’

Let eg,...,e, be a fixed linear extension of P. Denote F; = {ej,...e;} and
P, = P(E;). Let F be the set of forests extensions of P. Denote by F; the set
of compatible forests extenions of P;. The following remark imply that we can
restrict ourselves to compatible extensions.

Remark 1. : F,, = F

Proof. By definition, F,, C F. To show that F C F,, let F' € F. If F' is not
compatible then there are incomparable elements e;, e; € F, satisfying E};(e;) N
Ef(e;) # 0. However, the latter contradicts F to be a forest. Consequently,
F € F,, meaning that F = F,,. O

Observe that there might be forest extensions of P; which are not compatible,
for ¢ < n.

Let F € F;_1 and F’ € F;. Say that F’ is an expansion of F when F = F'—e;.
Denote by F;(F) the set of expansions of F'. The following remark describes a
partition of the set of compatible forest extensions F; of P;.

Remark 2. : F; = UFe]:i—lfi(F)

Proof. Let F’ € F; and denote F' = F’ — ¢;. Because F’ is compatible, so must
be F. Consequently, F' € F;_1, implying that F’ € F;(F). The converse follows
by definition. g

The following are useful properties of forests extensions.
Remark 3. : Let F € F;_1. Then E;(e;) =0 or F(Ep(e;)) is a chain.

Proof. Otherwise, assume that Ep(e;) # 0 and F(Ep(e;)) is not a chain. Then
there are elements ey, e; € E5(e;) which are incomparable in F'. Consequently,
ek, e; are P-restricted. That is, F' is not compatible, which contradicts F' € F;_.

O

Let F' € F;_1. Denote by X C F;_; the set formed by all elements of F;_;
which are P-restricted to e;.

Remark 4. : Let F € F;_1 and F’' € F; an expansion of F. Then e; and X are
comparable in F”.
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Proof. Otherwise, suppose that e; and X are not comparable in F’. Then there
exists e € X, such that e;, e;, are incomparable. Because e, € X, we know that
Ef(ei) N Ef(er) # 0. These two conditions together imply that F' can not be a
compatible forest extension of P;_1, a contradiction. g

Remark 5. : Let F € F;_y. If E5(e;) # 0 then X is entirely contained in the
same tree of F' as Ep (e;).

Proof. From Remark 3, we know that E (e;) is contained in a single tree T" of F'.
Suppose the assertion to be false. Then there exists an element e € X belonging
in F to a tree 7" # T. Since ey € X, Ef(e;) N Ef(ex) # 0. Let ¢, € Ep(e;). By
transitivity, E5(e;) N E}(ex) # 0. However, ¢; and ey, are incomparable in F.
That is, F' is not compatible, a contradiction. o

In the sequel, we describe methods for finding the set of expansions of a given
compatible forest F' € F;_1. There are two types of constructions:

ROOT EXPANSION

Let A C RT(F). Denote by F(x, A) the order obtained from F' by adding to
it the element e;, making e; the parent of each of the roots which form A, and
adding the pairs e;ey implied by transitivity. That is, letting F’ = F(x, A),

{Cpl(ei) =A
Cri(ex) = Cper), k # i

INTERNAL EXPANSION
Let e; € E;_1 and A C Cp(ej). Denote by F'(e;, A) the order obtained from F
by including in it e; as a child of ej, turning e; the new parent of each of the

elements of A and adding the pairs e;e; and ege; implied by transitivity. That
is, letting F' = F(e;, A),

Cpl(ei) = A

Cri(ej) ={ei} UCr(e;) \ A

Crr(ex) = Crlex), k #1i,]
We associate the operators a and (3 to the expansions above defined, as follows.
Let F e Fi_y and J C E;_1. Let Fx C F be the subforest of F' formed exactly

by those trees of F' containing at least one element of X. For the root expansion,
let

a(F) = Urr(rx)cacrr(r)F(*, A)
and for the internal expansion, denote

B(F,J) =U e e F(e;, A)
Cr(e;)NEL [X]CACCF(ey)

The two following theorems lead to a description of the set F; of compatible
forests extensions of P;. Denote B = Ne,ex Ex [ex].
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Theorem 1. Let F € F;_1. If Ep(e;) =0 then

0, if t(Fx) > 1
_ B(F,E;i_1), if t(Fx) =0
FilF) = alf)U B(F, EF[mF(X)]), if FXXZ'S a non-empty chain
B(F, Ex[m'=(B)]) otherwise

Denote D = Ef[m/n(Ep(e;))].

Theorem 2. Let F € F;_y. If Ep(e;) # 0 then

B(F, D), if t(Fx) =0
Fi(F) =< B(F,DNEgr[mp(X)]), if Fx is a non-empty chain
B(F,D N Eg[my(B)]), otherwise

Proof of theorem 1I:

Let F' € Fi_1, Ep(e;) = () and X C E;_; be the set of P-restricted elements
to e;. Denote by Fx the forest formed by those trees of F' which contain some
element of X. Consider the following cases:

Case 1: t(Fx) > 1

We have to prove that F;(F) = a(F'). Let F’ € F;(F). Then F’ is a compatible
forest extension of P;. By Remark 4, e; and X are comparable in F’. Because
t(Fx) > 1, the only alternative for e; is to be the root of a tree of F’ containing
all the elements of X. Because E5(e;) = 0, this alternative is valid. Examine
the set A of children of e¢; in F’. Because F' = F — ¢;, the roots of the trees
of Fx become children of e; in F’. That is, RT(Fx) C A. On the other hand,
A C RT(F), otherwise F' # F —e;. Consequently, F’ is precisely the expansion
F(x,A) of F. The latter implies F’ € a(F) and F;(F) C a(F).

To show that F; D «(F), let F' € a(F). Then F’ is an expansion of F.
Because F' € F;_1 and E,(e;) = 0 it follows that F’ is a forest extension of
P;. It remains to show that it is compatible. Suppose that F’ is not compatible.
Then there exists a pair of elements eg,e; € E; which are P-restricted and
incomparable in F”.

First, suppose that e; coincides with one of ey, e;, say e; = ex. Then ¢; € X.
Because F' € o(F), F' = F(x, A), for some A satisfying RT(Fx) C A C RT(F).
By the construction of F'(x, A), we know that Cp/(e;) = A. Because RT(Fx) C
A, it follows that all P-restricted elements of X belong to the tree of F’ whose
root is e;. Consequently, e;, e; are comparable, a contradiction. Next, examine
the alternative where ey, ¢; # e;. We are forced to conclude that ey, e; are again
comparable in F’. Otherwise, e and e; would not be comparable also in F,
contradictiong F' to be compatible.
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Therefore F” is always comparable. That is, F’ € F;(F'), implying F; = «(F).

Case 2: t(Fx) = 0.

We need to prove that F;(F) = «(F) U B(F, E;—1. Let F' € F;(F). We know
that F’ is a compatible forest extension of P;. Locate E; in F’. Let A = Cp(e;).
Because F' = F' —e;, it follows that A C RT(F). On the other hand, ¢t(Fx) = 0,
i.e X = (). Suppose that e; is a root of F’. These conditions imply that F’ =
F(x,A), that is F’ € a(F). In the alternative situation, consider e; as an internal
element of F’. Let e; € E;_1 be the parent of e;. Consequently, F' = F(e;, A),
i.e. F' € B(F,E;_1). Therefore F' C «(F)UB(F, E;_1)

Conversely, let F' € o(F) U B(F, E;_1). By construction, F” is a forest ex-
tension of P;. Because t(Fx) = 0, F’ contains no elements P-restricted to e;.
On the other hand, because F' is compatible, every pair of P-restricted ele-
ments ey, e; # e; must be comparable. Therefore F’ is also compatible. That is,

F' e Fi(F) and F;(F) = a(F)UB(F,E;_1).

Case 3: Fx is a nonempty chain

From Remark 4, it follows that Fx consists of a single tree. We have to show
that F;(F) = a(F)UB(F, Ep[mp(X)]). Let F' € F;(F) and denote Cp-(e;) = A.
Suppose that e; is a root of F”. Because F” is compatible, it follows that r(Fx) €
A. Consequently, F’ € a(F). Alternatively, consider the situation where e; is an
internal element of F’, and let e; denote its parent. By Remark 4, e; and X
are comparable. Since Fx is a chain, we conclude that e; € E[mp/(X)]. That is,
e; € E[mp(X)]. Denote by A the set of children of e; in F'. Because F = F' —e¢;,
it follows that A C Cr(e;) and that Cp:(e;) = Cr(e;) \ A. Also, since F’ is
compatible, it follows that Cr(e;) N Ex[X] C A. Consequently, F' = F(e;, A),
implying that F’ € B(F, Ep[mp(X)]) and F;(F) € o(F) U B(F, Ep[mp(X)]).

Conversely, let F' € a(F) U B(F, Epmp(X)]). We prove that F' € F;(F).
We know that F’ is a forest expansion of P; and we need only to show that it is
also compatible.

By definition, F is compatible whenever it contains no P-retricted elements.
Otherwise, suppose that there exists ey, ¢; € E; which are P-restricted. Clearly,
e; must coincide with e or e;, otherwise I’ would not be compatible. Let e; = ey.
It follows that e; € X. If F/ = a(F’) then e; is the root of the tree containing e;
in F’. Consequently, e;,e; are not P-restricted. When F' € B(F(Epr[mr(X)]),
the construction of F'(ej, A) assures that e; and e; belong to a same chain in
F'. Consequently, e; and e; can not be P-restricted. Therefore, F’ is always
compatible, meaning that F’ € F;(F).

Case 4: None of the above
In the present case, X # () and Fx is not a chain of F. Let F' € F;(F). We
have to show that F’' € «(F) U B(F, B). By Remark 4, we know that e; and
X are comparable in F’. Consequently, e; and X belong to a same tree of F’,
which is precisely Fx. The latter implies e; € Eg, [m}, (B)]. If e; is a root of
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F', again r(Fx) € A, meaning that F’ € «(F). Alternatively, let e; be an
internal element of F’ and e; the parent of e;. Since e; € m/., (B), it follows that
e; € mp(B). By denoting A as the set of children of e; in F and using a similar
argument as in the previous case, we conclude that F’ € §(F, B). Consequently,
Fi(F) C a(F) U B(F, B)

Conversely, let F’ € a(F)UB(F, B). To prove that F’ € F;. it suffices again to
show that F; is compatible. Similarly, as in Case 3, because F’' = F —e; it follows
that F’ can not contain restricted elements. Consequently, F” is compatible and
F' e fi(F) o

The proof of Theorem 2 is similar, making use of Remark 5.

3 The Algorithm

Let P be an order with ground set E, |E| = n, and relation set R. In this section,
we describe an algorithm for generating all forests extensions of P.

The algorithm is an application of Theorems 1 and 2 and can be formulated
as follows:

In the initial step, compute a linear extension ej,...,e; of P and denote
E; = {e1,...,e;}. Then find the set X of P-restricted elements to e;, in E;_1,
for all 3.

The general step is a recursive computation to generate all compatible forests
extensions of P;. By Remarks 1 and 2, all forests extensions of P; are then
generated.

In the recursive tree T, each node at level i corresponds to a compatible
forest extension of P;. For the computation relative to F' € F,_1, 1 < i < n,
apply Theorem 1 or 2, according whether E; (e;) = ) or not, respectively. In any
situation, identify the forest Fix (recall that X has already been evaluated). Ac-
cording to the value of F'x, compute mp(X), Ep[mp(X)], B = Ne,ex Erlex,
m’p(B) and Eg[m/(B)]. When Ex(e;) # 0, also find D = Ef[mp(Ep(e;))].
Then compute the corresponding set of expansions a and (3. Each of these ex-
pansions is associated to a child of the node z which corresponds to the forest
extension F of P;_1 in T. We know that z has at least one child. The leaves of
T are in correspondence with the forests extensions of P.

All the computations at each internal node of the recursion tree can be
performed in O(n) time, using standart techniques. The computations at the
leaves require constant time. Since the leaves are at height n, we conclude thatr
the elapsed time between the generation of two consecutive forest extensions is
O(n?). The initialization process requires O(n|R|) time.
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Abstract. In this paper we give the first, to our knowledge, structures

and corresponding algorithms for approximate indexing, by considering

the Hamming distance, having the following properties.

i) Their size is linear times a polylog of the size of the text on average.

ii) For each pattern z, the time spent by our algorithms for finding
the list occ(z) of all occurrences of a pattern x in the text, up to a
certain distance, is proportional on average to |z| + |occ(x)|, under
an additional but realistic hypothesis.

Keywords: Combinatorics on words, automata theory, suffix trees,

DAWGs, approximate string matching, indexing.

1 Introduction

Approximate string matching concerns to find patterns in texts in presence of
“mismatches” or “errors”. It has several applications in data analysis and data
retrieval such as, for instance, searching text under the presence of typing or
spelling errors, retrieving musical passages, or finding biological sequences in
presence of possibly mutations or misreads.

An index over a fixed text S is an abstract data type based on the set
of all factors of S, denoted by Fact(S). Such data type is equipped with some
operations that allow it to answer the following query (cf. []): given z € Fact(S),
find the list of all occurrences of x in S.

In the case of exact string matching, there exist classical data structures for
indexing, such as suffix trees, suffix arrays, DAWGs, factor automata or their
compacted versions (cf. [4]). The algorithms that use them run in a time that is
usually independent from the size of the text or is at least substantially smaller
than it. The last property is required by some authors to be essential part in the
definition of an index (cf. [1]).
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In the case of approximate string matching the situation is not the same. We
refer to [6l7)0/10] and to the reference therein for a panorama on this subject
and on approximate string matching in general.

Typical approaches in this field consist on considering a percentage D of
errors or fixing the number &k of them. We use an hybrid approach, i.e. we allow
k errors in every window of r symbols, where r is not necessarily constant. In the
case when 7 is equal to the length |z| of the pattern x the percentage of errors
coincides with D = % In the case when r is greater than or equal to the size of
the pattern, the problem reduces to the case of k mismatches in z.

In our new formalism the statement of the problem is the following. Given a
text S, a pattern x and two integers k and r, return all the text positions [ such
that  occurs in S at position [ up to k errors for r symbols. In [5] we propose a
first natural approach, suggested by indexing methods for exact string matching,
that consists on building an automaton recognizing the language L(S, k,r) of all
words that occur in S up to k errors in a window of size r. NFA’s arising in similar
context present an exponential size after determinization and minimization. Dif-
ferent bounds from the classical exponential ones have been obtained by using a
new parameter R called Repetition Index (see SectionB]). In [5] we prove that the
size of the automaton recognizing L(S, k,r) is a function of |S|, R and the num-
ber of errors k' in a window of size R (k' ~ k% and r < R). More precisely, the
size is O(|S] x R¥"). In the worst case, when both R and k” are O(|S]), the size of
the automaton is exponential again. In the average case, when R = O(log(|S])),
if &’ is constant, the size of the automaton is O(]S| x polylog(|S])).

The main technical contribution of our paper is algorithmic in nature and is
presented in Section[d The algorithms we propose find the list of all occurrences
of a pattern z in a text S, up to k errors in every windows of r symbols, where
r can be fixed or a function of the size of the text. We describe the algorithm
for building the indexing data structure in two steps. The first one concerns the
“long patterns” case and uses the automaton recognizing the language L(S, k,r).
The second one concerns the “short patterns” case and it includes a non trivial
reduction to the Document Listing Problem, an algorithm for finding the Repeti-
tion Index and also standard filters for approximate string matching. In Section
we analyze the time and space required in order to implementing the index-
ing data structures. They are both O(|S| x polylog (|S])) on average. We also
analyze the average searching time in this data structures, that turns out to be
linear under an hypothesis on the distribution of R(S,k,r). More precisely, we
require that there exists 3 > 1 such that, if R is the expected value of R(S,k,r)
for a text S of length n, then the probability that R(S,k,r) > BR goes to zero
faster than 1. Further details are given in [5].

2 Basic Definitions

Let X' be a finite set of symbols, usually called the alphabet. A word or string
w is a finite sequence w = ajas...a, of characters taken in the alphabet X;
its length (i.e. the number of characters in the string) is defined to be n, and is
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denoted by |w|. The set of words built on X' is denoted by X* and the empty
words by e. We use the notation ||I]| to denote the sum of the lengths of all
strings in a collection of strings I.

A word u € X* is a factor of a word w if and only if there exist words
x,y € X* such that w = zuy. We denote by Fact(w) the set of all the factors of
a word w. We denote an occurrence of a factor of a string w = aqas . ..a, at the
position ¢ by w(4,j) = a;...a;, 1 <i < j < n. The length of a substring w(¢, j)
is the numbers of letters that compose it, i.e. j —i+1. A language L is factorial
if it contains all factors of its words. A factor u of w is a prefix (respectively a
suffiz) of w if w = ux (respectively w = xu) with x € X*.

In this paper we consider the Hamming distance that is one of the most
commonly used distance functions. The Hamming distance between two words
z and y, denoted by d(z,y), is the minimal number of character substitutions to
transform z into y. The results and the methods showed in this paper are easily
generalizable to some other distances, such as the Weighted Hamming distance,
but not, for instance, to the Weighted Edit distance.

The new idea in our approach is to introduce a new parameter r and to
allow at most k errors for any substring of length r of the text. We introduce
the following definition.

Definition 1. Let S be a string over the alphabet X, and let k,r be non negative
integers such that k <r. A string v occurs in S at the position 1, up to k errors
in a window of size r (or, simply, up to k errors for r symbols) if:

- in the case |v| < r one has: d(v, S(I,1 + |v| = 1) < k;
- in the case |v] > 1 one has: for any i, 1 <i <|v|—7r+1,
dv(iyi+r—1),SU+i,l+i+7r—1)) <k

We denote by L(S, k,r) the set of words v that satisfy the previous definition
for some I, 1 <1 < |S|—|v|+ 1. Notice that L(S, k,r) is a factorial language, i.e.
if w e L(S,k,r) then each factor (substring) of w belongs to L(S, k, ). Clearly
if w is a factor of S then L(u, k,r) C L(S, k,r).

Definition 2. Let u be a string over the alphabet X', the neighborhood of u
(with respect to k, r) is the set

V(u,k,r) = L(u, k,r) N X",

If uw has length m, then it is easy to see that the maximal distance between a
word v € V(u, k,r) and u is k[2*]. Therefore, a simple combinatorial argument
left to the reader shows that the number of elements in the set V' (u, k,r) is at

most
k[m/r]
3 (Z”) (2 - 1)L

i=0
It can be proved that L(S, k,r) = Fact(V (S, k,r)).
Given a set I of factors of S, we denote by I}, , the union of the neighborhoods

of the elements of I, i.e. Iy, =, c; V(u, k,7).
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Given a symbol § that does not belong to X, we consider the sequence Sy k
over the alphabet X U {$} obtained as a concatenation of all words in I, in-

terspersed with the symbol $ (i.e. between two consecutive words there is one
dollar).

Remark 1. Let ¥ =max{d(u,v)lu € Fact™(S) and v € V(u,k,r)}, i.e. k' is
the maximal number of mismatches between u and any word in V (u, k,r). k' is
obviously upper bounded by k[7]. Therefore the number of elements in the set

V), with o = s £ (1) 021 - 0 < ST () 021- 1 A
m
1
< 2H(@)m for any a < 3 (cf. [3, Lemma 4.7.2]), where H(a) = —alog, o — (1 —
a)logy(1 — @) is the entropy function.

If m is of the order of log,(]S]) then

classical estimate of the tail of the binomial distribution give us that >~

|Srr| < clogy(|S]) x [ S| @ ), (1)

where o = “5 and y = log, (|12 — 1) (i.e.| ] — 1 = 27).
If r is a function of |S| then it is better to give a different estimate, based
directly on the number £’
m ’ mk’
If k' < $m then [Sy .| < m x [S] x 2 (k’ ) (1] = )% = O(|S| x 2 x
(|| = 1)*). If k’ is constant then

|S1k,el = O(IS] x m*). (2)

3 Repetition Index

The basic idea of the new approach is to build an index on the text S by using
only a collection I of factors (substrings) of S that satisfies a certain condition.
In this way, we obtain new space and time bounds that are different from the
classical exponential bounds by using a new parameter, that we call repetition
index.

Definition 3. The Repetition Index, denoted by R(S, k,r), of S is the smallest
value of h such that all strings of length h occur at most in a unique position,
up to k errors for r symbols:

R(S,k,r)=min{h >1 |V i, j, 1<i,j<|S|—h+1,

R(S, k,r) is well defined because h = | S| is an element of the set above described.
We can prove that if k/r > 1/2 then R(S,k,r) = |S|.

In this section we give an algorithm for finding R(S, k,r) and in Subsection
BT we give an evaluation of R(S, k, ), on average.
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Before giving the algorithm to determine R(S,k,r), we state the “Disjoint-
ness Problem”: let C be a finite collection of finite languages, i.e. C =
{X1,X5,..., X} such that for any j, 1 < j < t, X; is finite, non empty and
composed of words having length R, with R a constant not depending on j.
We say that the sets in C' are mutually disjoint if for any 4,5, 1 < 4,5 < ¢, if
X;NX; #0 = i=j This problem is easily done with an algorithm, called
CHECK-DISJOINTNESS, in time linear in |C.

If we consider the collection of sets Cj, . »={V (S(1,1+h—1).k,r),...,V(S(|S|—
h+1,15)),k,r)}, 1 < h <|S|, then R(S,k,r) =min{h > 1 | Cp,, is a collection
of mutually disjoint sets}.

Hence, we solve the disjointness problem on the collection Cp, i, in order to
know if h is greater than R(S, k,r) or not.

The following algorithm is a binary search of R(S,k,r) that makes use of
algorithm CHECK-DISJOINTNESS and its correctness is straightforward.

Notice that the size r of the window can be fixed, but it can also vary (for
instance as a function of n, that is the length of the string 5).

FIND-REPETITION-INDEX (Sk,r)

1. h+ 1;

. BUILD(C} )3

. while not CHECK-DISJOINTNESS(C}, 1) do
h < 2h;

BUILD(Ch kv );

.t [h/2];

. while (h —¢) >1 do

BUILD(C(%L&T);

if CHECK-DISJOINTNESS(Cnseq 4 )

10. then h « [2]
11. else ¢ < [2F]
12. return h.

E S NS SN

Procedure BUILD(C}, k) uses a variation of the routine for the generation of
the “voisins fréquentables” of the factors of a text having a fixed length (][4, Sec
7.6]), and its running time is O(||Ch k. ||).

The number of times that CHECK-DISJOINTNESS(C}, i ) is called in FIND-
REPETITION-INDEX is at most twice log(R(S, k, 7)) and the greatest h considered
in the algorithm is smaller than 2R(S, k, 7). We can make minor changes to above
algorithm so that it has as input just S and k. In this case we replace all occur-
rences of Cp, i with Cj i, and we obtain an algorithm that find R(S, k,r(n))
where r(n) is a function that satisfies the equation r(n) = R(S, k,r(n)). Since
|Chker] = |Crir| when b > ¢ and |Ch . r| = O(|Ss k,r|), where I is the set of
factors of S of length h, we can deduce the following proposition.

Proposition 1. The worst case overall time of the algorithm FIND-REPETI-
TION-INDEX is O(log(R(S, k, 7)) X |Car(s,k,r) k,r|) = O(log(R(S, k,7) X |S1 k.r])),
where I is the set of factors of S of length 2R(S, k, 7).
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4 Indexing

We describe the algorithm for building an indexing data structures in two steps.
The first one concerns the case in which the pattern x has length greater than or
equal to the repetition index R(S, k,r), |x| > R(S, k,r); the second one concerns
the case in which the length of the pattern is smaller than R(S,k,r), |z| <
R(S, k,T).

In the following we suppose that r < R(S, k,r). The case r > R(S, k,r) can
be reduced to the case r(n) = R(S, k,r(n)). Actually it is possible to construct
an index for r(n) = R(S, k,r(n)) and then we perform queries on this new data
structures. If the length of the pattern is smaller than R(S, k,r(n)) then the list
of all occurrences of x is exactly the solution of the original problem. Otherwise
the list of all occurrences has at most one element, that could be a false positive
for the original problem and it can be checked in a time proportional to the
length of z. This technique settles the case when k is fixed and there is no
window size, that is equivalent to choose r = |S]|.

4.1 Long Patterns Case

We want to find all the occurrences of = in S up to k errors every r letters, when
|z| > R(S,k,r). Indeed in this case, if z appears, it appears just once. There are
several ways to solve this problem. We briefly describe here one of them.

Since r < R(S, k, ), by using results from Formal Languages Theory concern-
ing on minimal forbidden factors of words and their relation with the repetition
index, we can build the deterministic finite automaton A recognizing the lan-
guage L(S,k,r) starting from the factor automaton of the string Sty », where
T is the set of factors of S of length R(S,k,7) + 1 (cf. [5]). Then we add to any
state of any deterministic automaton A recognizing the language L(S,k,r) an
integer that represents the length of the shortest path from that state to a state
without outgoing edges. This can be easily be done with standard algorithms in
time proportional to the size of A. Once A is equipped in this way, it can be
used to solve the problem in the standard way by “reading”, with a function
that we call FIND-LARGE-PATTERN(z), as long as possible the pattern string x
and, if the end of x is reached, the output is the length of S minus the number
associated to the arrival state minus the length of the pattern x.

Function FIND-LARGE-PATTERN(x) can be also easily implemented by using
any of the other classical data structures for indexing, such as suffix trees or
suffix arrays.

4.2 Short Patterns Case

Now we want to find all the occurrences of a pattern x in S up to k errors in
every window of size r when |z| < R(S, k, 7). Let us denote by R a new variable
that we initialize to be equal to R(S,k,r).

For a given constant ¢ > 2, we create a sequence of “documents” I that is
in a one to one correspondence 1 with a sequence I of factors of S that has the
following properties:
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1) every factor of S of length R —1is a factor of some element of the collection
I, ie. C(I)>R—1;

2) for every position ¢, 1 < ¢ < |S| there are at most ¢ factors of I of the form
S(m,n) such that m <14 <mn;

3) a word v of length |v] < R — 1 appears in document d; € I if and only
if v appears in the corresponding factor Sy;) € I up to k errors every r
characters. Moreover, the knowledge of the position of one occurrence i of v
ind; € I allows it to find in constant time (in the constant cost model of
computation) a position ¢(i,j) of one occurrence of v in S up to k errors
every r characters.

There are plenty of different collections I and I that satisfy above requests. We
fix here ¢ = 2 and build one of such couples of collections in the following way. Let
I be a collection of factors S; of §,1 < j < |I| =t, where ¢t = [%] —1. Each of
them has length 2(R—2), with the exception of v; that has length R—1 < |uv,| <
2(R—2). We define the words Sy = S(1, 2(R—2), 8, = S((R— 2)+1, 3(R—2)),
S =8 -D)(R-2)+1,(+1)(R-2)),..., S =S(t—-1)(R-2)+1,|5]).

We define each document d; of I as the concatenation of all words in V (S(i, i+
]:272), k,r = R(S, k,r)), interspersed by the symbol $ that is not in the alphabet
of § (and that we add also at the end of document itself), where the index i
ranges from (j — 1)(R —2) + 1 to j(R — 2). We define, by abuse of notation, the
value V' to be the length of the concatenation, interspersed by $ (added to the
end t00), of all words in V(S(i,i + R — 2), k,r), for any fixed i. The value V is
independent from 4 and |d;| is equal to V x j(R—2) — (j — 1)(R—2). Readers can
check that these sequences, thought as collections, satisfy above Properties 1),
2) and 3). Concerning the Property 3, if ¢ is the position of  in the document d;
then a position of z is S is ¢(i,§) = [(j — 1)(R—2) + 1]+ | &] +[i mod (R—1)].

Now we introduce the Document Listing Problem. We are giving a collection
D of text document dy, ..., dx, with each d; being a string, >_, |d;| = n. In the
document listing problem, online query comprises a pattern string x of length m
and our goal is to return the set of all documents that contain one or more copies
of x. More precisely, the query list(x) consists of a pattern z of length m, and
the goal is to return the set of all documents in the library in which x is present,
that is, the output is {j | d;[i...i +m — 1] = x for some ¢}. In [§] a solution of
this problem is given with O(n) time and spaces preprocessing, where n is the
size of the collection D, and O(m + output) query processing time. The solution
proposed by the authors is able to return also one (the first in lexicographical
order) occurrence i(j) of x in every document d; that contains it as a factor.

A first informal description of how to build indexing data structures and
algorithms using them is described in the following.

First of all we compute the repetition index R; = R(S;, k,r) for every factors
S; of the collection I that does not differ too much from the expected value given
by Proposition Bl This expected value times a constant § greater than one can
be used as an upper bound to stop the algorithm FIND-REPETITION-INDEX over
the string S;. In what follows we fix § = 3 and use 6log(n) s upper bound, but

#(0,p)
any other greater value could be chosen instead. Hence we use a variation of
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FIND-REPETITION-INDEX that has same input S, k and r together with a new
variable that we call UPPERBOUND. In this way the worst case time of this new
version coincides with the average time of its previous version (cf. Proposition
H). When the repetition index of the string is greater than 3 times the expected
value, then the output of FIND-REPETITION-INDEX is —1.

Suppose that |z| > %‘(;L)) (recall that || < R = R(S,k,r)). We can use

the solution given in [§] of the Document listing problem on the collection I of
document d;, 1 < j < ¢, for finding the list occDocuments of all documents d;
that contain one or more copies of x and the relative position 7 of one occurrence
of z in d;. By using the correspondence ¢ we can obtain one position of the
pattern z in S. If R; < |#| < R — 1, i.e. || is greater than or equal to the
repetition index of the factor S, then this position is unique in S;. Otherwise,
ie. |z] < Rj, the algorithm returns all the occurrences of z in S; by using
a standard procedure that works in time O(|k’| x |S;|) where k" is defined in
Remark [ (cf. [1]).

Instead, if |z| < Glog( ) we iterate the procedure above described by setting

#(0,p)
R = max(k + 1, 2(25(;3)) until R becomes greater than or equal to the previous

value of R. We keep in a stack T the different values that Ris assuming, putting
in the bottom of the stack the value |S| that is supposed to be greater than
|z|. Together with R we keep all satellite data that we need in the sequel. More
precisely, R and the satellite data corresponding to R are described by a 6-uple
implemented with a record having six fields. The first (7.index) is a real number
and represents the repetition index R. The second (T.pointer) is a pointer to the
data structure corresponding to R. The third (T.documents) is a pointer to the
array A of documents d;. The fourth (T.repetitions) is a pointer to the array B
that stores in position B[j] the repetition index of document d;. The last two
pointers (7. and T.¢) represent the functions ¢ and .

In general, given pattern z, we use the stack for finding the two consec-
utive values R RgH such that R > |z > Rg+1 The satellite data corre-
sponding to RgH are used for searching the occurrences of x. All above is the
gist of next two algorithms CREATE-INDEXING-STRUCTURES and SEARCH-IN-
INDEXING-STRUCTURE (T, x), that are described in what follows in the special
case r(n) = R(S, k,r(n)).

Let us describe some functions used inside the algorithm CREATE-INDEXING-
STRUCTURES (5, k). Function CREATE-AUTOMATON creates an automaton A
recognizing language L(S,r, k) equipped with integers, as described at the be-
ginning of this section. The automaton 4 can be implemented following the lines
described in the proof of Theorem [l Function CREATE-DOCUMENTS builds up
the collection I of documents d; corresponding to the length R as described in
this section. It returns the array A that lists them. As a side effect CREATE-
DOCUMENTS generates the collection I of factors S; and the function 1. The
information relative to I and to 1 is supposed to be also stored in the array
A (for instance by linking at the end of document d; a description of factor
S;). Function CREATE-DOCUMENT-LISTING-STRUCTURE is described in [§]. It
returns a pointer to the structure.
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CREATE-INDEXING-STRUCTURES (9, k)

1. T <+ CREATE-STACK;

2. PusH((|S|, Null, Null, Null, Null, Null), 7);

3. R + FIND-REPETITION-INDEX(S, k);

4. P + CREATE-AUTOMATON(S, k, R);

5. A= B =1 = ¢ = Null

6. repeat

7. PUsH((R,P,A,B,v,¢),T);

8. A+ CREATE-DOCUMENTS(S, R);

9. P < CREATE-DOCUMENT-LISTING-STRUCTURE(A);
10. for j + 1to [15L] — 1do

11. BJj] + FIND-REPETITION-INDEX(A[4], k, 7, G,i‘zg(;‘)))
12. R & Max(k +1, Ty,

13. until R > Topr(T.index);

14. return(T);

Before giving the algorithm SEARCH-IN-INDEXING-STRUCTURE(T,z) we
describes some functions used inside it. The Function FIND-IN-STACK finds the
two consecutive values Rg,Rg+1 such that R, > |z| > R,y and returns the
6-uple corresponding to RgH. After a call of FIND-IN-STACK, the stack remains
unchanged. The Function SEARCH-IN-DOCUMENTS returns the list of all indexes
j such that document d; contains one or more copies of x. Function DUPLICATE
checks whether a position in S has already appeared or not. It outputs a boolean
value. It uses an auxiliary array of size |\S| and each call of Function DUPLICATE
is done in amortized constant time. Function STANDARD-SEARCH is a standard
procedure that works in time O(|k'| x |S;|) (cf. [7]), where k" is defined in Re-
mark [

SEARCH-IN-INDEXING-STRUCTURE (T, z)

1. if |z| < k then return (“z appears everywhere”);
2. else

3. (R,P,A,B,,¢) « FIND-IN-STACK(T, |]);

4. occDocuments < SEARCH-IN-DOCUMENTS(P);
5. while occDocuments # () do

6 (i,7) < poP(occDocuments);

7 if B[j] # —1 then

8 if not DUPLICATE (¢(4,j)) then

9. PusH(oce, ¢(i, §));

10. else

11. 0cc2 < STANDARD-SEARCH(z, ¥ (j), k + 1);
12. occ <— CONCATENATE(occ, occ2);

13.  return (occ);
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5 Analysis of Algorithms and Data Structures

From now on in this section, let us consider an infinite sequence x generated
by a memoryless source and let us consider the sequence of prefixes S,, of x of
length n.

5.1 Evaluation of Repetition Index

The following theorems are a consequence of a result in (cf. [2]) and they are
proved in [5]. Let p = P(S(i,4) = S(4,7)) be the probability that the letters in
two distinct positions are equal (1 < i # j <|S5|). In a memoryless source with

identical symbols probabilities one has that p = ‘—1|

Proposition 2. For fized k and r, almost surely

: R(Sn,k,

1. limsup,,cy gog(n)” < H(l%,p)’ where D = 28 <1 —p,
: : R(Sn,k,

2. liminf,en gog(n)T) > H(I%,p)’ where D =% <1—p

Proposition 3. Suppose that k is fixzed and that r(n) is a function that satisfies
the equation r(n) = R(Sp, k,r(n)), then

. R(Sn,k,r(n)) 2
A logn - H(0,p)

By Proposition [l and by Remark Mlwe can deduce the following proposition.

Proposition 4. The following estimates on the average time of algorithm FIND-
REPETITION-INDEX hold:

- if r and k are constant
O(log, log,(|S]) x log,(|S[) x |S[F et (e)t7a)),
where v = logy (|| — 1), a = £ < 152 D =2a, c =
classical entropy function.
- if r is a function of S
O(log, log, (|S]) x [S] x logy(|S])* ),
where k' =maz{d(u,v)lu € Fact**S*7)(S) and v € V(u, k,r)}.

ﬁ and H is the

The following theorem gives an estimate on the size of the DFA recognizing the
language L(S, k,r).

Theorem 1. Suppose that k is fived. If r < R(S,k,r) then the minimal deter-
ministic finite automaton A recognizing the language L(S, k,r) has size O(S; k),
where I is the set of all factors of S of length R(S,k,r) + 1. More precisely it
has size

o(( (S, k,r) + 1)(1S| — R(S, k, 7)) 3

=0

k[(R(S,k,r)+1)/r]
("

R(S,k-,r) + 1) (v - 1)Z>

If in above theorem r = R(S, k, ) then the size of A is O(|S|x (R(S, k,r)+1)**+1).
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5.2 Analysis of Algorithms

It is easy to prove that the running time of FIND-LARGE-PATTERN(z), imple-
mented as described by automaton A, is proportional to the size |x| of the pat-
tern. This time obviously does not include the time for building the automaton.
We notice that, under the unitary cost model of computation, the overall size of
the automaton A, after the addition to any state of an integer, is still bounded
by the same value given in Theorem [Tl

We now present the space and time analysis of algorithms CREATE-
INDEXING-STRUCTURES (S, k) and SEARCH-IN-INDEXING-STRUCTURES (7, z),
under the assumption that we are creating the indexing structure 7' over the
sequence of prefixes S, of length n, of an infinite sequence generated by a mem-
oryless source with identical symbols probabilities, for a fixed k.

Concerning algorithm CREATE-INDEXING-STRUCTURES, the reader can eas-
ily check that the overall space is bounded by a constant times the space require-
ment of CREATE-AUTOMATON, that is O(|S1 k,»|), where I is the set of factors
of S of length R(S,k,r(n)) + 1 (cf. Theorem[l). In fact, all the structures built
up during the main cycle REPEAT have size proportional, up to a fixed constant,
to the overall size of the created documents, that is, in turn, proportlonal to
|Ss k.|, where J is the set of factors of S of length R, and r = R — 1. Since, in
the average case, R is equal to a constant times the logarithm of the previous
value, the series that adds up all the required spaces for each indexing data
structure is convergent.

In an analogous way it is possible to prove that the overall time is bounded by
a constant times the time requirement of FIND-REPETITION-INDEX. An average
estimate of this time is given in Proposition [4l.

Proposition 5. Given an integer m > 0 the average value of the quantities
|z| 4 |oce(x)| over each possible word x € X™ is equal to
[V (@, k,r)|(|Sn| =m +1)
= ’

where the considered text is S,,.

We prove that on average the time for searching a pattern x in S up to k er-
rors every r symbols, by using algorithm SEARCH-IN-INDEXING-STRUCTURE, is
proportional to ||+ |oce(x)|, under an additional but realistic hypothesis. Actu-
ally, if |z| > R(Sp, k,r) then SEARCH-IN-INDEXING-STRUCTURE is the function
FIND-LARGE-PATTERN(x) and its running time is proportional to the size |x| of
the pattern, since |occ(z)] is either 0 or 1. Now we suppose that |2| < R(Sy, k, r)

Let 6,, the percentage of documents d; such that the repetition index R; =

R(S;, k,r) > Sle) yhere 1 < j <t = [ |S|2] 1. By Proposition [3, 4§,

H(0,p) ?
converges on average to zero as n goes up to infinite. The number of documents
d;j such that B[j] = FIND-REPETITION-INDEX (A[j], &, 7, 2‘35(;3)) —1 is equal

to d,¢. The running time of the function STANDARD-SEARCH for a pattern x
O(k x |S;|), where |S;| = 2(R — 2). Therefore the total running time of the
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function for every pattern that matches in Sj is O(|V (z, k, )| x 6, xt xkx|S;]?) =
O(|V (, k,7)| x 6 x Bl x ko x R2) = O(|V (2, k,7)| x 6, x |S| x k x R). For the

documents d; such that B[j] = FIND-REPETITION-INDEX (A[j], k, f;_lt‘zgf;))) > —1
every pattern of length m that occurs in S; up to k errors every R(S,k,r(n))
symbols, occurs just in one position and therefore we can have the same bound
obtained in Proposition Bl Then the overall time is O(m|X|™ + |V (z, k,r)| x

(IS] = m+1) + |V(z, k,r)| x 8, x |S| x k x R). We conclude that:

Theorem 2. If §, x R — 0 then the average running time of the function
SEARCH-IN-INDEXING-STRUCTURE is
|V (2, k,m)|(|S] —m + 1))

PALE

O(m +

Notice that large deviation theorems in similar settings state that the speed
of the convergence to zero of variables that represent the average of quantities
such as 4, is quite fast. Therefore the hypothesis that 6, x R — 0 is quite
realistic.
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Abstract. The paper contributes to the systematic study (started by
Berman and Karpinski) of explicit approximability lower bounds for
small occurrence optimization problems. We present parametrized reduc-
tions for some packing and covering problems, including 3-Dimensional
Matching, and prove the best known inapproximability results even for
highly restricted versions of them. For example, we show that it is NP-
hard to approximate MAX-3-DM within % even on instances with ex-
actly two occurrences of each element. Previous known hardness results
for bounded occurence case of the problem required that the bound is at
least three, and even then no explicit lower bound was known.

New structural results which improve the known bounds for 3-regular
amplifiers and hence the inapproximability results for numerous small
occurrence problems studied earlier by Berman and Karpinski are also

presented.

1 Introduction

The research on the hardness of bounded occurrence (resp. bounded degree)
optimization problems is focused on the case of very small value of the bound
parameter. For many small parameter problems tight hardness results for opti-
mization problems can be hardly achieved directly from the PCP characteriza-
tion of NP. Rather, one has to use an expander/amplifier method. Considerable
effort of Berman and Karpinski (see [2] and references therein) has gone into the
developing of a new method of reductions for determining the inapproximabil-
ity of MAXIMUM INDEPENDENT SET (MAX-IS) and MINIMUM NODE COVER
(MIN-NC) in graphs of maximum degree 3 or 4.

Overview. As a starting point to our gap preserving reductions we state in
Section 2 the versions of NP-hard gap results on bounded (constant) occurrence
Max-E3-LiN-2. Their weaker forms are known to experts and have been already
used ([3], [, 1], [I2]). The advantage of this approach is that we need not
restrict ourselves to amplifiers that can be constructed in polynomial time, to
prove NP-hard gap results. Any (even nonconstructive) proof of existence of

* The author has been supported by EU-Project ARACNE, Approximation and Ran-
domized Algorithms in Communication Networks, HPRN-CT-1999-00112.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 152-[164] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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amplifiers (or expanders) with better parameters than those currently known
implies the ezistence of (deterministic, polynomial) gap-preserving reductions
leading to better inapproximability result. This is our paradigm towards tighter
inapproximability results inspired by the paper of Papadimitriou and Vempala
on Traveling Salesman problem ([11]), that we have already used for Steiner Tree
problem in [7].

We prove structural results about 3-regular amplifiers which play a crucial
role in proving explicit inapproximability results for bounded occurrence op-
timization problems. A (2,3)-graph G = (V, E) with nodes only of degree 2
(Contacts) and 3 (Checkers) is an amplifier if for very A C V either |Cut A| >
|Contacts N A|, or |Cut A| > |Contacts \ A|. The parameter 7(G) : V]

' |Contacts
measures the quality of an amplifier. We are able to prove for many 1‘bounde(li
occurrence problems a tight correspondence between 7, := inf{y : 7(G) < ~
for infinity many amplifiers G} and inapproximability results. In this paper we
slightly improve the upper bound from known 7, < 7 (Berman and Karpinski,
[2]) to 7« < 6.9. This improvement is based on our structural amplifier analysis
presented in Section 3. But there is still a substantial gap between the best up-
per and lower bounds on parameters of amplifiers and expanders. We develop
our method of parametrized reductions (a parameter is a fixed amplifier) to
prove inapproximability results for E3-Occ-MAX-3-LIN-2 problem, and prob-
lems MAX-IS and MIN-NC on 3-regular graphs (Section 4). The similar method
can be applied to all problems studied in [2] (with modification of amplifiers to
bipartite-like for MAX CuUT) to improve the lower bound on approximability.
Similarly, for the problem TSP with distances 1 and 2 ([3]).

We include reductions to some packing and covering problems to state the
best known inapproximability results on (even highly restricted) version of TRI-
ANGLE PACKING, 3-SET PACKING, and 3-SET COVERING problems (Section
4). These reductions are quite straightforward from Max-3-IS, resp. Min-3-NC
and they are included as inspiration to the new reduction for 3-DIMENSIONAL
MATCHING problem (MAX-3-DM) (Section 5). APX-completeness of the prob-
lem has been well known even on instances with at most 3 occurrences of any
element, but our lower bound applies to the instances with exactly 2 occurrences.
We do not know about any previous hardness result on the problem with such re-
stricted case. The best to our knowledge lower and upper approximation bounds
for mentioned packing and covering problems are summarized in the following
table. The upper bounds are from [5] and [6].

Problem Param. |Approx. lower bound| Approx.
lower bound (1« = 6.9) upper bound

Max-3-DM 1+ 13 139/138 L5+¢

MaX TRIANGLE PACKING| 1+ 152513 139/138 1.5+¢

3-SET PACKING 1+ 57573 139/138 1.5+¢

3-SET COVERING 1+ 5t 144/143 ld+e
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Our inapproximability result on MAX-3-DM can be applied to obtain explicit
lower bounds for several problems of practical interest, e.g. scheduling problems,
some (even highly restricted) cases of GENERALIZED ASSIGNMENT problem, or
the other more general packing problems.

2 Inapproximability of Subproblems of Max-E3-Lin-2

In proving inapproximability results we produce new “hard gaps” from those
already known using gap-preserving reductions and their compositions. We start
with a restricted version of MAX-E3-LiN-2:

Definition 1. MAX-E3-LIN-2 is the following optimization problem: Given a
system I of linear equation over Zy, with exactly 3 (distinct) variables in each
equation. The goal is to maximize, over all assignments v to the variables, the
fraction of satisfied equations of I.

We use the notation Ek-Occ-MaAX-Ed-LIN-2 for the same maximization prob-
lem, where each equation has exactly d variables and each variable occurs exactly
k times. If we drop an “E” than we have “at most d variables” and/or “at most k
occurrences”. Denote Q(e, k) the following restricted version of MAX-E3-LIN-2:
Given an instance of Ek-Occ-MAX-E3-LIN-2. The problem is to decide if the
fraction of more than (1 —¢€) or less than (% +¢) of all equations is satisfied by
the optimal (i.e. maximizing) assignment.

From Hastad [4] result one can prove NP-hard gap result also for instances of
MAaX-E3-LIN-2 where each variable appears bounded (or even constant) number
of times (Theorem[d]). For our applications the strengthening contained in The-
orems [2] and [3] are more convenient. The proofs of Theorems [TH3] can be found
in [g].

Theorem 1. (Hastad) For every e € (0, 1) there is an integer ko(e) such that

the partial decision subproblem Q(e,ko(e)) of MAX-E3-LIN-2 is NP-hard.

Theorem 2. For every € € (O7 i) there is a constant k() such that for every

integer k > k(e) the partial decision subproblem Q(e,k) of MaX-E3-LIN-2 is
NP-hard.

To prove hard gap results for some problems using reduction from MAX-
E3-LiN-2 it is sometimes useful, if all equations have the same right hand side.
This can be easily enforced if we allow flipping some variables. The canonical
gap versions Q;(g,2k) of MAX-E3-LIN-2 of this kind are as follows: Given an
instance of MAX-E3-LIN-2 such that all equations are of the form z + y +
z =1 and each variable appears exactly k times negated and k times unnegated.
The task is to decide if the fraction of more than (1 — ) or less than (5 + €)
of all equations is satisfied by the optimal (i.e. mazimizing) assignment. The
corresponding hard-gap result for this restricted version reads as follows.

Theorem 3. For every e € (O7 i) there is a constant k() such that for every

integer k > k() the partial decision subproblems Qo(e,2k) and Q1(e,2k) of
MAX-E3-LIN-2 are NP-hard.
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3 Amplifiers

In this section we describe our results about the structure and parameters of
3-regular amplifiers, that we use in our reductions.

Definition 2. A graph G = (V, E) is a (2,3)-graph if G contains only nodes of
degree 2 and 3. We denote Contacts = {v € V : degs(v) = 2}, and Checkers =
{v e V: degs(v) = 3}. Furthermore, a (2,3)-graph G is an amplifier (more
precisely, it is a 3-reqular amplifier for its contact nodes) if for every A C V:
|Cut A| > |ContactsNA|, or |Cut A| > |Contacts\A|, where Cut A = {{u,v} € E:
exactly one of nodes u and v is in A}.

An amplifier G is called a (k,7)-amplifier if |Contacts| = k and |V| = 7k.

We introduce the notation 7(G) = % for an amplifier G. Let us denote

T« = inf{y : 7(G) < v for infinitely many amplifiers G}.

We have studied several probabilistic models of generating (2, 3)-graphs ran-
domly. In such situation we need to estimate the probability that the random
(2, 3)-graph G is an amplifier. It fails to be an amplifier if and only if the system of
so-called bad sets B := {A C V : |Cut A| < min{|ContactsN A|, | Contacts\ Al}}
is nonempty. For a fixed bad set it is quite simple to estimate the probability
that this candidate for a bad set doesn’t occur. But the question is how to esti-
mate the union bound over all bad sets in better way, than by adding all single
probabilities. It is useful to look for a small list B, C B, such that if B # () then
B. # 0 as well. In [2] the role of B, play elements of B of the minimum size.
Our analysis shows that one can produce the significantly smaller list of bad sets
which is sufficient to exclude to be sure that a graph is an amplifier.

For a (2,3)-graph G = (V, E) we define the relation < on the set P(V) of
all subsets V: A <X B iff |Cut 4| < |Cut B| — [(A A B) N Contacts| whenever
A,B C V. (Here AA B stands for (A\ B) U (B \ A).) Clearly, the relation
=< is reflexive and transitive. So, < induces a partial order on the equivalence
classes P(V) / =. The equivalence relation =~ can be more simply characterized
by A = B iff AN Contacts = BN Contacts and |Cut A| = |Cut B|, for A,B C V.
Moreover, for every ACV, AXBif V\ A=<V \B.

Using this relation one can describe the set B of bad sets, as

B:=B(G)={B CV: neither ) < B, nor V < B}.

Clearly, for every A, B C V, B € Band A < B imply A € B. The minimal
elements of the partial order (P(V), <) play an important role in what follows.
Further, we denote

By :=By(G) = {B C V : B is a minimal element of (5, =<)}.

Clearly, a set By is closed on the complementation operation A — V '\ A for
any subset A C V.

Lemma 1. Let G be a (2,3)-graph and B € Bo(G) be given.
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(i) For every set Z C B the inequality 2 - |Cut Z N Cut B| < |Cut Z| +
|Z N Contacts| holds with the equality iff B\ Z ~ B. In particular, if Z N
Contacts # O the inequality is strict.

(i) The set Cut B is a matching in G.

For a (2,3)-graph G = (V,E) let Z C V be given. Let Gz = (Z,Ez)
stand for the subgraph of G induced by the node set Z. To see that |Cut Z| +
|Z N Contacts| = 3|Z| — 2|Ez|, we can argue as follows:

Cutzl= ) (B-degg,(v)+ Y = (2-degg,(v))

veZNCheckers veZNContacts
= 2(3 —degg, (v)) — |Z N Contacts| = 3|Z| — 2|Ez| — |Z N Contacts|.
veZ

Given B € By, Cut B is a matching in G as follows from Lemma [(ii). Let
Cutters(B) stand for the set of nodes in B adjacent to Cut B. Clearly for any
Z C B, an edge of Cut B adjacent to v € Cutters(B) belongs to Cut Z if and
only if v € Z. Therefore |Cut Z N Cut B| = |Z N Cutters(B)|. Hence we can
reformulate the first part of Lemma [ as follows:

Lemma 2. Let G be a (2,3)-graph and B € Byo(G) be given. Then for every set
Z C B the inequality |Z N Cutters(B)| < 2|Z| — |Ez| holds with the equality iff
B\ Z = B. In particular, if Z N Contacts # ) the inequality is strict.

The purpose of the following lemma is to derive some restrictions on local
patterns of Cut B for a general set B € By. Given B € By, we can test it
with many various Z C B (typically with Gz being a small connected graph) to
obtain restrictions on possible patterns of Cutters(B) in B. Some of basic results
of this kind are stated in the following lemma.

Lemma 3. Let G be a (2,3) graph, B € Bo(G) and Z C B be given.

(i) If Gz is a tree and | Z| =2k —1 (k=1,2,...) then |Z N Cutters(B)| < k.

(it) If Gz is a tree and |Z| = 2k then |Z N Cutters(B)| < k + 1. Moreover,
this inequality is strict if Z N Contacts # ().

(ii) If Gz is a (2k + 1)-cycle then |Z N Cutters(B)| < k.

() If Gz is a 2k-cycle then |Z N Cutters(B)| < k. Moreover, this inequality
is strict if Z N Contacts # ().

Lemma 4. Let G = (V, E) be a (2,3)-graph and B € By(G) be given.

(i) If a,b € Cutters(B) and (a,b) € E, then a,b € Checkers and there are 2
distinct nodes o', b € B\ Cutters(B) such that (a,a’) € E and (b,V') € E.

(i) If a,c € Cutters(B), b € B, (a,b) € E, (b,c) € E, and if exactly one
of nodes a, b and c belongs to Contacts, then there are 2 distinct nodes d, e €
B\ Cutters(B), each adjacent to one of two nodes in {a,b,c} N Checkers.

For the purpose to provide even more restricted list we make our partial order
= finer inside the equivalence classes P(V)/ ~. For a (2, 3)-graph G = (V, E)
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let a subset F' of E of “distinguished edges” be fixed. We define the following
F
relations on the set P(V') of all subset V', whenever A, B C V: A < B iff either
F
(A= B&A# B)or (A= B & |FNCutd| < |FNnCutBl); A <, B iff

F
either (A< B & A 912 B), or (A ZB& min{|A N Checkers|,|Checkers\ Al} <
min{|B N Checkers|, | Checkers\ B|}).
Denote

Br(G) :=={B C V : B is a minimal element of (B(G), <)},

)}

A= |A=

By (G) :={B C V : B is a minimal element of (B(G),

F F
The equivalence relation £ is defined by: A £ Biff A< B and B < A.

F F
Clearly < is a partial order on equivalence classes P(V)/ ~. The equivalence

relation £ can be also characterized by A £ B iff An Contacts = B N Contacts
and |Cut A| = |Cut B| & |F N Cut A| = |F N Cut B|.
Clearly B3 (G) C Br(G) C By(G), and B € Bp(G) iff B € By(G) & A~ B

implies |[F N Cut B| < |F N Cut A|; B € Bi(G) iff B € Bp(G) & A~ B implies
min {|B N Checkers|,|Checkers\ B|} < min{|A N Checkers|,|Checkers\ Al|}.

Lemma 5. Let G be a (2,3)-graph and B € Bp(G) be given. Then for ev-
ery set Z C B such that B\ Z = B (equivalently, Z C B N Checkers and
|Z N Cutters(B)| = 2|Z| — |Ez|) |FNCut ZNCut B| < L|FNCut Z| holds, with

the equality if and only if B\ Z L B.

Lemma 6. Let G be a (2,3)-graph, B € By(G) and O # Z C B such that
B\ Z =~ B and 2-|BnN Checkers| < |Checkers|+ |Z|. Then |F NCut ZNCut B| <
3 |FnCutZ|.

Let us consider a (2,3)-graph G = (V, E). For B C V, we denote Bieq :=
B N Checkers. Assume further that no pair of nodes in Contacts is adjacent by
an edge. We convert G to a 3-regular (multi-)graph Geq with a node set Vieq
equals to Checkers. Each node v € Contacts and two edges adjacent to v in G
are replaced with an edge e(v) (later called a contact edge) that connects the
pair of nodes that were adjacent to v in G. For any A C Vieq let Cut,eq A stand
for a cut of A in Gyeq, and Cuttersq(A) stand for the set of nodes of A adjacent
in Gpeq to an edge of Cut,eqA.

Lemma 7. Let G be a (2, 3)-graph with no edge between contact nodes, and let
B € By(G). Then |Cut B| = |Cutyeq(Bred)|, and if any pair of nodes in Contacts
is at least at distance 3 apart, Cut,eq(B) is a matching in Greq.

We elaborate in details on our general results in the concrete model of ran-
domly generated (k, 7)-wheels, which generalizes slightly the notion of a wheel-
amplifier used by Berman and Karpinski ([2]). A (k,7)-wheel is a (2, 3)-graph
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G = (V, E) with |V| = 7k and |Contacts| = k, and with the edge set E splited
into two parts E¢ and Ej;. E¢ is an edge set of several disjoint cycles in G
collectively covering V. In each cycle consecutive contacts of G are separated
by a chain of several (at least 2) checkers. Fj; is a perfect matching for the
set of checkers. We consider here the choice F' := FE¢ for the special subset of
“distinguished edges” in our amplifier analysis.

Given a bad set B, we will refer to fragments of B, the connected components
of B within cycles, and to reduced fragments of B,.q, the connected components
of Byeq within corresponding reduced cycles.

The following theorem summarizes the results from Lemmas [[H7] for (k,7)-
wheel:

Proposition 1. Let G be a (k,7)-wheel. Then every set B € By(G) has the
following properties:

(i) B is a bad set, i.e. |Cut B| < min{| Contacts N B|,|Contacts\ B|}.

(ii) Cut B is a matching in G.

(i) |Cutyed(Bred)] = |Cut B|, and Cutyeq(Byred) s a matching in G req.

(iv) Any fragment of B contains at least 2 checkers.

(v) End nodes of any reduced fragment of Beq are not incident to EpyNCut B.

(vi) Any fragment of B consisting of 3 checkers has none of its nodes incident
to Ep N Cut B.

(vii) Any fragment of B consisting of 2 checkers and 1 contact has both its
checkers matched with B\ Cutters(B) nodes.

(viii) Any fragment of B consisting of 2 checkers has both its nodes matched
with B\ Cutters(B) nodes.

Every set B € Br(G) additionally has the following properties: (iz) Any
fragment of B contains at least 3 nodes.

(z) Any fragment of B consisting of 3 checkers has all its nodes matched with
B\ Cutters(B).

(i) Any fragment of B consisting of 4 checkers has none of its nodes incident
to By N Cut B.

All the above properties apply at the same time to B and B = Checkers\ B.
The following is less symmetric, it says something more about the smaller of the
sets B, B, if B € B(G)%.

(zii) If B € B(G)} with |B N Checkers| < %|Checkers|, then no pair of
checkers that are end nodes of (possibly distinct) fragments of B, are matched.

For purpose of the paper we can confine ourselves to the model with Eq
consisting of 2 cycles C1 and Cs. One consists of (1 — 6)k (6 € (0,1)) contacts,
separated by chains of checkers of length 6, and in the second one 6k contacts
are separated by chains of checkers of length 5. For fixed parameters 6 and k
consider two cycles with contacts and checkers as above and take a random
perfect matching for the set of checker nodes. Then, with high probability, the
produced (k,7 — 0)-wheel will be an amplifier. More precisely, for an explicit
constant 6y € (0, 1), for any rational 8 € (0, 6y), and any sufficiently large positive
integer k for which 0k is an even integer, (k,7 — 6)-amplifiers exist. Here 7 is a
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rational number, (7 — 1)k is an even integer. In such model the following upper
bound for 7, can be proved

Theorem 4. 7, < 6.9.

The proof of this theorem is quite technical (see [8] for details and proofs of
Lemmas [[H7)). The further improvements of estimates on amplifier parameters
of randomly generated graphs, pushing the method to its limits, is in progress.

4 Amplifier Parametrized Known Reductions

We call HYBRID a system of linear equations over Zs, each equation either
with 2 or with 3 variables. We are interested in hard gap results for instances
of HYBRID with exact 3 occurrences of each variable (a subproblem of E3-
Occ-Max-3-LIN-2). As suggested in [2], one can produce hard gaps for such
restricted instances of HYBRID by gap-preserving reduction from MAX-E3-
LiN-2. Our approach is simpler than in [2], since we start the reduction from
the problem which is already of bounded (even constant, possibly very large)
occurrence. This is a crucial point, since the number of occurrences of variables
is just the value that has to be amplified using the expander or amplifier method,
and in our reductions an amplifier plays a role of a constant.

Reduction from Q(e,k) to HYBRID(G). Let ¢ € (0,1), and k € N be
such that Q(e, k) is NP-hard. Now we describe a gap-preserving reduction from
Q(e, k) to the corresponding gap-version of HYBRID. Assume that G = (V, E)
is a fixed (k,7)-amplifier with |Contacts| = k and |V| = 7k. Let an instance
I of Q(g,k) be given, denote by V(I) the set of variables in I, m := |V(I)].
Take m disjoint copies of G, one for each variable from V(I). Let G, denote a
copy of G that corresponds to a variable z. The contact nodes of G, represent k
occurrences of x in equations of I. Distinct occurrences of a variable = in I are
now represented by distinct contact nodes of G,,. For each equation z4+y+2 =1
of I (i € {0,1}) we create a hyperedge of size 3, labeled by i. A hyperedge
connects a triple of contact nodes, one from each G, G, and G,. The edges
inside each copy G, are labeled by 0 and any such edge (u,v) represents the
equivalence equation u + v = 0.

The produced instance I’ of HYBRID corresponds simultaneously to a sys-
tem of equations and a labeled hypergraph. Clearly, nodes correspond to vari-
ables, and labeled (hyper-)edges to equations in an obvious way. The restriction
of HYBRID to these instances will be called as HYBRID(G) in what follows. The
most important property of a produced instance I’ is that each variable occurs
exactly 3 times in equations. In particular, each contact node occurs exactly in

one hyperedge. If an instance I has m variables with || = mTk equations, then
I’ has mTtk variables, mTk equations with 3 variables, and %’“(37’ — 1) equations

with 2 variables. Hence |I'| = (97 — 1) equations in total.
Clearly, any assignment to variables from V(I) generates so called standard
assignment to variables of I’: the value of a variable z is assigned to all variables
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of G. To show that the optimum OPT(I’) is achieved on standard assignments
is easy. But for a standard assignment the number of unsatisfied equations for I’
is the same as for I. Consequently, OPT(I’) depends affinely on OPT([I), namely
(1- OPT(I’))|I’| =(1-0PT(I ))|I| Now we see that OPT(I) > 1 — ¢ implies
OPT(I') > 1— 5251, and OPT(I) < 3 +¢ implies OPT(I') < §2=2 4 ;2. This

proves that it is NP hard to decide whether an instance of HYBRID(G) with |I|
equations has the maximum number of satisfied equations above ( =)

or below (92=3 +

52=7)|1|. Hence, we have just proved the following:

Theorem 5. Assume that € € (O, 4) let k be an integer such that Q(e,k) is
NP-hard, and G be a (k,T)-amplifier. Then it is NP-hard to decide whether an
instance of HYBRID(G) with |I] equations has the mazimum number of satisfied

equations above (1 — 5257)|I| or below (=3 + 5255 )|1|.

Corollary 1. It is NP-hard to approzimate the solution of E3-Occ-MAaX-3-
LIN-2 within any constant smaller than 1 + 97*1

-2

Reductions from HYBRID(G) to other problems. We refer to [2] where
Berman and Karpinski provide gadgets for reductions from HYBRID to small
bounded instances of MAXIMUM INDEPENDENT SET and MINIMUM NODE
COVER. We can use exactly the same gadgets in our context, but instead of
their wheel-amplifier we use a general (k, 7)-amplifier. The proofs from [2] apply
in our context as well.

Theorem 6. Let € € (O, 4) k € N be such that Q(e, k) is NP-hard, and T be
such that a (k,T)-amplifier exists. It is NP-hard to decide whether an instance
of MAX-3-IS with n nodes has the maximum size of an independent set above
%n, or below %n. Consequently, it is NP-hard to approximate
the solution of MAX-3-1IS within any constant smaller than 1 + Wlﬂ?)' Simi-
larly, it is NP-hard to decide whether an instance of MIN-3-NC with n nodes
has the minimum size of a node cover above %n, or below %n.
Consequently, it is NP-hard to approximate the solution of MIN-3-NC within
any constant smaller than 1+ ﬁ. The same hard-gap and inapproximability

results apply to 3-reqular triangle-free graphs.

In the following we present the inapproximability results for three similar
APX-complete problems. From L-reductions used in the proofs of Max-SNP
completeness (see [9] or [I0]) some lower bounds can be computed but they
would be worse as the lower bounds presented here.

Maximum Triangle Packing problem. A triangle packing for a graph G =
(V,E) is a collection {V;} of disjoint 3-sets of V', such that every V; induces a
3-clique in G. The goal is to find cardinality of maximum triangle packing. The
problem is APX-complete even for graphs with maximum degree 4 (]9]).

Maximum 3-Set Packing problem. Given a collection C' of sets, the cardinality
of each set in C is at most 3. A set packing is a collection of disjoint sets
C’" C C. The goal is to find cardinality of maximum set packing. If the number
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of occurrences of any element in C' is bounded by a constant K, K > 2, the
problem is still APX-complete ([1]).

Minimum 3-Set Covering problem. Given a collection C of subsets of a finite
set .S, the cardinality of each set in C'is at most 3. The goal is to find cardinality
of minimum subset C’ C C such that every element in S belongs to at least
one member of C’. If the number of occurrences of any element in sets of C' is
bounded by a constant K > 2, the problem is still APX-complete [10].

Theorem 7. Assume that ¢ € ( ,4) k € N is such that Q(e,k) is NP-hard,
and T is such that there is a (k,T)-amplifier.

(i) It is NP-hard to decide whether an instance of TRIANGLE PACKING with

n nodes has the mazimum size of a triangle packing above B8THA=2ey = o

6(97+8)
below %n. Consequently, it is NP-hard to approximate the solution of

MaxXiMUM TRIANGLE PACKING problem (even on 4-regular graphs) within
any constant smaller than 1 + 18;
(i) It is NP-hard to decide whether an instance of 3-SET PACKING with n triples
and the occurrence of each element exactly in two triples has the mazimum
size of a packing above %n, or below %n. Consequently, it
is NP-hard to approzimate the solution of 3-SET PACKING with exactly two
occurrences of each element within any constant smaller than 1 + m,
(iii) It is NP-hard to decide whether an instance of 3-SET COVERING with n
triples and the occurrence of each element exactly in two triples has the
minimum size of a covering above %n, or below %n. Conse-
quently, it is NP-hard to approzimate the solution of 3-SET COVERING with
exactly two occurrences of each element within any constant smaller than

1
L+ 187, +18°

Proof. Consider a 3-regular triangle-free graph G as an instance of MAX-3-IS
from Theorem[d (i) Take a line-graph L(G) of G. Nodes of G are transformed to
triangles in L(G) and this is one-to-one correspondence, as G was triangle-free.
Clearly, independent sets of nodes in G are in one-to-one correspondence with
triangle packings in L(G), so the conclusion easily follows from Theorem [ (ii)
Create an instance of 3-SET PACKING that uses for 3-sets exactly triples of edges
of G adjacent to each node of GG. Clearly, independent sets of nodes in G are in
one-to-one correspondence with packings of triples in the corresponding instance.
Now the conclusion easily follows from the hard-gap for MAX-3-IS problem. (iii)
Now a graph G from Theorem [0l is viewed as an instance of MIN-3-NC. Using
the same collection of 3-sets as in the part (ii) we see that node covers in G are
in one-to-one correspondence with coverings by triples in the new instance. The
conclusion follows from the hard-gap result for MiN-3-NC from Theorem [6l.

5 New Reduction for 3-Dimensional Matching

Definition and known results. Given the disjoint sets A, B, and C and a set
T C Ax BxC. A matching for T is a subset 7" C T such that no elements in 7"
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agree in any coordinate. The goal of the MAXIMUM 3-DIMENSIONAL MATCHING
problem (shortly, MAX-3-DM) is to find cardinality of a maximum matching.
The problem is APX-complete even in case if the number of occurrences of any
element in A, B or C is bounded by a constant K (K > 3) [9].

Recall that usually the hardness of MAx-3-DM is proved by reduction from
bounded instances of MAX-3-SAT. The L reduction given in [9] implies lower
bound (1+¢) for some small €. In what follows we present the new transformation
from HYBRID to edge 3-colored instances of MAX-3-IS. To the best of our
knowledge we provide the first explicit lower bound on approximation of MAX-
3-DM.

Idea: If we have hardness result for MAX-3-IS on 3-regular edge-3-colored
graphs, it is at the same time the result for MAX-3-DM due to the following
transformation. Suppose that edges of graph G = (V, E) are properly colored
with three colors a, b, c. Now define the sets A = {all edges of color a}, B = {all
edges of color b}, C = {all edges of color ¢} and a set T C A x B x C as
T = {(ea(v), ep(v),ec(v)), for all v € V}, where ¢;(v) denotes an edge of color
1 incident to the node v. It is easy to see that independent sets of nodes in G
are in one-to-one correspondence with matchings of an instance obtained by the
reduction above. So, the hardness result for MAX-3-DM will immediately follow
from the hardness result for MAaX-3-IS on edge-3-colored graphs.

Theorem 8. Given ¢ € (O, i) and let k be an integer such that Q(e, k) is NP-
hard. Assume T is such that there is a (k,7)-amplifier. Then it is NP-hard to
decide whether an instance of MAX-3-DM with n-triples, each element occurring

in exactly two triples, has the maximum size of a matching above %n, or
below 8TEB3+12 ) [ence it is NP-hard to approzimate MAX-3-DM within any

4(97+8)
constant smaller than 1+ ﬁ even on instances with exactly two occurrences
of each element.

Proof. Let € € (0, %), k € N be such that Q(e, k) is NP-hard, and G = (V, E) be
a fixed (k, 7)-amplifier. We use the same reduction of an instance of HYBRID(G)
to an instance G’ of MAX-3-IS as in Theorem [6l Each variable z of I is replaced
with a gadget A,. The gadget of a checker is a hexagon H, in which nodes with
labels 0 and 1 alternate. A gadget of a contact is a hexagon H, augmented with
a trapezoid Ty, a cycle of 6 nodes that shares one edge with a hexagon H,.
Again, labels 0 and 1 of nodes in those cycles alternate. If two variables z, y
are connected by an equation, x = y, we connect their hexagons with a pair of
edges, so called connections, to form a rectangle in which the nodes with label 0
and 1 alternate. The rectangle thus formed is a gadget of an equation with two
variable (Fig. [).

If three variables are connected by an equation (i.e. an hyperedge), say, « +
y+ 2z =0, the trapezoids T}, Ty and T, (6-cycles) are coupled with the set Sg,.
of four special nodes (Fig. ).

It is easy to see that G’ is 3-edge-colored. As follows from Fig. 2] the edges
of the equation gadget can be colored in such way that all edges adjacent to
contacts are colored by one fixed color, say A (dotted lines). All connections are
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a gadget A, for a contact

IQ—Q a gadget of an equation with two variables
\

Fig. 1. Example of gadgets for checkers, contacts and equations with two variables.

] [
a gadget A, for a checker z
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Fig. 2. Equation gadgets with three variables.

of the same color A, which alternates on rectangles with color B (full lines),
see Fig.[1 The hard gap of MAX-3-IS from Theorem [ implies the hard gap of
Max-3-DM.

Conclusion

There is still substantial gap between the lower and upper approximation bounds
for small occurrence combinatorial optimization problems. The method of
parametrized amplifiers shows better the quality of used reductions and the
possibilities for further improvement of lower bounds. But it is quite possible
that the upper bounds can be improved more significantly.
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Abstract. The problem of minimizing the maximum edge congestion in
a multicast communication network generalizes the well-known N P-hard
standard routing problem. We present the presently best theoretical ap-
proximation results as well as efficient implementations.
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1 Introduction

A communication network can be modeled as an undirected graph G = (V, E),
where each node represents a computer that is able to receive, copy and send
packets of data. In multicast traffic, several nodes have a simultaneous demand to
receive a copy of a single packet. These nodes together with the packet’s source
specify a multicast request S C V. Meeting the request means to establish a
connection represented by a Steiner tree with terminal set S, i.e. a subtree of G
containing S having no leaf in V'\ S. Given G and a set of multicast requests it is
natural to ask about Steiner trees such that the maximum edge congestion, i.e.
the maximum number of trees sharing an edge is as small as possible. Solving
this minimization problem is N P-hard, since it contains as a special case the
well-known N P-hard standard routing problem of finding (unsplittable) paths
with minimum congestion. The MAX-SN P-hard minimum Steiner tree problem
is also closely related.

1.1 Previous Work

Vempala and Vocking [17] gave a randomized algorithm for approximating the
minimum multicast congestion problem within a factor of O(logn). Their ap-
proach is based on applying randomized rounding to an integer linear program
relaxation (LP). As an additional obstacle, the considered LP contains an ez-
ponential number of constraints corresponding to the exponential number of
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possible Steiner trees. Vempala and Vécking overcame this difficulty by consid-
ering a multicommodity flow relaxation for which they could devise a polyno-
mial separation oracle. By rounding the fractional paths thus obtained in an
O(log n)-stage process they proved an O(logn) approximation. Carr and Vem-
pala [2] gave an algorithm for approximating the minimum multicast congestion
within a constant factor plus O(logn). They showed that an r-approximate so-
lution to an LP-relaxation can be written as a convex combination of Steiner
trees. Randomized rounding yields a solution not exceeding a congestion of
max{2exp(l) - rTOPT,2(e + 2)logn} with probability at least 1 — n~¢, where
r is the approximation factor of the network Steiner problem. Both algorithms
heavily rely on the ellipsoid method with separation oracle and thus are of mere
theoretical value. A closely related line of research is concerned with combina-
torial approximation algorithms for multicommodity flow and — more general —
fractional packing and covering problems. Matula and Shahrokhi [IT] were the
first who developed a combinatorial strongly polynomial approximation algo-
rithm for the uniform concurrent flow problem. Their method was subsequently
generalized and improved by Goldberg [4], Leighton et al. [10], Klein et. al.
[9], Plotkin et al. [13], and Radzik [14]. A fast version that is particularly sim-
ple to analyze is due to Garg and Konemann [3]. Independently, similar results
were given by Grigoriadis and Khachiyan [6]. In two recent papers Jansen and
Zhang extended the latter approach and discussed an application to the mini-
mum multicast congestion problem [7],[8]. In particular, they presented a ran-
domized algorithm for approximating the minimum multicast congestion within
O(OPT +logn) in time O(m(Inm+e~2In¢e)(kB+mInln(m/c)), where 3 is the
running time of an approximate block solver. The online version of the problem
was considered by Aspnes et al. [I].

1.2 Our Results

In section 2 we present three algorithms which solve the fractional multicast
congestion problem up to a relative error of r(1 + ). The fastest of these takes
time O(k(8 + m)e~2Inklnm) (where 8 bounds the time for computing an r-
approximate minimum Steiner tree), and thus improves over the previously best
running time bound of Jansen and Zhang. The three algorithms are based on
the approaches of Plotkin, Shmoys and Tardos [13], Radzik [14], and Garg and
Konemann [3] to path-packing and general packing problems. In experiments it
turned out that straightforward implementations of the above (theoretically fast)
combinatorial algorithms are quite slow. However, simple modifications lead to
a very fast new algorithm with much better approximation results than hinted
at by the worst case bounds (section 3). The central method is to repeatedly im-
prove badly served requests via approximate minimum Steiner where the length
function punishes highly congested edges more heavily than proposed in the the-
ory. However, a proof confirming the performance shown in experiments remains
at the moment a challenging open problem.
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1.3 Notations

By G = (V,E) we will denote the given graph on n nodes and m edges. We
consider k multicast requests, S1,...,S5 C V. The set of all Steiner trees with
terminal nodes given by S; is denoted by 7;, while 7; is the set of Steiner trees
for S; computed in the course of the considered algorithm. As to the (possibly
fractional) congestion, we distinguish between ¢;(T), the congestion caused by
tree T' for request S;, ci(e) := > per ¢i(T), the congestion of edge e € E due

e€cE(T)

to request Sy, c(e) := Zle ci(e), the total congestion of edge e € E and ¢ypax 1=
max.cg ¢(e), the maximum edge congestion. We will define a nonnegative length
function [ on the edges and abbreviate the sum of edge lengths of a subgraph U of
G by l(U) := X cep() l(€)- The time for computing an r-approximate optimum
Steiner tree will be denoted by . Throughout the paper, » > 1.55 and € € (0, 1]
will be constant parameters describing the guaranteed ratio of our minimum
Steiner tree approximation [I8] and determining the target approximation of
the fractional optimization problem, respectively. MST;(S;) and MST;(S;) are
used to denote a minimum Steiner tree and an approximate minimum Steiner
tree for S; with respect to I (I is usually omitted); we assume [(MST(S;)) <
r - I(MST(S;)). Generally, a variable indexed by a subscript ¢ refers to the ith
multicast request S;, while a superscript (¢) refers to the end of the ith iteration
of a while- or for-loop in an algorithm.

2 Approximation Algorithms

2.1 LP Formulation

The minimum multicast congestion problem can be translated into an integer
linear program. We study a natural LP relaxation and its dual:

(LP) minz

s. t.

Yorer ci(T) > 1 forall i e {1,...,k}

ce)=r . % ret, Gi(T) < zforalleec E

e€E(T)

a(T)>0 for all ¢ and all T' € T;
(LP*) max Y;_, Y;

s. t.

ZeEEl(e) S 1

ZeeE(T) lle) >Y; for all i and all T € T;

I(e) >0 forallee E

Y; >0 foralli e {1,...,k}

The proof of the following lemma is straightforward.

Lemma 1. (Y7",..., Y}, I* : E = Ryx) is an optimal dual solution if and only
K .
if YO, Y = Y0, U (MSTUS) = max { Za TS | 12 B Roo ).
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Corollary 1. OPT > w foralll: E — Rx>y.

By complementary slackness, feasible solutions to (LP) and (LP*) are optimal
if and only if

le)(c(e) —z)=0foralleec E (1)
a(MUT)-Y;,)=0forallie{l,...,k} andall T € 7; (2)
K(Zq(T)l)Oforallz'e{l,...,k}. (3)
TeT;
To guarantee optimality, it is sufficient to replace (1) and (2) by
l(e)(c(e) — cmax) > 0 for all e € E, (17
a(T)(U(T) — I(MST(S;)) <0 forallie {1,...,k}. (2)

Summing (1’) over all edges and (2') over all i € {1,...,k} and all T € T; yields

S c(O)l(e) = UG)emar ()

k k
S UMST(5) > 37 3 wMIT) = 3 ele)i(e). )
1 i=1TeT;

eclE

Any approximately optimal solution to (LP) that is found in polynomial time
determines for each multicast request S; a (polynomial) set of trees with frac-
tional congestion. The task of selecting one of these trees for each S; such that the
maximum congestion is minimized constitutes a vector selection problem. Ragha-
van [I5] bounds the quality of a solution by analyzing a randomized rounding
procedure. For our problem his analysis gives the following result.

Theorem 1. There exists a solution to the minimum multicast congestion prob-
lem with congestion bounded by

{( e)rOPT+ (14 ¢)(exp(l) — 1)vrOPT-Inm if rOPT > 1Inm

(1+e)rOPT+ (te)exp(l) Inm otherwise.

1+ In( %)

2.2 Approximating the Fractional Optimum

The Plotkin-Shmoys-Tardos Approach. Plotkin, Shmoys and Tardos spec-
ify conditions that are sufficient to guarantee relaxed optimality. Adapted to
the multicast problem, these conditions are the following relaxations of (1) and

(27).
(1= &)emaxl(G) <Y ele)l(e) (R1)

eckE
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k
(1=2)) cle Z I(MST(S;)) + ecmaxl (G). (R2)

ecE

Their idea is to choose [ such that (R1) is automatically satisfied, and to grad-
ually satisfy (R2) by repeated calls to the following routine.

Algorithm IMPROVECONGESTION(1)

A= Cmmx/z o = 411;(26#, g = 55/(90[]{7)
while (R2) is not sat‘T;fled and Cmax > A
{ for e € E : l(e) := exp(ac(e))
for i=1 to k { T;, :=MST(S;), for e € E(T}) : cle):=c(e)+o/(1—0) }
fore € E : c(e):=c(e)-(1—0) }

Lemma 2. a) (R1),(R2) = cmax < (14 6¢)r- OPT fore < 1/6.
-1
b) I(e) := exp(a - cle)) for all e € E and o > 22E2me ) — (Ry),

Cmax€

The following lemma serves to bound the number of iterations until (R2) is
satisfied. For a proof, we can follow the general line of [13].

Lemma 3. Lete < ¢ and consider a feasible solution (¢;(T), cmax) to (LP), such
that for a > 2n@me™Y) g l(e) := exp(a-c(e)) (for alle € E) (R2) is not sat-

isfied. Define o := x55/(9ozk:) and let T; := MST(S;) be an approzimate minimum
(1= o)a(T), ifT#T;

(I1=0)e(T)+o, fT=T,
and I(e) := exp(a - &(e)) 1= exp ( ZZ 1> rer, G(T )) satisfy

ecE( T)

Steiner tree for i € {1,...,k}. Then ¢(T) =

~ 562 Crnax
G)=UG) >
H(G) - UG) = 9k

1(G).

We thus see that in one iteration of the while loop of IMPROVECONGESTION(1)
I(G) decreases by a factor of at least (1 — 5&2cmax/(9%)) < exp(—5&2cmax/(9k)).
The initial value of I(G) is at most m - exp(@cmax)- Surely, 7(1 + 6¢)-optimality
is achieved, if I(G) < exp(r(1 + 6¢)aOPT)). We will use this criterium to bound
the required time complexity. Consider the following two phase process: in phase
one, the overall length is reduced to at most exp(2rOPT); phase two successively
reaches r(1 + 6¢)-optimality. Each phase consists of a number of subphases,
corresponding to calls to IMPROVECONGESTION(1). Let us look at the phases in
detail. During the whole of phase 1 — i.e. for each subphase i — we fix (¥ at 1/6.
The congestion is halved in each subphase; hence the number of subphases of
phase 1 is O(In ¢pax) = O(In k), and by Lemma 3, we can bound the number z of
iterations the while-loop of IMPROVECONGESTION(1) needs to terminate for the
ith subphase of phase 1 by O(klnm/ chl)ax). AS cmax is halved in each subphase,
the number of iterations in the last subphase dominates the overall number.
Consequently the running-time of phase 1 is O(k2(8+m)Inm) = O(k*m) for the
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Mehlhorn-Steiner [12] approximation. (Remember, we assume ¢y > OPT > 1.)

The ith subphase of phase 2 starts with cr(fi;xl) <r(1 +65(i))OPT and terminates
when the congestion is at most (1 + 3¢())OPT. In order to reach r(1 + 6¢)-
optimality we thus need O(Ine~!) subphases in phase 2, and by Lemma 3, the
ith subphase terminates within z iterations, where z satisfies

mexp(a®clind) - exp(—z - 5elimde®? /(9k)) = exp (au)cg;g) ) 11278) e

z= O(ka(ir2 In(m/e™®)). Hence the running-time of the ith subphase of phase
2is O(kQE(iran(m/E(i))(ﬁ‘f'm)). Since (1) = () /2 the running-time of the
last subphase again is dominating, resulting in an overall estimate of O(k*c=2 .
In(m/e)(B + m)) = O(k*c=2m) for the Mehlhorn-Steiner approximation. This
proves the following theorem.

Theorem 2. For e < % and assuming OPT > 1, the fractional minimum mul-
ticast congestion problem can be approximated within r(1 + 6¢)OPT in time
O((k*e~21In(m/e)(8 + m)). Using the Mehlhorn-Steiner approzimation, we o0b-
tain a 2(1 + 6¢)-approzimation in time O(k%c~%m).

Here is a suggestion of how to implement the described algorithm. Instead of
testing for (R2), it seems favorable to use maxdual: =Ef:1 I(MST(S,))/l(G) as a
lower bound on rOPT and terminate the while-loop as soon as ¢pax falls below
(1 + 6¢)-maxdual. Deviating slightly from our previous notations we use €y to
denote the target approximation quality. For reasons of efficiency, ¢;(T') is up-
dated to hold the fractional congestion caused by tree T' for request S; only in
the end of the algorithm; in previous iterations ¢;(71") deviates from the actual
definition by a factor called factor. We scale the length function by a factor of
exXp(—Cmax) 1n order to stay within the computers floating point precision.

Algorithm APPROXIMATECONGESTION(1)

Compute a start solution, initialize c(e)7 Cmaz, mardual accordingly.
e=1/3, factor =1
while € > e0/6
{e=¢/2
while cmax > max{1, (1 + 6¢)maxdual}
{a=2RCm/E) o_ 5 for ¢ € E : I(e) = exp(a(c(e) — cmax))

£'Cmax 9ak ?
for i=1 to k
{ T; = ﬂST(Si), C(TZ) = C(TZ) + 1%

o

for e € E(Ti): c(e) :=cle) + %5

—0o

}
. pOLA Yeenr(T;) Ue)
maxducz)l := max{mazdual, W}
Cmax =

for e € E : cle):=cle) - (1 —0), if c(€) > Cmax then cmax = c(€)
factor := factor - (1 — o)
}
} A
for T € U, Ti : o(T):= c(T) factor

Goldberg, Oldham, Plotkin, and Stein [5] point out that the practical perfor-
mance of the described algorithm significantly depends on the choice of a and o.
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Instead of using the theoretical value for «, they suggest to choose o such that
(& emax/ e cle)l(e))—1
Seer cle)i(e)/ 5oy LMST(S:))) -1
by a factor of (v/5+1)/2 if the ratio is larger than 0.5 and otherwise decrease it
by 2/(v/5+1). Since our aim at choosing « is to satisfy (R1), one could alterna-

. . . L . l(G)Cmax 1
tively think of taking o as o := min {oz €Rso | (e S 1=
they emphasize the necessity of choosing o dynamically such as to maximize

I(G) — I(G) in each iteration. Since ! is the sum of exponential functions, we

can easily compute dz(:) =Y ecp @lco(e) — c(e)) exp(ac(e) + ao(co(e) — c(e))),

where co(e) := [{T | 3i € {1,...,k} such that T = MST(S;) and e € E(T)}|
abbreviates the congestion of edge e caused by choosing for each i an approxi-
mate minimum Steiner tree. The second derivative is positive, so [ has a unique
minimum in [G¢peor., 1]. Goldberg, Oldham, Plotkin, and Stein suggest to deter-
mine this minimum with the Newton-Raphson method. One could also try to
use binary search.

the ratio ( remains balanced, i.e. they increase «

. Moreover,

The Radzik Approach. Adapting the algorithm of Radzik [14] to our problem,
yields a theoretical speedup by a factor of k. The key idea is to update the length
function after each single approximate Steiner tree computation, if the length

of the new tree is sufficiently small. Radzik uses relaxed optimality conditions
different from (R1) and (R2).

Theorem 3. Let A > OPT and € < 1/3. If cimax < (1 +¢/3)X and

SFUMST(S:) > (1 — &/2)M(G) then cmax < (1 + ) OPT.

The following routine IMPROVECONGESTION(2) is the heart of Radzik’s algo-
(0)

rithm. As the input it takes sets of trees 7;(()) with congestion ¢;’ and a param-

eter ¢ determining the approximation quality.

Algorithm IMPROVECONGESTION(2)

3(14¢) ln(msfl)

)\ ‘= Cmax, &= e 5

do { LG :=1(G)
for i=1 to k
{ T := MST(SZ)
Limeu :=U(T;), Lialt:=3%, . gci(e)l(e)
if Li_alt — Li_neu > e-Li_alt then
{fore € E
{ cEe) = c(e) —ci(e), ci(e) :=ci(e) - (1—o0)

e) :=c(e) +ci(e), Cmax := max{cmax,c(e)}

0:= 45, for e € E : I(e) :=exp(a-c(e))

t
} 2
while Cmax > (1—5) A and LG —I(G) > LG
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Theorem 4. Let ¢ < 5;. Algorithm IMPROVECONGESTION(2) terminates with

maximum congestion cl(ggx < (1 - 3) cfg;x or cfrqllx <r(l+8¢)OPT.

Theorem 5. Let ¢ < 1. IMPROVECONGESTION(2) takes O(e~21Inn) iterations
of the while-loop to terminate.

Corollary 2. a) O (Ink+1Inl) calls to IMPROVECONGESTION(2) suffice to
produce an (1 + €)-optimal solution. b) The overall running-time required is
0] (5‘2~

klnnlnk(m + 3)) = O(kme=2) for the Mehlhorn-Steiner approzimation.

The Garg-Konemann Approach. The algorithm of Garg and Kénemann [3]
differs from the previous algorithms in the fact that there is no transfer of con-
gestion from MST(S;)¥) to MST(S;)U*1). Instead, the functions describing the
congestion are built up from scratch. A feasible solution is obtained by scaling
the computed quantities in the very end.

Algorithm IMPROVECONGESTION(3)

for ec E: l(e):=4§
while > _pl(e) <¢
{for i=1 to k
{ T:=MmST(S:), ci(T) :=ci(T)+1, for e € T: l(e):=1(e)- (1+%) }
}

scale ¢(T) := ¢;(T)/#iterations

Lemma 4. Suppose that l(e) is initialized to some constant é for alle € E. Let
q be the number of iterations of the while-loop IMPROVECONGESTION(3) needs

. ~(a) u-ln(€/9) In(€/9)
to terminate. Then Cyix < =D n(i5e) and q < [O%T . 1n(1+8)—‘

Proof. Whenever c¢(e) increases by u, l(e) grows by a factor of at least (1 +¢€).
Let z count the number of times this happens. Since Z(q_l)(e) < &, we have

d(l4+e) <& s0z < In(E/3) - After ¢ — 1 iterations, Yorercill) = q—1

In(l+e)"
for all i € {1,...,k}. Thus (max: (& (T)icqr 1) i= (qm_l (45)cpn,.. k}> is
TeT; TEeT;
a feasible solution satisfying Cpax < “fl < %. The second estimate
follows since 1 < Smax < uln(§/9) m]

OPT (g—1)In(1+e)OPT "

To achieve a target approximation guarantee of r(1+¢)OPT, the free parameters
have to be chosen appropriately.

1+e

Lemma 5. Let ¢ < 55. For u < 20PT and § := 6 - (1 2“) ° the algorithm
terminates with Cmayx < 7’(1 + 6¢)OPT.
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Theorem 6. An r(1+6¢) OPT-approzimate solution to the fractional minimum
multicast problem can be obtained in time O((8+m)e 2k-InkInm) = O(e~2km)
using the Mehlhorn-Steiner approzimation.

Proof. We repeatedly call IMPROVECONGESTION(3) in the following u-scaling

process. Throughout the process we maintain the condition u < 20PT to make

sure that the algorithm terminates with the claimed guarantee. So all we have to
E

worry about is the number of iterations. The first call is performed with u := 3.

By Lemma [, if u < OPT the algorithm terminates within [111(?((154/2)—‘ iterations.
k

Otherwise, we know that OPT < % and restart the algorithm with u := 7.

Again, IMPROVECONGESTION(3) either terminates in [ln(g/é)—‘ iterations or we

In(1+¢)
may conclude that OPT < % and restart the algorithm with v := %. Repeating

this at most O(Ink) times yields the claim, since 112((%‘?) = O(e7%Inm) and

because one iteration takes O(k(m + 3))-time. O
Unfortunately, the above u-scaling process is not practically efficient, since the
number of iterations in each scaling phase in considerably large (note that we
need ¢ < 3—16 to guarantee the approximation quality, so even for moderate val-
ues of m, say m := 500, we may have to await over 8000 iterations before we
can decide whether or not OPT < u). However, without u-scaling the running-
time increases by a factor of k/Ink. Again, we may (practically) improve the
running-time by using ¢pax < (1+6¢) Zle I[(MST(S;))/l(G) instead of [(G) > &
as the termination criterium. It is an open question whether or not e-scaling as
described in the previous sections can be advantageously applied. (Our experi-
ments strongly indicate that e-scaling substantially decreases the running-time,
but an analysis is still missing.) The following implementation takes care of the
fact that due to limited precision it may be necessary to rescale the edge-lengths.

Algorithm APPROXIMATE CONGESTION(3)

mazxdual := 0, minprimal := k, cmax := 0, iteration :=0, LG :=m
fore € E : ¢(e):=0, l(e):=1
do { LM :=0
for i=1 to k
{ T, = MST(Si), C(TZ) = C(TZ) +1
for e € E(Ty)
{ LG :=LG - (e),
le) :==1(e)- (14 %), cle) :==c(e) +1, Cmax := max{cmax,c(e)},
LG:=LG+1(e), LM :=LM +1(e) }
}
iteration := iteration + 1, dual :=

C o R o . ._
minprimal := min{minprimal, Z2m2x—1  mazdual := max{mazrdual, dual}

LM

if LG > 100000 { LG := ;£S5 , for e € E : l(e) == robos
} while minprimal> (14 6¢)maxdual
Cmax s . —_ < T
Cmax = e for T € T; : c¢(T):= ‘<m>
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2.3 Integral Solution

Pure Combinatorial Approach. Klein et al. [9] describe an approximation
algorithm for the unit capacity concurrent flow problem that can be modified to
approximate an integral solution to the minimum multicast congestion problem
without the necessity to round. The algorithm is similar to the one presented in
Section 2.2.1. However, instead of updating all trees in one iteration of the while
loop, only one “bad” tree per iteration is modified.

Definition 1. A tree T € T; is r-bad for S; if (1 —&)(T) > rl(MST(S;)) + ¢’ -
Cmax1(G)

T
This allows us to choose ¢ by a factor of k larger than in the algorithms described
previously, and it can be shown that consequently o never needs to be reduced
below 1, if OPT = 2(logn). (We omit the proof due to lack of space.)

Theorem 7. An integral solution to the minimum multicast congestion problem
with congestion OPT-O(y/OPT -logn) can be found in time O(k*(m+f3)logk).

Aspes et al. [I] give an online algorithm for approximating our problem within a
factor of O(logn). Since they explicitly consider the multicast congestion prob-
lem, we do not restate their algorithm but instead analyze a simpler online
algorithm for which the same approximation bound applies, if the value of an
optimal solution is known in advance.

Algorithm ONLINE CONGESTION

forec E : {l(e):=1, c(e):=0}

for i =1 to k { T; := MST(S;), for e € E(T;) {l(e) :=I(e)- A, c(e) := cle) +
1)}

return(Ty, ..., Tk, Cmax)

Theorem 8. For A :=1+ ﬁ, the above algorithm terminates with mazximal
congestion O(rOPT - log(n)).

Proof. Let 1) denote the length function at the end of the jth iteration
of the for-loop. From 1W)(G) = 1U=Y(G) + (A — 1)IU=D(MST,;-1)(Si—1))
we get IB(Q) = m+ (A —1) - 5 16-D(MST,0-1,(S)) < m+ (A —1) -
Zlel(k)(MSTl(m(Si)) < m+ (A —1) - rOPTI®)(G) by Corollary 1. Since
IF)(G) > A®max=1_the claim follows by the choice of A. O

Derandomization. A deterministic approximation satisfying the bounds of
Theorem 1 can be proved with the tools of Srivastav and Stangier [I6]. For a
proof we refer to the full paper.

3 A New and Practically Efficient Implementation

In practical experiments the following algorithm was superior to all theoretically
efficient approximation algorithms. The algorithm uses different length functions
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for determining a start set of Steiner trees and for updating trees. The first length
function is similar to the one in Aspnes et al.’s online algorithm, but uses a base
of n instead of a base € (1,1.5]. In fact, we found that the quality of the solutions
increases substantially as the base grows. To improve near optimal solutions it
turned out to be of advantage to replace the exponent c¢(e)/cmax in the length
function by c¢(e) — ¢max, thereby increasing the impact of highly congested edges.
On the other hand, the exponential base must be neither too small nor too large
to “correctly” take into account edges with lower congestion. Here, the size of
the current best tree (experimentally) proved to be a good choice.

Algorithm PrRACTICAL CONGESTION

A=1;
for i=1 to k oo
{fore€ E :l(e):=nx» !
T; := MST(S;), for e€ E(T:) { c(e) :==c(e) +1, A =max{\ c(e)} }
while (true)
{ for i:=1 to k
{ A:=|E(T})|, for ec E: I(e) := A% cmax
for ec E(T;) : l(e):=1(e)/A
T, :=MST(S;), for e€ E(Ti) : l(e):=1I(e)- A
if I(T)) > I(T}) then T; :=T,
update c(e)

4 Experimental Results

We tested our new algorithm against Aspnes et al.’s online algorithm and a
version of APPROXIMATE CONGESTION(3), which is theoretically fastest. As dis-
cussed in section 2, we did not implement wu-scaling for reasons of performance.
Instead, we provided APPROXIMATE CONGESTION(3) with the (near) optimal
value of u computed by our new algorithm. € was set to its theoretically max-
imum value of 1/36. The number of iterations was restricted to 100. We ran

F#requests APPROXIMATE N !
#terminalé ONLINE CoNG.(3) (#it.) New Alg. (# it.)|Dual >
50 / 4 11 12 (1), 2.5 (100) 2 (1) 1.04
100 / 4 17 17 (1), 4.4 (100) 3 (1) 2.01
150 / 4 29 29 (1), 6.1 (100) | 5 (1), 4(2) | 2.86
200 / 4 43 44 (1), 8.0 (100) | 7 (1), 5(2) | 3.85
300 /4 56 57 (1), 11.5 (100) 9 (1), 7(3) 5.77
500 / 4 78 79 (1), 19.9 (100) | 16 (1), 12 (2) | 10.00
1000 / 4 159 [161 (1), 36.5 (100) |29 (1), 21 (69) | 20.00
2000 / 4 378 383 (1), 76.1 (100)| 60 (1), 44 (2) | 41.00
500 / 2-100 | 178 |178 (1), 69.1 (100) | 41 (1), 32 (9) | 31.00
1000 / 2 -100| 326 [326 (1), 100.5 (100)| 79 (1), 65 (3) | 64.00
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the online algorithm with various values of A € (1,1.5] and listed the average
outcome. Our test instance was a grid graph on 2079 nodes and 4059 edges with
8 rectangular holes. Such Grid graphs typically arise in the design of VLSI logic
chips where the holes represent big arrays on the chip. They are considered as
hard instances for path- as well as for tree-packing problems. Multicast requests
of size 50 to 2000 were chosen by a random generator. Columns 2-4 show the

—

computed con%estior} and in brackets the number of iterations. Dual approxi-
mates max{) , , (MST(S;)/I(G) | l : E = Rxq}, where MST is computed by

—

Mehlhorn’s algorithm (i.e. Dual < 2- OPT).
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Abstract. We study a number of retrieval problems that relate to ef-
fectively using the throughput of parallel disks. These problems can be
formulated as assigning a maximum number of jobs to machines of ca-
pacity two, where jobs are of size one or two that must satisfy assignment
restrictions. We prove that the LP-relaxation of an integer programming
formulation is half-integral, and derive an interesting persistency prop-
erty. In addition, we derive %-approximation results for two types of
retrieval problems.

1 Introduction

When handling large collections of data, the communication between fast inter-
nal memory and slow external memory (e.g. disks) can be a major performance
bottleneck [18]. Several disk storage strategies have been proposed that use re-
dundancy to balance the load on parallel disks [BI9/16]. Storing multiple copies
of each data block on different disks allows one to dynamically determine from
which disk to retrieve a requested block. This improves the throughput, i.e., the
number of requests served per time unit.

The retrieval of data from parallel disks can be modeled as follows. Given
is a set of identical disks on which equal-sized blocks are stored redundantly.
Requests for blocks arrive over time and repeatedly a batch of blocks is retrieved.
Under the assumption that a disk can only retrieve one block per cycle, the
problem of maximizing the number of blocks retrieved in a cycle can be modeled
as a maximum flow problem [3/9].

In reality, however, this assumption is not fulfilled. In fact, the disks can be
used more efficiently if we exploit the multi-zone character of hard disks [4/T3].
Hard disks rotate at a constant angular velocity, while outer tracks contain more
data than inner tracks. Hence, one can retrieve data at a higher rate from the
outside than from the inside. One can partition a disk’s storage space into two
halves, an inner half and an outer half. Given this partition, it is reasonable to

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 178-[188] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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assume that the worst-case retrieval rate at the outer half is approximately twice
the worst-case retrieval rate achievable at the inner half.

Using the above, we consider the following improvement. Instead of retriev-
ing at most one block per disk per cycle, each disk can now either retrieve two
blocks from its outer half or one block from its inner half. In this way, we can
considerably increase the average number of blocks read per cycle, with little or
no increase in the average cycle duration. Given that blocks are stored redun-
dantly, the problem of maximizing the number of retrieved blocks is no longer
polynomially solvable, provided P # NP.

We consider two variants of the retrieval problem, depending on the way the
blocks are stored on the disks. In the first variant, copies of popular blocks, i.e.,
blocks with a high probability of being requested, are stored on the outer halves,
and copies of less popular blocks are stored on the inner halves of the disks. In
the second variant, the copies of all blocks can be stored on inner as well as
outer halves. If all blocks have approximately the same request probability, the
second variant improves upon the first, as each block can be read from a disk’s
outer half.

If we refer to block requests as jobs and to disks as machines, the retrieval
problem can be considered as nonpreemptively assigning jobs to machines, with
jobs having a size one or two and machines having capacity two, where each job
can only be assigned to a subset of the machines. The objective is to maximize
the number of assigned jobs. In the remainder of this paper, we generalize the
problem setting as follows. Each job j has a weight w;, and each machine 4 has
a capacity b;, where the objective is to maximize the sum of the weights of the
assigned jobs. The generalizations of the two variants of the retrieval problem
are denoted by RP1 and RP2, respectively.

1.1 Related Work

Storage and retrieval problems for parallel disks have been studied extensively
in the area of video on demand and external memory algorithms [I8]. Several
authors discuss redundant data storage strategies and analyze the correspond-
ing retrieval problems. Korst [9] and Papadopouli and Golubchik [11] discuss
duplicate storage strategies and introduce both a max-flow algorithm that min-
imizes the number of block requests assigned to one disk in a cycle. Santos et
al. [I7] and Sanders [14] also use redundant storage strategies but assume a non-
periodic retrieval strategy. Santos et al. use shortest queue scheduling to assign
the block requests to the disks and Sanders describes alternative online schedul-
ing strategies. All these papers use the number of blocks as optimization criterion
and do not exploit the multi-zone character of hard disks. Aerts et al. [3]4] and
Sanders [15] describe a more detailed model for the retrieval problem for parallel
disks in which the zone location of the stored blocks is taken into account.
Golubchik et al. [7] study a problem related to RP1 where data objects need
to be assigned to parallel disks. In their setting each data object can be assigned
to any disk, and they are interested in finding an assignment of data objects
to disks and an assignment of clients to disks such that the number of served
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clients is maximized. They derive tight upper and lower bounds on this criterion
for different types of disk systems.

Problem RP1 can be seen as a special case of the multiple knapsack problem
with assignment restrictions. The special case arises because in our setting the
size of each job is 1 or 2. Another special case of this problem has been studied
by Dawande et al. [6]. Motivated by applications in inventory problems arising
in the steel-industry, they investigate RP1 for the case where the size of a job
coincides with its weight. They describe two approaches that each lead to a
%—approximation algorithm.

In Section [ we show that a formulation of RP1 is so-called half-integral,
meaning that in an optimal solution of its LP-relaxation each variable equals 0,
%, or 1. This property has been studied by Hochbaum [§]. She describes a tech-
nique that, based on first finding a half-integral superoptimal solution, delivers
2-approximations for a large class of minimization problems. In particular, her
framework focusses on formulations where there is a unique variable for each
constraint in the formulation. Other occurences of half-integrality are described
in Chudak and Hochbaum [5] and Ralphs [12].

As far as we are aware, both RP1 and RP2 have not been investigated in the
literature.

1.2 Our Results

In this paper we derive the following results. In Section [2] we prove that the LP-
relaxation of an integer programming formulation of RP1 is half-integral. We
also show that the unweighted version of RP1 satisfies an interesting persistency
property. More specifically, it turns out that there exists an optimal solution
to RP1 such that jobs of size 1 not assigned in the LP-relaxation are also not
assigned in that optimal solution and vice versa.

In addition, we sketch %—approximation algorithms for RP1 as well as for
RP2 in Sections Bland @, and we show that these ratios are tight.

2 Problem Description

Consider the following problem setting for RP1. Given is a set Ji of jobs of size
1 (called the small jobs), a set Ja of jobs of size 2 (called the large jobs), and a
set M = {1,...,m} of machines, with machine ¢ € M having capacity b;. Let
J = Jy U Js. Each job 7 € J can be assigned to a job-specific subset of the
machines, denoted by M (j). There is a weight w; given for each job j € J. All
data are positive integral numbers. The problem is to find an assignment of jobs
to machines that maximizes the weighted number of jobs that are assigned.

Theorem 1 (Aerts et al. [2]). RPI is APX-hard, even if each machine has
capacity 2, each job is connected to exactly 2 machines, and all weights are 1,
ie., ifby=2 forallie M and |M(j)| =2 and wj =1 for all j € J.
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2.1 Formulations of RP1

A straightforward formulation of RP1 is as follows. For each j € J and ¢ € M (j)
we introduce a decision variable

1 if job j is assigned to machine ¢
Tji =
0 otherwise.

The model now is:
(M1) Maximize

2. 2w
)

JjET ieM(j

subject to:

Vies Y. @i <1, (1)

ieM(j)
Viemw >, wi+2 Y au <b, (2)
JEJ1(1) JE€J2(i)
Vies Yiem) wji €1{0,1}, (3)

with J1(7) and J3(4) being the sets of small and large jobs that can be assigned
to machine 4, respectively. Constraints (Il) express that each job can be assigned
at most once, () state that the capacity of each machine should not be violated,
and (@) are the integrality constraints.

To be able to state our approximation results we modify model M1 by ‘split-
ting’ each large job j into two jobs of size 1, called I(j) and r(j). The machine sets
of the new jobs remain the same, i.e., M (I(j)) = M (r(j)) = M(j) for j € Jo, and
the weight of each new job is half of the original weight, i.e., wy;y = w,;) = %wj
for j € J5. When we redefine J as the set of all jobs of size 1, we can write down
the following, alternative, formulation of RP1.

(M2) Maximize
DL D wm

JET ieM(5)

subject to:

Vies Z x5 <1,

i€eM(j)
Viem Z x5 < by,
JeJ (@)
Vies, Yiem) TiG)i — Tr@)i = 0, (4)
Vies Viemy) zji €{0,1}, (5)

with J(7) being the set of jobs that can be assigned to machine i.
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Note that constraints (@) and (B) imply that either both jobs I(j) and r(j)
are assigned to machine ¢ or both jobs are not assigned to machine ¢. Thus,
model M2 is a valid formulation of RP1. We use the following terminology to
describe our results:

- let LPM1 and LPM2 denote the linear programming relaxation of formu-
lation M1 and M2, respectively, i.e., the model that results when replacing
constraints @) or (B) by z;; >0, ¥, ;.

- let 7 denote an instance of RP1, and let LP(Z) and OPT(Z) denote the
corresponding values of LPM2 and the optimal solution.

- let " denote an optimal solution to LPM2, and let z0F7 denote an optimal
solution to RP1.

- a vertex or a vector x is called half-integral iff the value of each component
z; in the vector z is in {0, 1,1}.

- a polyhedron @ is called half-integral when each extreme vertex of @ is half-
integral.

Theorem 2. LPM2 is half-integral.

Proof. We first show that the linear programming relaxation of M2 can be found
by solving a min-cost flow problem on a network with O(n+m) nodes and O(nm)
arcs where n = |J|.

The network is defined as follows. There is a source, a sink, a node for each
small job and a node for each machine. There is an arc from the source to each
job-node having capacity 1 and cost 0. There is an arc from each machine-node
1 to the sink having capacity b; and cost 0. There is an arc from each job-node
Jj to each machine-node i € M(j) having capacity 1 and cost —wj;; we refer to
such an arc as a middle arc. Finally, there is an arc from the source to the sink
with capacity n and cost 0. The supply of each node equals 0, except the supply
of the source which equals n and the supply of the sink which equals —n.

We now argue that a feasible flow in this network corresponds to a feasible
solution to LPM2 with the same value.

Let = be a solution to LPM2. We associate the following flow with this
solution. Each element x;; corresponds directly to an arc between a job-node
and a machine-node. We set the flow on this arc equal to x;;. In this way we
have specified the flows on all middle arcs. The flow on the arcs between the
source and the job-nodes as well as the flow on the arcs between machine-nodes
and the sink follow immediately. Observe that the resulting flow is feasible since
the constraints in M2 ensure that the arc capacities are not exceeded. Also
observe that the value of the flow equals the value of the solution x.

Consider now any feasible flow, and concentrate on the flow on the middle
arcs. For each job j € J; we simply set the corresponding z-elements equal
to the flows on the arcs emanating from the corresponding job-node. For each
job j € Jo and a machine 4, we have two arcs in the network, namely (I(j),1)
and (r(j),1). We distribute the total flow on these two arcs evenly between the
variables ;(;) ; and @, ;, thereby ensuring that constraints (H) hold. Note that
the constructed z-vector satisfies all constraints in M2 and has the same value.
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Observe finally that, due to the integrality of an optimal min-cost flow solu-
tion, each extreme vertex of LPM2 is half-integral.

Corollary 1. 2™F can be found by solving a min-cost flow problem on a network
with O(n 4+ m) nodes and O(nm) arcs.

Proof. This follows from Theorem

By establishing a correspondence between a feasible solution to LPM1 and
LPM2, one easily deduces the following corollary:

Corollary 2. LPM1 is half-integral.

Observe that Theorem [2 implies that each job j € J; is integrally assigned in
an optimal solution to the LP-relaxation. We can bound the gap that exists
between the value of the LP-relaxation and the optimal solution as follows.

Theorem 3. LP(Z) < 30PT(I) for all instances T of RP1.
Proof. See the proof of Theorem [5

The following instance of RP1 shows that this bound is asymptotically tight
even when we have unit weights, exactly two machines per job and machines
with capacity 2.

Instance. We have an instance with k& machines, k+ 2 small jobs and k —2 large
jobs. We number the small jobs from 1 to £+2 and the large jobs from k43 to 2k.
We have M (j) = {1,2} for j =1,2,3,4, M(j) ={2,7—2} for j =5,...,k+ 2,
MG)={j—-k,j—k+1}for j =k+3,...,2k — 1, and M(2k) = {k,3}. An
example for k = 5 is given in Figure [[1 The value of an optimal solution is k + 2
(since machines 3, ...,k each cannot give more than 1), whereas the value of the
relaxation equals 2 - (k —2) +4 = 3k + 1.

Remark: Note that the results in this subsection go through even when we have
machine-dependent profits for a job, i.e., even when assigning job j to machine i
yields w;; units of profit.

machines

k+2

Fig. 1. Example of tightness of Theorem [3]
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2.2 Persistency

The phenomenon that variables having integral values in a relaxation of the prob-
lem attain this same integral value in an optimal solution is called persistency. It
is a relatively rare phenomenon in integer programming; a well-known example
of it is the vertex-packing polytope (Nemhauser and Trotter [L0]; see also Adams
et al. [I] and the references therein). We show here that the unweighted version
of RP1, ie., with w; = 1 for all j € J; U J, satisfies an interesting form of
persistency. We first prove the following two lemmas.

Lemma 1. There exists an optimal solution to RP1 such that each job j € Jy
that is assigned in an optimal solution to the LP-relaxation, i.e., for which xj; =
1 for some i € M(j), is also assigned in that optimal solution.

Proof. By contradiction. Suppose that no optimal solution assigns all small jobs
that are assigned in 2%*. Consider now an optimal solution to RP1 that has the
following property: it has a maximum number of small jobs on the same machines
as in 7. By assumption, there exists a small job, say job j € Ji, that is assigned
in %" and not present in this optimal solution. Let i be the machine to which j
is assigned in the 2", Obviously, machine i has no free capacity in the optimal
solution (otherwise we could have improved that solution). Also, at least one
of the jobs that are assigned to machine 4 in the optimal solution, say job 7/,
was not present at that machine in 2", Thus, replacing j’ by j increases the
number of small jobs that have the same machine both in the optimal solution
and in 77, thereby violating the property. It follows that there exists an optimal
solution that assigns each small job that is assigned in ™.

Lemma 2. There exists an optimal solution to RP1 such that each job j € Jq
that is not assigned in an optimal solution to the LP-relaxation, i.e., for which
xj; =0 for each i € M(j), is also not assigned in that optimal solution.

Proof. By contradiction. Suppose that in each optimal solution to RP1 a
(nonempty) set of small jobs is assigned that is not assigned in z%*. Let Sopr
be an optimal solution to RP1 with a minimal number of such jobs. Let j € J;
be a small job that is assigned in Sopr, and is not assigned in 2. It follows
that the | M (j)| machines it is connected to, each have b; small jobs in 2% (oth-

erwise we can improve the relaxation). Moreover, these . M) b; small jobs

are connected to machines that each must have b; small jobs in %" (otherwise

we can improve the relaxation). Proceeding along these lines it follows that we
can identify in zF a set of small jobs, say J’, that are connected to a set of
machines, say M’. The sets J' and M’ have the following properties:

- each machine in M’ has b; small jobs from J',
- all jobs from J' are assigned in 2™,

- all connections of jobs in J' are to machines in M’ i.e., Uje s M(j) = M.

Now, consider Sopr. By assumption, in Spopr job j is assigned to a machine in
M'. But that implies that some small job from J’ that was assigned in 2% has
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not been assigned in this optimal solution. Let us now construct an alternative
optimal solution to RP1. This solution is identical to Sopr, except for each
machine i € M’, it uses zF. Note that this is possible since no job from J’
is connected to a machine outside M’. As the constructed solution violates the
minimality assumption of Sopr, we arrive at a contradiction.

Now we are ready to formulate the persistency property that is valid for the
unweighted case of RP1.

Theorem 4. For each j € Ji:
le"ip =0 vieM(j) <~ ijiPT =0 viEM(j)'
Proof. This can be shown using the arguments from Lemmas [[Jand [2

Note that Theorem [ has the potential to reduce the size of the instances that
we need to solve. Indeed, any small job that was not assigned in the relaxation
can be discarded from consideration.

Finally, we state the following property of problem RP1.

Lemma 3. There exists an optimal solution to RP1 that assigns a maximum
number of small jobs.

The proof runs along the same lines as the proofs of Lemmas 6 and 7.

3 A g-Approximation Result for RP1

In this section we derive a % approximation result for problem RP1.

Theorem 5. RP1 admits a %-approm’mation algorithm.

Proof. We first show that the theorem is valid in case b; < 2 for all i € M. We
assume (wlog) that no large job is connected to a machine ¢ that has b; = 1. The
idea is to turn the fractional solution ¥ into a feasible solution for RP1 while
not losing too much weight. By Theorem 2] we have a fractional solution that is
half-integral. It follows that each machine belongs to one of four different types
(notice that, if x;(;); = (), = %, we say that machine ¢ has a half large job):

- a machine is called integral if it has two small jobs, or if it has one small job,
or if it has one large job, or if it has no jobs at all.

- a machine is called half-fractional if it has one small job and one half large
job. There are two types of half-fractional machines, those whose other part
of the large job is assigned (half-fractional®) and those whose other part of
the large job is not assigned (half-fractional ™).

- a machine is called full-fractional if it has two half large jobs. There are
two types of full-fractional machines, those whose two counterparts are not
assigned (full-fractional ™), and those for which at least one counterpart is
assigned (full-fractional™).

- a machine is called single if it has only one half large job.



186 J. Aerts, J. Korst, and F. Spieksma

Let us first modify the current fractional solution to another fractional solu-
tion of at least the same value that has the property that there are no single
machines and no full-fractional™ machines. If the current solution contains a
single machine, we simply schedule its large job completely on that machine.
Repeatedly applying this procedure yields a solution without single machines.
For full-fractional ™ machines both half large jobs have the same weight, other-
wise the job with largest weight would have been assigned entirely. So, we can
assign an unassigned counterpart of one of the two half large jobs and thereby
construct a solution with the mentioned property.

Next, we turn the current fractional solution into a feasible solution for RP1.
To start, we keep all integral machines. Then, we construct a graph correspond-
ing to the remaining machines in the solution. This graph has a node for each
machine and two machines are connected iff they share a large job. Observe that
a node has degree 0, 1 or 2. Consider a node of degree 0. Observe that this must
correspond to a half-fractional™ machine. Let j be the small job and j’ be the
fractional large job present on such a machine. For each of these machines, we
simply select the heaviest job. Since

S 2 2
max(w;, wyr) 2 gw; + gwy = g(w; + Fwj)

it follows that we select at least % of the weight of the half-fractional ™ machines.

Thus, the remaining graph is a collection of paths and cycles. Consider a
path of length k. Such a path involves k+ 1 jobs. Observe that we can select any
set of k jobs from such a path. Obviously, we select in our solution the heaviest
k jobs from each path. Analogously, from a cycle of length k£ we can select all k
involved jobs. It follows that we can turn the fractional solution into a feasible
solution to RP1 while guaranteeing at least % of the fractional solution’s weight.

Now, assume that the machines have arbitrary integral capacity b;,¢ € M.
We construct the following instance satisfying b; < 2 by using the following trick.
We decompose each machine into L%J machines with capacity 2, and, if b; is
odd, one additional machine with capacity 1. We copy the connections of the
jobs, except that jobs of size 2 will not be connected to machines with capacity
1. Observe that any feasible solution in the original instance can be transformed
to a solution in the new instance and vice versa with the same value. The result
follows.

Notice that the proof of Theorem 10 implicitly sketches an algorithm that
achieves a 2/3 performance guarantee. The following instance of RP1 shows
that this bound is tight even when we have unit weights, exactly two machines
per job and machines with capacity 2.

Instance. We have an instance with 2 machines, 2 small jobs and 1 large job,
such that each job is connected to both machines. Observe that the optimal
solution has value 3, whereas an optimal solution to the relaxation could yield
2 half-fractional™ machines. Then it will schedule 2 out of the 3 jobs.
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4 A %-Approximation Result for RP2

Let us now consider RP2: for each job j, the set of machines to which it is
connected is partitioned into two subsets, called M7 (j) and My(j) such that the
job takes one unit capacity on a machine from M (j) and two units capacity on
a machine from Ms(j). Notice that, when allowing that M;(j) or M>(j) can be
empty, RP2 can be considered as a generalization of RP1.

We formulate the problem along the same lines as formulation M2 by in-
troducing for each job j, a regular job j and a dummy job d(j) of size 1. The
regular job j can be assigned to any machine in M (j), whereas the dummy job
can only be assigned to a machine in Ms (7). Assigning regular job j to a machine
in M;(j) yields a profit of wj, whereas assigning a regular job j to a machlne in
Mj(j) yields a profit of Fw;. The weight of a dummy job d(j) equals Fw;.

The model now is:

(M3) Maximize

Z Z WiTji+ 5 Z Z w;i(Tji + Tags),i)

JEJ i€ M1 (j) JGJzeMz(J)

subject to:

Vies Z x5 <1,

ieM(5)
Vies Z Ta(5),i < 1,
i€M> ()
Viem Y, wji+ Y. Tagyi < bi
JEIr(3) J€Ja(i)
Vies Viems(j) Tji — Tag)q =0, (6)

Vies Vz‘eM(j) Tjis Td(5),i € {0,1},

with J.(i) and J4(i) being the sets of regular and dummy jobs that can be
assigned to machine 7 respectively.

We show that omitting constraints (@) yields a relaxation of M3 that can
be solved using min-cost flow. Based on this solution we get a %-approximation
algorithm for RP2.

The network is very similar to the one described in Section [Z a node cor-
responding to a regular job j is connected via an arc to machine-nodes corre-
sponding to machines in M;(j). Such an arc has capacity 1 and cost —w;. Also,
this node is connected to machines in My(j) via arcs that have capacity 1 and
cost —3w;. Each dummy job is connected to machines in M,(i) with weight
—%w] Since the proof of the following result is similar in spirit as the proof of
Theorem (Bl we omit the proof.

Theorem 6. RP2 admits a %—approximation algorithm.
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Abstract. The edge-connectivity problem is to find a minimum-cost k-edge-
connected spanning subgraph of an edge-weighted, undirected graph G for any
given G and k. Here we consider its APX-hard subproblems with respect to
the parameter 38, with 1 < 8 < 1, where G = (V, E) is a complete graph with
a cost function c satisfying the sharpened triangle inequality

c({u,v}) < B (c({u, w}) + c({w, v}))

for all u,v,w € V.

First, we give a linear-time approximation algorithm for these optimization

problems with approximation ratio % for any % < B < 1, which does not

depend on k.

The result above is based on a rough combinatorial argumentation. We so-
i)

approximation algorithm for the 3-edge-connectivity subgraph problem for

graphs satisfying the sharpened triangle inequality for % <A< %

phisticate our combinatorial consideration in order to design a (1 +

1 Introduction

In order to attack hard optimization problems that do not admit any polynomial-
time approximation scheme (PTAS) or a-approximation algorithm for a reasonable
constant « (or with an even worse approximability) one can consider the concept of
stability of approzimation [BII6II7]. The idea behind this concept is to find a param-
eter (characteristic) of the input instances that captures the hardness of particular
inputs. An approximation algorithm is called stable with respect to this parameter,
if its approximation ratio grows with this parameter but not with the size of the
input instances. This approach is similar to the concept of parameterized complex-
ity introduced by Downey and Fellows [I2]13]. (The difference is in that we relate
the parameter to the approximation ratio while Downey and Fellows relate the pa-
rameter to the time complexity.) A nice example is the Traveling Salesman Problem

* This work was partially supported by DFG-grant Hr 14/5-1, the CNR-Agenzia 2000 Pro-
gram, under Grants No. CNRCO0OCAB8 and CNRGO03EFS8, and the Research Project
REAL-WINE, partially funded by the Italian Ministry of Education, University and Re-
search.

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 189-200] 2003.
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(TSP) that does not admit any polynomial-time approximation algorithm with an
approximation ratio bounded by a polynomial in the size of the input instance, but
is %—approximable for metric input instances. Here, one can characterize the input
instances by their “distance” to metric instances. This can be expressed by the so-
called (-triangle inequality for any G > % For any complete graph G = (V, E) with
a cost function ¢ : E — Q° we say that (G, ¢) satisfies the B-triangle inequality, if

c({u,0}) < B+ (cfu, w}) + c({w,v}))

for all vertices u, v, w € V. In the case of 3 < 1 we speak about the sharpened triangle
inequality, and if 8 > 1 we speak about the relazed triangle inequality. Note that in
the case of § = 1 we have the well-known metric TSP, and if § = %, the problem
becomes trivial since all edges must have the same cost. Experimental investigations
[21] show that the relaxed triangle inequality is of practical interest because many
TSP instances in the TSP libraries satisfy the g-triangle inequality for 8 close to 1.
For a detailed motivation of the study of TSP instances satisfying sharpened triangle
inequalities, see [5].
In a sequence of papers [T2I3I506/7/8] it was shown that

1. there are stable approximation algorithms for the TSP whose approximation ratio
grows with 3, but is independent of the size of the input, and
2. for every B > % one can prove explicit lower bounds on the polynomial-time

approximability growing with .

Thus, one can partition the set of all input instances of the TSP into infinitely
many classes with respect to their hardness, and one gains the knowledge that hard
TSP input instances have to have small edge costs as well as edge costs of exponential
size in the size of G.

A natural question is whether there are other problems for which the triangle
inequality can serve as a measure of hardness of the input instances. In [4] it is shown
that this is the case for the problem of constructing 2-connected spanning subgraphs
of a given complete edge-weighted graph. For both the 2-edge-connectivity and the
2-vertex-connectivity, the best known approximation ratio in the general case is 2
[1920].

In [4] it is proved (with an explicit lower bound on the approximability) that these
minimization problems are APX-hard even for graphs satisfying a sharpened triangle
inequality for any 3 > %, i.e., even if the edge costs are from an interval [1,1 + £]
for an arbitrarily small € > 0. On the other hand, an upper bound of % + % . % on
the approximability is achieved in [4] for all inputs satisfying the sharpened triangle
inequality, which is an improvement over the previously known results for g < %

Here, we consider a more general problem: For a given positive integer k£ > 2

and a complete edge-weighted graph G one has to find a minimum k-edge-connected
spanning subgraph. This problem is well-known to be NP-hard E’)J Concerning ap-
proximability results, the problem is approximable within 2 [19]
We design a linear-time %-approximation algorithm for this general problem for
graphs satisfying the sharpened (-triangle inequality. The achieved approximation
ratio is smaller than 2 for § < %, and it does not depend on k. This result is based
on the simple observation that the costs of two edges adjacent to the same vertex
may not differ too much, if the input satisfies the sharpened triangle inequality. Some
rough combinatorial calculations show that the cost of an optimal k-edge-connected
subgraph does not differ too much from the cost of any k-regular subgraph.

! Some better results can be obtained for some restricted cases like unweighted graphs
[101T4/18], and Euclidian input instances [9].
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The main contribution of this paper is to develop this approach to a more sophis-
ticated technique providing a polynomial-time (1+ % . %)—approximation algorithm
for the 3-edge-connectivity problem on graphs satisfying the sharpened triangle in-
equality for some % <pB< % Note that this approximation ratio equals 1 for 8 = %,
and 1—94 for g = %

The paper is organized as follows. In Section 2 we will formally define the edge-
connectivity problem and provide some useful facts about graphs satisfying a sharp-
ened triangle inequality. SectionBlis devoted to a linear-time approximation algorithm
for the edge-connectivity problem, and in Section @] we will present our main result,
namely an improved approximation algorithm for the 3-edge-connectivity problem.
We note that the proof techniques used in this paper essentially differ from the ap-
proaches used in the previous papers devoted to the approximability of input instances
satisfying sharpened or relaxed triangle inequalities.

2 Preliminaries

Recall that a graph is said to be k-edge-connected if the removal of any k — 1 edges
leaves the graph connected. Furthermore, note that all graphs throughout this paper
are considered to be undirected.

Now we give a formal definition of the Edge-Connectivity-Problem.

Definition 1. Edge-Connectivity-Problem (ECP)

Input: A weighted complete graph (G,c), where G = (V,E), and ¢ : E — Q% is a
cost function, and a positive integer k.

Output constraints: For all inputs x = ((G,¢), k), the set of feasible solutions for
x is M(x) = {G' | G’ is a spanning k-edge-connected subgraph of G}.

Costs: For every feasible solution G' € M(x), the costs are defined as

cost(G',x) = Z c(e), where G' = (V, E').

¢’€EE’
Goal: Minimization.

Furthermore, we will denote by k-ECP the subproblem of the ECP where the
input is restricted to instances with a fixed value of k.

In this paper, we will focus on the ECP and the 3-ECP for graphs obeying the
sharpened triangle inequality as defined in the introduction, and therefore we give
some basic properties of weighted graphs satisfying the sharpened triangle inequality.

Lemma 1. [5] Let (G, ¢) be a weighted complete graph with G = (V, E), ¢ : E — ©~°,
and % < B < 1. Let cpin and cmax denote the minimum and the mazimum edge
cost occurring in G, respectively. If the cost function ¢ obeys the sharpened triangle
inequality, then:

(a) For all adjacent edges e1,es € E, the inequality c(er) < %6(62) holds.
2
(b) Cmax < %Cminv a
From this we can derive the following:

Corollary 1. [4] Let (G,c) be a weighted complete graph with G = (V, E), ¢: E —
Q>°, where ¢ obeys the sharpened triangle inequality for % < B < % Then c(ez) <
c(er) + c(e2) for all edges ey, ea, es € E, where both ey and ey are adjacent to es. O
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This result implies that in the case where § < % holds, we can replace two edges
by one adjacent edge without increasing the cost.

It has been shown in [4] that the k-ECP for graphs obeying the sharpened triangle
inequality for § < % and k = 2 corresponds to the problem of finding a minimum cost
Hamiltonian cycle, i.e., to the TSP in that graph. In [B] a (% + % . %)—approximation
algorithm for the TSP for graphs obeying the sharpened triangle inequality, i.e. for
% < B < 1, has been proposed, which we will shortly recall here, since we will apply
it in Section M of this paper.

Algorithm Cycle Cover

Input: A weighted complete graph (G, c), where ¢ : E — Q>° obeys the sharpened
triangle inequality.

Step 1: Construct a minimum cost cycle cover C = {C,...,Cy} of G.

Step 2: For 1 < i < k, find the cheapest edge {a;,b;} in every cycle C; of C.

Step 3: Obtain a Hamiltonian cycle H of G from C' by replacing the edges {{a;, b;} |
1 < i<k} by the edges {{b;,a;41} |1 <i<k—1}U{{bg,a1}}.

Output: H.

Furthermore, let us recall that a graph is called k-regular, iff each of its vertices
has degree exactly k. Additionally note that for any graph G that is k-regular, it
must hold that & - n is even, where n is the number of vertices in G. This is due to
the following argument. If G = (V, E) is k-regular then the number of edges in G is
|E| = £ Thus either n or k has to be even.

3 An Approximation Algorithm
for the Edge-Connectivity-Problem

In this section we will investigate an algorithm for the ECP for graphs obeying the
sharpened triangle inequality for % < B < 1. We will proceed as follows.

Let (G, ¢) be a weighted complete graph such that ¢ satisfies the sharpened triangle
inequality.

(i) We will prove that the cost of an arbitrary k-regular graph (G, ¢) differs from the
cost of any k-edge-connected graph (G”, ¢) at most by a factor %, where G’ and
G" are both spanning subgraphs of the same complete weighted graph (G, ¢).

(ii) We will describe a strategy to construct a spanning subgraph of (G,c) that is
both k-edge-connected and k-regular.

Thus, the algorithm proposed in (ii) will compute a k-edge-connected spanning

subgraph that { f ﬁ-approximates a minimum k-edge-connected spanning subgraph.

Theorem 1. Let (G, c) be a weighted complete graph obeying the sharpened 3-triangle
inequality (3 < B <1). Let G’ = (V, E') be an arbitrary k-regular spanning subgraph
of G, and let G" = (V, E") be an arbitrary k-edge-connected spanning subgraph of G.
Then

B

cost(G') < —— - cost(G").
1-p
Proof. The idea is to pairwise compare adjacent edges in G’ and G”, since, if an edge
e/ € E' is adjacent to an edge e¢” € E”, according to Lemma [I, their costs cannot
differ by more than a factor %
Hence, for each vertex v in V, denote by I/ all edges in E’ that are incident with
v and by I all edges in E” incident with v. Note that the number of edges in I is
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exactly k due to the k-regularity of G, and the number of edges in I/ is at least k due
to the k-edge-connectivity of G”. Since the edges in I/ and I!/ are pairwise adjacent
we can apply Lemma [I] and obtain

cost(I]) < % -cost(Il)) . (1)

Thus, we can estimate the costs of G’ as follows:

cost(G') = Z cost(e Z Z cost(e

e'ER’ 2l ‘er,
Z Z ﬁ cost e’ = % Z cost(e) = 1 fﬂcost(G”).
,UEV e//e]// //EE//

a

Next, we present an algorithm that, for all integers k and n, where n > k + 1
and k - n even, constructs a graph that has n vertices and is k-regular as well as
k-edge-connected.

The idea is to start with a cycle of n vertices and to iteratively add all edges that
connect vertices at distance i for 2 < i < [£]. In the case of an odd value of k we

2
additionally connect the vertices in a spoke-like way.

Algorithm RC-Graph

Input: Integers k and n, k > 2 and n > k + 1, where k - n is even.

Step 1: Let V = {vy,..., vn,l}.

Step 2: Let £/ = {{UUU(HJ) modn} | 1< J < L%LO i <n}

Step 3: If k is odd, then let E = E' U {{UZ,vH%} |0<i< g},
else let £ = F’.

Output: Graph G = (V| E).

Thus, each vertex v; in the graph G produced by the above algorithm is directly
connected to all vertices that are within distance ng according to the basic cycle
Vg, V1, - - -, Up_1, V. For an example see Figure [II.

It is immediately clear from the construction that the graph constructed by algo-
rithm RC-Graph contains exactly n vertices and is k-regular. The formal proof that
the graph is also k-edge-connected will be given in the full paper.

We obtain the following result. Note that linear time means linear in the number
of edges.

Fig. 1. Graph constructed by Algorithm RC-Graph for k =5 and n = 8.
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Theorem 2. For all inputs ((G,c),k) for the ECP, where ¢ obeys the sharpened
triangle inequality, there exists a linear-time m—approximation algorithm for the
ECP.

Proof. If k-n is even, where n is the number of vertices in GG, we can take the output of
Algorithm RC-Graph and interpret it as spanning subgraph of G. Then, the claim is a
direct consequence from Theorem [ and the correctness of the Algorithm RC-Graph,
which runs in linear-time.

In the case where k - n is odd, one can consider an algorithm that is similar to
Algorithm RC-Graph. This algorithm first finds an edge ey, of minimum cost in the
graph, puts it into the solution, and proceeds by determining a graph by a similar
construction as in Algorithm RC-Graph in such a way that epi, is not considered
there and the vertex not incident to a spoke edge is incident to emin~ Now we can
estimate the costs of the resulting k-edge-connected graph against the optimal solution
in a similar way as in Theorem[I] by additionally taking into account that the optimal
solution has at least LanJ +1 edges while the constructed solution has exactly LkT"j +1
edges. Thus, the only edge which could not be estimated like in Theorem [l is empin
having minimal cost, and hence can be effectively estimated against the additional
edge occurring in the optimal solution. O

The original idea behind the presented Algorithm RC-Graph (now hidden behind
the combinatorial argument in the proof of Theorem [I) was based on the following
two-step consideration.

1. For any optimal k-edge-connected subgraph G, of G satisfying the sharpened
triangle inequality for + < 8 < %, one can construct a k-regular subgraph Gy
(not necessarily k-edge-connected) with cost(Gy) < cost(Gopt)-

2. For all k-regular subgraphs G’ and G” of G,

g
cost(G’) <
Thus, any 3-regular 3-edge-connected spanning subgraph is a good feasible solution
for 3-ECP. In the next section we improve this concept for £ = 3 in the sense, that
we apply the rough combinatorial argument (providing the approximation ratio %)
only for a subpart of the graph Gj. More precisely, we exchange the steps 1 and 2 for

cost(G").

1’ For any optimal 3-edge-connected subgraph Gy of G satisfying the sharpened
triangle inequality for % <p< %, one can construct a 3-regular 2-edge-connected
subgraph G3 with

cost(G3) < cost(Gopt)-

2’ (G3 can be partitioned into a 1-factor M and a 2-factor C. The cost of the 1-factor
can be bounded from above in the same way as in 2, but the cost of C' can be
better approximated.

The core of this approach is that the cost of the 2-factor of G3 (for which we have
a better approximation) cannot be dominated by the cost of the 1-factor of G5. The
main technical difficulty is in proving 1’.

2 Tt is not difficult to verify that it is always possible to construct a graph with these prop-
erties. Note that by naming the vertices appropriately, we may choose émin = {v1,Vnt1 },
2

thus avoid needing it in edge set E’. A proof that the result is k-connected will be given
in the full paper.
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4 An Approximation Algorithm
for the 3-Edge-Connectivity-Problem

In this section, we will present an approximation algorithm for 3-ECP with an ap-
proximation ratio of 1+ 59((21’3 :/61)) in case 3 < %
We know from Lemmalll that, for each two adjacent edges e, f of a graph obeying

the sharpened triangle inequality with % <B <1, cele) € %c( f), and vice versa.

Since % =1+ 215:51, we define
261
Y= 1-3
and obtain the reformulation
c(e) < (1 +7)e(f) (2)

for each two adjacent edges e, f of a graph obeying the sharpened triangle inequality
with % <pB<1.

The idea of our algorithm is as follows. It first constructs a Hamiltonian cycle
(using Algorithm Cycle Cover given in Section B)) and then conmnects each pair of
opposite vertices of this cycle by an edge.

Algorithm 3C

Input: A complete weighted graph (G,c¢), with G = (V,E), |V| = n even, and
c: FE— Q0

Step 1: H := Hamiltonian cycle in G; (using Algorithm Cycle Cover)

Step 2: Let vy, v9,...,v, be the order of vertices in H;

Step 3: Ey, := {{vi,vizn} |i=1,..., 5}

Output: HU E,,.

It is easy to see that Algorithm 3C outputs a 3-edge-connected subgraph. A formal
proof will be given in the full paper.

To show that Algorithm 3C has the approximation ratio stated above, we will
show that any optimal solution of 3-ECP can be transformed into a 3-regular 2-edge-
connected subgraph without increasing the cost. The main reason for doing this is that
such a subgraph can be split into a 1-factor and a 2-factor B By basically comparing
these two parts separately to the corresponding parts of the constructed solution (the
1-factor vs E,,, the 2-factor vs H), we get the claimed result.

Theorem 3. Let (G,c) be an input for 3-ECP, where G = (V, E), |V| = n is even,
and ¢ : E — ©”° obeys the sharpened triangle inequality for 8 < % Then Algorithm

5(28—1)

3C obtains an approximation ratio of 1+ %’y =1+ S1=7) -

Note that the approximation ratio is 1 for § = %, and it is 1+ g for 8 = %

Furthermore, one can obtain an asymptotically equivalent approximation ratio
also for the case where n is odd, but due to additional technical details we omit the
formal proof in this extended abstract and present it in the full paper.

Proof. As we will show in Theorem [4 there exists a 3-regular and 2-edge-connected
subgraph G’ = (V, E’) of G whose cost is less or equal the cost of any 3-edge-connected
subgraph of G.

3 Note that for splitting off a 2-factor (or even a l-factor) it is not sufficient, that the
considered graph is 3-edge-connected. A counterexample will be given in the full paper.
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By Petersen’s Theorem (a consequence of Tutte’s Theorem, see e.g. [11]), G’ con-
tains a 1-factor (or perfect matching) M, and consequently the remainder of G’ is
a 2-factor (or cycle cover) C. In the following, we obtain the claimed bound on the
approximation ratio by essentially comparing F,, to M and H to C. But we have to
distinguish two cases depending on which has the higher cost per edge, C or M.

Case 1. Let
cost(C) = 2 - cost(M). (3)
By (), each edge {v, w} of E,, costs at most §(1+7)(c(ey)+c(ew)), where e, and
ey are the edges of M incident to v and w, respectively. (Note that this includes
the case e, = e, = {v,w}.) When we sum this up over all edges of E,,, each edge
of M occurs exactly twice, which yields

cost(Epm) < (14 y)cost(M). (4)

Using the approximation ratio of Algorithm Cycle Cover, we have
1
cost(H) < (1+ g'y)cost(C), (5)

since exactly this inequality was established in [5] to obtain the approximation
ratio of Algorithm Cycle Cover by using the cost of an optimal cycle cover as a
lower bound on the cost of an optimal Hamiltonian cycle.
Put together this gives the claimed bound
1 2
cost(H) + cost(E,,) @)g@ 1+ g'y) (cost(C) + cost(M)) + 37 cost(M)

)

1
< 1+ —v)(cost(C) + cost(M)) +
8 (1 + 57)(cost(C) (M))

7 - 5 (cost(C) + cost(M))

[SCRR )
(G VN

—

1+ =v)(cost(C) + cost(M)).

NeJ

Case 2. Let
cost(C) < 2 - cost(M). (6)

Here, we compare each edge {v, w} of E,, to all edges €,.1, €y,2, €3, €w,1, €w,2; w3
of C UM incident to v and w, respectively. (Again, two of these may be identical

to {v,w}.) By @)

cl{v,w}) < 51+9) <Z clews) + Zc<em>> .

i=1 i=1
When we sum this up over all edges of E,,, each edge of C'U M occurs exactly
twice, which yields
1
cost(Enm) < 5(1 + ) (cost(C) + cost(M)). (7)

Using the approximation ratio of Algorithm Cycle Cover in the same way as
described in (H), we have

cost(H) < (1+ é'y)cost(C’) (E) (1+ %'y)%(cost(C) + cost(M)). (8)
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Put together this gives as before the claimed bound

cont(H) + cost(En) < (%(1 )+ %(1 + %7)) (cost(C) + cost(M))

= 1+ g'y)(cost(C) + cost(M)).
O

Instrumental to the proof of the approximation ratio of Algorithm 3C is mainly
the following theorem. It states that there exists a subgraph G”, that is not more
expensive than any 3-edge-connected one, such that the structure of G” is close to
the solution constructed by our algorithm.

Theorem 4. Let (G,c) be a complete weighted graph, where G = (V,E), |[V| = n
is even, and ¢ : E — Q7% obeys the sharpened triangle inequality for 8 < % Let
G' = (V,E') be a minimal 3-edge-connected subgraph of G.

Then, there exists a subgraph G" = (V,E") of G that is S-regular and 2-edge-
connected such that

cost(G") < cost(G').

We will construct G” from G’ by successively deleting and adding edges in order
to obtain degree exactly 3 for all vertices. This will be done in a way as to always
maintain 2-edge-connectivity by making use of the following observation. It tells us
which connections only need to be checked after modifying the subgraph.

Remark 1. Let Gy be 2-edge-connected, and let G result from deleting a few edges
of Gy (as well as potentially adding others).

Then G5 is 2-edge-connected iff for every pair of vertices v and w such that {v,w}
was deleted, there exist two edge-disjoint paths from v to w in G.

It is not trivial but easy to see that for any other pair of vertices x,y that needed
the edge {v, w} in one of its two connecting paths in G1, two paths can be reestablished
in G5 by using the connections between v and w.

There is another easy observation which will be used frequently in the proof of
Theorem HE

Remark 2. Let v be a vertex in a subgraph G’ of G such that G\ v is 2-edge-connected.
If there are two edges in G’ between v and G’ \ v, then G’ is 2-edge-connected, too.

Proof of Theorem[f]. As outlined above we want to construct G” from G’ by succes-
sively deleting and adding edges. This will be done in such a way that the cost is never
increased, since whenever we introduce a new edge, it replaces two edges adjacent to
its endpoints. By Corollary [l this does not increase the cost in case 8 < %, even if
the deleted edges do not have their other endpoint in common.

Since G’ is 3-edge-connected, it is also a 2-edge-connected graph where every vertex
has degree at least 3. Thus, all we have to do is to reduce vertex degrees higher than 3
while maintaining the 2-edge-connectivity. The procedure obviously terminates since
any modification decreases the number of remaining edges.

First, we deal with each vertex of degree 5 or more individually, and later, we will
see how to handle vertices of degree 4.
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A. Vertices of degree > 5. Let v be a vertex in a 2-edge-connected subgraph G of G
having at least five neighbors wy,...,w;,l > 5 in G;. We distinguish three cases.

A.1 Assume G;\v has a 2-edge-connected subgraph that contains at least four vertices
out of wy,...,wy, say wy, wa, ws, wy.
Then, we may delete two edges from v to these four vertices, without affecting the
2-edge-connectivity (cf. Remark 2)). If wy, we, ws,wys form a clique, their degree
still is at least 3. Otherwise, we chose two non-adjacent vertices, say wy and ws.
The edges {v, w1} and {v,wy} are deleted, and the edge {w1, w2} is added to keep
vertex degree at least 3 for wy and wsy (see Figure Bl (a)).

\'AY% \'AY%
ws G DG B
(a) (b)

Fig. 2. Vertices of degree at least five: The ticked edges are removed, and the dashed edges
are added.

A2 If G \ v is connected, but the previous case does not apply, it contains at least
one bridge, such that the deletion of that bridge would separate G; \ v into two

components each of which contains at least two vertices from {ws, ..., w;}. With-
out loss of generality, let those components contain {wi, w2} and {ws, w4, ws},
respectively. (It doesn’t matter where wg, . .., w; are located if [ > 5.)

Then we pick one vertex from each set such that the two are not adjacent. Without
loss of generality, let those vertices be w; and ws. Now we replace {v,w;} and
{v, ws} by {w1,ws}, obtaining G5, see Figure 2] (b).

By symmetry and Remark [[, we only need to show that there are two edge-disjoint
paths from w; to v in G2 for to prove that Go is 2-edge-connected.

By construction, there is a path from w; to wy that stays on one side of the bridge.
Similarly a path (ws,...,w,) exists on the other side. Consequently, the paths

(w1, ..., we,v) and (wy,ws,...,ws,v) are edge-disjoint (even internally vertex-
disjoint).
A.3 If Gy \ v is not connected, each vertex from {ws, ..., w;} needs to be in the same

component as at least one other from this set. The reason for this is the 2-edge-
connectivity of G; which implies that from each component of G; \ v there need
to be two edges connecting that component with v.

Now, we may proceed exactly as in the previous case (where in fact we have
handled the bridge as if it would divide G \ v into two components).

B. Adjacent vertices of degree 4. Let u,v be two adjacent vertices of degree 4 in a
2-edge-connected subgraph G;. We will distinguish four cases.

B.1 If v and v have at least two adjacent vertices in common, we simply can delete
the edge {u,v} (see Figure B (a)).

In the following, let x1, z2, x3 be adjacent to u, and let y;,y2,y3 be adjacent to v.
Only one z; may be identical to one y;.
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uu—f——vv

N\,

z1

z2

() (b)

uu Vv uu Vv

Fig. 3. Adjacent vertices of degree four.

Assume that there is a 2-edge-connected component in Gp \ w,v that contains
at least two vertices each from the sets {z1, 22,23} and {y1,y2,ys} respectively.
Again, we simply can delete {u,v} (see Figure 3] (b)).

Otherwise, if G1 \ u,v is connected, there is a bridge whose deletion would leave
two vertices from {z1,x9, 3}, say 1,2, in one component, and two vertices
from {y1,y2,y3}, say y2,ys3, in another. Only one edge from z; or zs to ys or
y3 may exist in Gy (namely the bridge). Thus, let 27 and y3 be non-adjacent.
Now, we delete {u,z1} and {v,ys} from G, and we insert {x1,ys}, obtaining Gs
(see Figure B (c)). By symmetry and Remark [, we only need to show that there
are two edge-disjoint paths from u to x; for to prove G, to be 2-edge-connected.
These paths are (u,zs,...,z1) and (u,v,ya,...,ys,21).

Finally, let G \ u,v be not connected. By the 2-edge-connectivity of Gy, each of
{1, 2, 3,y1,y2,y3} must be in the same component with another vertex from
that same set. Either there are at least two “mixed” pairs, say x1,y3 and s, yo,
or two pairs like 1, x5 and ys, y3. In the latter case, we proceed exactly like when
having a bridge, replacing {u,x1} and {v,ys} by {z1,ys}.

In the former case, we replace {u,z1} and {v,y2} by {x1,y2} (see Figure Bl (d)).
Again, by symmetry and Remark [, we only need to show that there are two edge-
disjoint paths from u to x1. These paths are (u,xa, . ..,y2,21) and (u,v,ys, ..., T1).

C. Independent vertices of degree 4. Let u,v be two independent vertices in a 2-edge-
connected subgraph G having four neighbors each.

We have to distinguish similar cases as for adjacent vertices of degree 4 with some

additional technical details. Due to space limitations we move this part of the proof
to the full paper. O
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Abstract. We study the complexity of finding a subgraph of a certain
size and a certain density, where density is measured by the average
degree. Let v : N — Q4 be any density function, i.e., v is computable
in polynomial time and satisfies v(k) < k — 1 for all k¥ € N. Then -
CLUSTER is the problem of deciding, given an undirected graph G and
a natural number k, whether there is a subgraph of G on k vertices
which has average degree at least (k). For v(k) = k — 1, this problem is
the same as the well-known clique problem, and thus NP-complete. In
contrast to this, the problem is known to be solvable in polynomial time
for v(k) = 2. We ask for the possible functions 7 such that y-CLUSTER
remains NP-complete or becomes solvable in polynomial time. We show
a rather sharp boundary: v-CLUSTER is NP-complete if v = 24 .Q(kl%s)
for some € > 0 and has a polynomial-time algorithm for v = 2 + O(%)
Keywords: Density-based clustering, computational complexity, graph
algorithms, fixed-parameter problems.

1 Introduction

Density-based approaches are highly natural to network-clustering issues. Web
communities, for instance, both well-established and emerging have in common
that they show a significantly high ratio of linkage among their members (see,
e.g. [ITUI8IT9]). And, in VLSI design, collapsing subgraphs of density beyond
a certain threshold into one node provides the basis for hierarchical graph-
representation of large circuits to be decomposed (see, e.g., [TIT63]).

The fundamental task in density-based clustering is finding a dense subgraph
(cluster) of a certain size. Density of a graph might be defined in several different
ways. One can define the density of an undirected graph on n vertices to be the
ratio of the number of edges in the graph and the maximum edge-number of an
n-vertex graph. Thus, an n-vertex-clique has density one and n isolated vertices
have density zero. The definition is very intuitive and, in particular, it allows to
compare graphs of different sizes directly, regarding their densities. On the other

* Research of the third and of the fourth author supported by DFG, grant Ma 870/5-1
(Leibnizpreis Ernst W. Mayr).
** Research supported by DFG (Deutsche Forschungsgemeinschaft), grant Ma 870/6-1
(SPP 1126 Algorithmik groBer und komplexer Netzwerke).

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 201-212] 2003.
(© Springer-Verlag Berlin Heidelberg 2003
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hand, since a number of edges quadratic in the number of vertices is required for
a graph to be dense, small graphs are biased. Therefore, density of undirected
graphs is usually measured by the average degree. A clique of size n clearly has
average degree n — 1.

The problem of deciding, given a graph G and natural numbers k and =, if
there exists a k-vertex subgraph of G having average degree at least v, is easily
seen to be NP-complete. In contrast to this variable cluster-detection problem,
we focus in this paper on the fixed-parameter cluster-detection problem, which
we call v-CLUSTER. That is, we fix one parameter, namely the function v (i.e.
the required average degree depending on the size of the subgraph) and want to
decide, given graph G and natural number k, if there exists a k-vertex subgraph
of G with average degree at least (k). We are interested in what choices of ~
still admit polynomial-time algorithms, and for which v the problem becomes
NP-complete.

Studying the complexity of the fixed-parameter problem is motivated by at
least two reasons. First, knowing the precise boundary between polynomial-time
and NP-complete cases is essential to obtain efficient methods for the above-
mentioned clustering issues in several settings, e.g., web graphs, where good
choices of v describe reality sufficiently. Second, if the polynomial-time cases
can be realized by a uniform algorithm (i.e., parameters ¢ < v may be given to
the input), then we can approximate the maximum average degree reachable on

n vertices in a graph within factor % The best known algorithm guarantees ap-

proximation within a factor n3 ¢ for some & > 0 [I0]. Thus, we would outperform
this algorithm if we find a (uniform) polynomial-time algorithm for v-CLUSTER
up to little over nite. Unfortunately, the boundary with the NP-complete cases
turns out to be much lower.

Previous Work

The problem of finding dense subgraphs has attracted a lot of attention in the
context of combinatorial optimization.

Gallo, Grigoriadis, and Tarjan [12] showed, by using flow techniques, that
there is a polynomial-time algorithm for the densest subgraph problem, in which
we are supposed to find a subgraph of arbitrary size with highest average degree.
Feige, Kortsarz, and Peleg [10] studied a restricted version, which they called
the dense k-subgraph problem, where we have to find a subgraph with highest
average degree among all subgraphs on k vertices. They provide a polynomial-
time algorithm that approximates the maximum average degree of such k-vertex
subgraphs within factor n3~¢ for some ¢ > 0. Several authors proved approx-
imation results for the dense k-subgraph problem using different techniques,
mainly greedy algorithms [2J6] and semidefinite programming [ITJ2T]. For special
graph classes, they obtained partly better approximation results. Arora, Karger,
and Karpinski [4] showed that the dense k-subgraph problem on dense graphs
(i.e., with quadratic number of edges) admits a polynomial-time approximation
scheme, which has been improved by Czygrinow to a fully polynomial-time ap-
proximation scheme [8]. In contrast to this, it is not known whether the dense
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k-subgraph problem on general graphs is not approximable within factor (1+¢)
for all € > 0 (unless P = NP or similar complexity-theoretic collapses), although
it is even conjectured that the problem is hard to approximate within factor n®
for some ¢ > 0 [10].

Fixed-parameter problems were also considered in our setting. Nehme and
Yu [20] investigated the complexity of the constrained maximum value sub-
hypergraph problem, which contains the dense k-subgraph problem as a spe-
cial case. They obtained bounds on the number of (hyper)edges a (hyper)graph
may have, such that the problem is still solvable in polynomial time, namely,
n — s+ alogn, where n is the number of vertices, s the number of connected
components, and « any constant. Similar fixed parameter-restrictions to the
input graphs were also considered in [2[T]. Note that this scenario has no con-
sequences for our problem since these restrictions affect the graph outside of
possible dense subgraphs, and we are interested in the existence of dense sub-
graphs of fixed quality inside an arbitrary graph.

Most recently, Asahiro, Hassin, and Iwama [1] studied the k- f (k) dense sub-
graph problem, (k, f(k))-DSP for short, which asks whether there is a k-vertex
subgraph of a given graph G with at least f(k) edges. This problem is almost
the same problem as our ~-cluster problem, since a k-f(k) subgraph has av-
erage degree at least %(k) The authors proved that the problem remains NP-
complete for f(k) = O(k'T¢) for all 0 < e < 1 and is polynomial-time solvable for
f(k) = k. From these results we can conclude that v-CLUSTER is NP-complete
for v = O(k®) for any 0 < € < 1, and is decidable in polynomial time for
~ = 2. Feige and Seltser [11] even proved that (k, f(k))-DSP is NP-complete if
f(k) = k + k (which, in our notation, is v = 2 + 2k*~1) for any 0 < £ < 2. We
will enhance those bounds to more general settings.

This Work

In this paper we prove that v-CLUSTER is solvable in polynomial time for
v =2+0(4) and that y-CLUSTER is NP-complete for v = 2 + () for
0 < e < 2. We thus establish a rather sharp boundary between polynomial time
solvable and NP-complete cases. As a corollary we obtain, for the more intu-
itive case of - constant, that detecting a k-vertex subgraph of average degree
at least two (which is nearly the case of any connected graph) can be done in
polynomial time whereas finding a k-vertex subgraph of slightly-higher average
degree at least 2 4 ¢ is already NP-complete. Thus, density-based clustering is
inherently hard as a general methodology.

In terms of the (k, f(k))-DSP our results mean that (k, f(k))-DSP remains
NP-complete if f(k) = k + 2(k°) for any 0 < € < 2, which, for ¢ < 1, is more
precise than in [IJT1], and is polynomial-time decidable for f(k) = k + ¢ for all
(constant) integers c.

The proof of the polynomial-time cases is mainly based on dynamic pro-
gramming over collections of minimal subgraphs having certain properties. For
instance, for the above-mentioned polynomial-time result for (k, f(k))-DSP with
f(k) = k [1], we simply need to find shortest cycles in a graph, which is easy.
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For functions f(k) = k + ¢ with ¢ > 0, the search for similar minimal subgraphs
is not obvious to solve and is the main difficulty to overcome in order to obtain
polynomial-time algorithms. In the NP-hardness proofs we adapt techniques
used by [L11]], that are well suited for ©-behavior of functions but lead to dif-
ferent reductions according to the different growth classes. Thus the main issue
for getting results for (2-behavior is to unify reductions by a non-trivial choice
of the parameters involved[]

2 Definitions and Main Results

Throughout this paper we consider undirected graphs without loops. Let G be
any graph. V(G) denotes the set of vertices of G and E(G) denotes the set
of edges of G. The size of a graph is |V(G)|, i.e., the cardinality of V(G).
For any function v : IN — @, graph G is said to be a ~vy-cluster if and
only if d(G) > ~(|V(G)|) where d(G) denotes the average degree of G, i.e.,
4(G) = 2/E(G)|/IV(G)].

We study the complexity of the following problem. Let v : IN — @, be any
function computable in polynomial time.

Problem: ~-CLUSTER
Input: A graph G and a natural number k
Question: Does G contain a 7y-cluster of size k7

In this context “contains” means, that there exists a subgraph on k vertices with
average degree at least (k). Obviously, the existence of such a subgraph implies
the existence of an induced subgraph with the same property and vice versa.
Note that 0-CLUSTER is a trivial problem and that (k—1)-CLUSTER = CLIQUE.
Moreover, it is easily seen that v-CLUSTER is in NP whenever v is computable
in polynomial time. The following theorem expresses our main results.

Theorem 1. Let v :IN — Q, be computable in polynomial time, (k) < k — 1.

1. Ify=2+ O(%), then v-CLUSTER 1is solvable in polynomial time.
2. Ify=2+ Q(k%s) for some € > 0, then y-CLUSTER is NP-complete.

In the remainder of the paper we prove Theorem [II Section [J] contains the
polynomial-time cases. Section H] establishes the NP-completeness statements

! Basically, having Turén’s theorem [22] in mind, one could ask whether it is possible,
at least in the case of dense graphs, to deduce intractability results using inap-
proximability of MAXIMUM CLIQUE due to Hastad [14]: there is no polynomial-time

algorithm finding cliques of size at least nzte (where n is the size of the maximum
clique) unless P = NP. Assume we would have a polynomial-time algorithm for

~v-CLUSTER with, e.g., v(k) = ﬂ(g) and 0 < B < 1, are we now able to decide

whether there is a clique of size k2?7 Turén’s theorem says that there is a clique
of size k in a graph with n vertices and m edges, if m > %nQ%. Unfortunately
this implies that we can only assure that in a graph with n vertices and at least

ﬁ(g) edges, there is a clique of size at most 31__25 , which is constant and makes the

argument fail.
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of Theorem [[I Due to space restrictions most of the proofs are omitted (for
detailed proofs see [15]).

3 Computing (2 + O())-Dense Subgraphs
in Polynomial Time

In this section we show how to solve y-CLUSTER for v = 2+ O(%) in polynomial
time. In other words, we prove that searching a k-vertex subgraph with at least
k + ¢ edges with ¢ constant is a polynomial-time problem. We will formalize
this issue in the problem EXCESS-¢ SUBGRAPH, which is more intuitive in this
setting.

For a graph G, let the exzcess of G, denoted by v(G), be defined as v(G) =
|E(G)| — |V(G)|. A (sub)graph G with v(G) > ¢ is said to be an ezxcess-c
(sub)graph.

Problem: EXCESS-¢ SUBGRAPH
Input: A graph G and natural number k
Question: Does G contain an excess-c subgraph of size k7

We will show how to find excess-c subgraphs in polynomial time. The general
solution is based on the case of a connected graph which is handled by the
following lemmas:

Lemma 1. Let ¢ > 0 be any integer. Given a connected graph G on n vertices,
an excess-c subgraph of minimum size can be computed in time O(n?*T2).

Proof. Let G be any connected graph with v(G) > ¢. Then there exists a sub-
graph G, of minimum size with excess equal to c. Note, that the induced sub-
graph on the same vertices might have higher excess. For the degree-sum of G,
we obtain
S degg, (1) = 2/E(G.)| = 2V (Ge)| + ).
veV(Ge)

Since G. is minimal subject to the number of vertices, there exists no vertex
with degree less than two. Therefore the number of vertices with degree greater
than two in G, is at most

3 (dege, (v) —2) = 2(V(Go)| + ¢) — 2|V (G| = 2.
veV(G.)

Let S be the set of all vertices with degree greater than two in G.. If there is a
path connecting vertices u,v € S using only vertices from V(G.) \ S (v and v
are not necessarily distinct), then there can be no shorter path connecting u and
v containing vertices from V(G) \ V(G.). Otherwise G, would not be minimal
subject to the number of vertices. In the following we will describe how to find
such a subgraph G, if it exists.

We examine all sets " C V(G) of size at most 2¢ such that S’ contains only
vertices with degree greater than two in G, i.e., the elements of S’ are those
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vertices where paths can cross. For such a set we can iteratively construct a can-
didate H(S’) for G.. In each step we include a path which has minimum length
among all paths that connect any two vertices in S’. We may restrict ourselves
to those paths that do not intersect or join common edges, since otherwise H(.5”)
can be also obtained by one of the other possible choices of a set S’. This process
is done until either excess c is reached or no further connecting path exists. In
the latter case the set S’ does not constitute a valid candidate for G.. Otherwise
H(S') is kept as a possible choice for G.. After considering all possibilities for S,
the graph G, can be chosen as a vertex-minimal subgraph among all remaining
candidates. Note that G, is not unique with respect to exchanging paths of the
same length.
Since, |S’| < 2¢, there are

2c
i=1
possible choices for S’. For the verification of a chosen set S’ consisting of i
vertices we have to find iteratively ¢ + ¢ shortest non-crossing paths, e.g., by
using ¢ + ¢ < 3c parallel executions of a breadth-first-search, which takes time
O(3c|E(G)]) = O(n?).

Finally, this implies that determining an excess-c subgraph of minimum size
by testing all possible choices of S’ can be done in total time O(n?*2). Note
that for ¢ = 0 we only have to find a shortest cycle (e.g., by breadth-first search)
which can be done in time O(n?). O

Unfortunately the algorithm of Lemma [[]cannot directly be used for the general
case of possibly non-connected graphs. For those graphs vertices from differ-
ent connected components may be chosen. Therefore our algorithm is based on
solving the subproblem of maximizing the excess for a given number of vertices
within a connected graph.

Lemma 2. Let c > 0 be any integer. Given a connected graph G with n vertices.
Let v; be the mazimum excess of an i-vertex subgraph of G. Calculating min{v;, ¢}
for all values of i € {0,1,...,n} can be done in time O(n?<+2).

Before we proceed to the main theorem we have to discuss a further property
which allows to restrict to a suitable subset of the connected components when
deciding about the existence of EXCESS-¢ SUBGRAPH for an unconnected graph.
Let (G, k) be the instance of the EXCESS-¢ SUBGRAPH problem, i.e., we have
to find a subgraph of G on k vertices with at least k + ¢ edges. In linear time
we can (as a preprocessing step) partition G into its connected components
and calculate their excess. Let C1,...,C; be the list of the components, sorted
non-increasingly by their excess. Note that v(C;) > —1 since all components
are connected. Let jo denote the maximum index of the components with non-
negative excess and kg the total number of all vertices of those components.

Lemma 3. 1. If k > kg then there is a maximum excess subgraph of size k
comprising all vertices from the non-negative excess components C,...,Cj,.
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2. If k < kg then there always exists a subgraph of size k having mazimum
excess within G and consisting only of vertices from components with non-
negative excess.

With these results we are able to state the main theorem of this section. The
omitted proof is based on a combination of the above stated lemmas combined
with dynamic programming which allows to locate subgraphs of sufficient size
and excess to decide the existence of a suitable excess-c subgraph.

Theorem 2. Let ¢ be any integer. EXCESS-¢c SUBGRAPH can be decided in time
O(n2‘cl+4).

So far we only considered the EXCESS-¢ SUBGRAPH problem for constant
values c. If we are interested in a k-vertex subgraph with excess f(k) = O(1),
the same method can be applied. From f = O(1) we know that f(k) is bounded
from above by a constant ¢’. Obviously the time complexity for our algorithm is
O(nzc/H), if f(k) can be computed in the same time. This problem corresponds
to finding a (k+O(4))-dense subgraph. Applying some modifications the method
can be used to find such a subgraph instead of only deciding its existence.

Corollary 1. For polynomial-time computable v = 2 + O(%), ~v-CLUSTER is
is solvable in polynomial time and, moreover, finding a ~y-cluster is solvable in
polynomial time.

Similarly, the problem can be examined for f = O(logk) which leads to a
quasi-polynomial time algorithm.

Corollary 2. 1. For polynomial-time computable v = 2 + O(%), finding
y-clusters can be done in time n®108™).
2. Lety=2+ @(logk) be polynomial-time computable. If v-CLUSTER is NP-

complete, then NP C DTIME(nO(log n)).

4 Finding (2 + Q(z=))-Dense Subgraphs
Is NP-Complete

In this section we prove that all y-CLUSTER problems are complete for NP if
v = 2+ 2(;7=) for some £ > 0. In doing so, we focus on the (k, f(k))-DSP,
namely, we show that (k, f(k))-DSP is NP-complete whenever f = k + 2(k°).

For this, we need the concept of a quasi-regular graph. A graph G is said
to be quasi-reqular if and only if the difference between the maximal and the
minimal degree of the vertices in G is at most one.

Proposition 1. For everyn >0 and 0 < m < (g) both given in unary (i.e., as
inputs 1™ and 1™ ), a quasi-regular graph having exactly n vertices and m edges
can be computed in time polynomial in the input length.
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Theorem 3. Let f : IN — IN be a polynomial-time computable function such
that f = k + Q2(k®) for some € > 0 and f(k) < (g) Then, (k, f(k))-DSP is
NP-complete.

Proof. Due to space limitations, we only describe the construction part of the
proof without correctness part.

Let f be a polynomial-time computable function with f = k4 £2(k¢) for some
rational € > 0 and f(k) < (g) Containment of (k, f(k))-DSP in NP is obvious.
We prove the NP-hardness of (k, f(k))-DSP by reduction from a special version
of CLIQUE which will be explained below. Since there are several cases to be
handled we need different constructions. However, in each of this constructions
the following three operations (with parameters from IN) on graphs are involved
(in exactly the order they are listed): R, S;, and TOjN(T).

T

— R is defined as follows. Let G be any undirected graph. Define the following
sequence of graphs: Gy =gef G and, for j > 0, G; =qef h(Gj_1) where h
transforms a graph I by adding to I a new vertex which has an edge to each
vertex in I. Define Rs(G) =get Gs. Obviously, the following property holds:

G has a clique of size k <= R;(G) has a clique of size k + s.

The operator Rg can be used to define a special NP-complete version of
CLIQUE (see, e.g., [1]). Define CLIQUE; to be the set of all instances (G, k)

such that G has a clique of size k and it holds |V(G)| < (1 + )k. It is
easily seen that CLIQUE can be reduced to CLIQUE 1 namely by applying
R, to a graph G with parameter s = 2|V(G)| — 3k for each instance (G, k)
with |[V(G)| > (1 + %)k. The transformed graph G, now has [V(G)| + s =
15+ (14 Dk +s=(1+3)(k+ s) vertices, and the new clique-size G is
asked for, is k + s.

— S is defined as follows. Let G be any undirected graph. S; transforms G into
a graph G by replacing each edge in G by a path of length ¢t + 1 involving
t new vertices. The new vertices are referred to as inner vertices and the
old vertices are referred to as outer vertices. Note that inner vertices always
have degree two and that an outer vertex has equal degrees in G; and in G.
It is easily seen that cliques in G of size k > 3 are related to subgraphs of
G} as follows (for formal proofs, see, e.g., [913I11]):

G has a clique of size k <= S;(G) has a subgraph with k + t(g) vertices

and (t +1)() edges.
— T'ny (with o € {0,1}) is defined as follows. Let G be any undirected
graph. Tf N(r) transforms G by the disjoint union with a quasi-regular graph
A(r, N(r)) with r vertices and N(r) edges. In the case of @ = 1, i.e. trans-
formations by TT1 Ny We additionally have edges between each vertex in

A(r,N(r)) and each vertex in G.
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Now let (G, k) be any instance to CLIQUEy with [V(G)| < 3k. Define G’ =gef

TNy (St(Rs(G))) to be the transformed graph and let the parameter N(r) be
defined as

N(r) =der f(k+s+t<k;s> +r)(t+1)<k—£8> —ar <k+3+t(k—£s>>.

By an appropriate choice of the parameters r, s, ¢, and « (which is a non-
trivial problem) we can prove that G has a clique of size k if and only if G’ has
a subgraph on k + s + t(k;s) + r vertices and at least f(k + s + t(k;s) +7)
edges, thus establishing the correctness of the reduction. This can be achieved
by choosing the parameters in such a way that a densest subgraph of G’ of the
desired size can be derived from the densest subgraph of G with size k.

Since f = k + 2(k*) for some rational € > 0, there exists a natural number
D > 1 such that for some kg € IN, k + D7'k® < f(k) for all k > ko. We
may suppose that ¢ < % and D > 3. Since we will have to respect several finer
growth-classes the function f might belong to, we choose one argument k' to

distinguish between these different classes. Define
1
K =t "(D6k2)a—‘ .

Clearly, k' is computable in time polynomial in the length of k. Depending on
the function value f(k") we choose different parameters to obtain the graph G,
in such a way that ¥’ = k + s + t(k;‘q) + r. We distinguish between five cases
that represent a partitioning of the interval between k' + D~1k’® and (kz,)
Case L. Let &'+ D 'k'® < f(K') < k'+Dk’. We split this case in several subcases.
We consider, depending on j with 0 < j < logz 1, the ranges k' + p1E/(8)'e <
o

fE) <K+ DK(5)" ¢ We can combine those subcases to cover the complete
range from k' + D~ 'k’® to k+ Dk’ as required for Case I. For each value of j we
apply Rs, St, and TﬁN(r) with the following parameters:

s =0, t:(k’frfk)/(g), a =0,
r=[ape) @)+ [( = [ap) @] = k) mod (4)]

Note that t € IN because of the modular term in the deﬁn;’tion of r.
Case II. Let k + DK = (1 + D)k’ < f(k') < (1 + D)k'2. Apply Rs, S, and
TT‘fN(T) with the following parameters:

5 =0, t=1, a =0, Tzk’—(];)—k

Case IIL Let (1+ D)k'? < f(k) < () — k'S, Apply Ry, Sy, and T2y, with
the following parameters:

s =0, t=0, a=0, r=k —k
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Case IV. Let () — k¥ < (k') < (§) — & Apply R,, S;, and T, with
parameters:

1 k
5[31{:'}1—‘]@ t=1, a=1, rk'ks( ;rs)

Case V. Let (kz/) —%, < f(k) < (kz/) Apply R,, S;, and vafN(r) with parameters:

s=0, t=0, a=1, r=k —k.

The omitted part of the proof (see [15]) shows that using these parameters the
graph G’ can always be constructed and that the above stated property (G’
contains a subgraph on k' vertices with at least f(k’) edges if and only if G
contains a clique of size k) is correct. o

Now we are able to formulate the result of Theorem Blin terms of v-CLUSTER.

Corollary 3. Let v = 2 + Q(kl—l,g) for some € > 0 be polynomial-time com-
putable, v(k) < k — 1. Then v-CLUSTER is NP-complete.

5 Conclusion

In this paper we proved that density-based clustering in graphs is inherently
hard. The main result states that finding a k-vertex subgraph with average degree
at least (k) is NP-complete if v = 2+ 2(;1==) and solvable in polynomial time
if v =2+ O(%) In particular, for constant average-degree that means that
detecting whether there is a k-vertex subgraph with average degree at least
two is easy but with average degree at least 2 + ¢ it is intractable. Since the
NP-threshold is so tremendously low, it seems inevitable to explore how the
problem behaves in relevant graph classes, e.g., in sparse graphs or graphs with
small diameter. Sparsity, however, is not be expected to lift the NP-threshold.

Though detecting a subgraph of a certain size and a certain density is an
important algorithmic issue, the original problem intended to be solved is MAX-
IMUM v-CLUSTER: compute the largest subgraph with average degree over some
~-value. Of course, this problem is intimately related to v-CLUSTER, and in fact,
we have the same tractable-intractable threshold as for the decision problem.
The main open question is: how good is MAXIMUM +-CLUSTER approximable
depending on ~v? For instance, for y(k) = k — 1 (i.e., MaxiMuM CLIQUE), it is
known to be approximable within O(W) [5] but not approximable within

nz~¢ unless P = NP [T4]. How do these results translate to intermediate den-
sities?
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Nearly Bounded Error Probabilistic Sets
Extended Abstract
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Abstract. We study polynomial-time randomized algorithms that
solve problems on “most” inputs with “small” error probability. The
sets that have such algorithms are called nearly BPP sets, which natu-
rally expand BPP sets. Notably, sparse sets and average BPP sets are
typical examples of nearly BPP sets. It is, however, open whether all NP
sets are nearly BPP. The nearly BPP sets can be captured by Nisan-
Wigderson’s approximation scheme as well as viewed as a special case
of promise BPP problems. Moreover, nearly BPP sets are precisely de-
scribed in terms of Sipser’s distinguishing complexity. These sets have a
connection to average-case complexity and cryptography. Nevertheless,
unlike BPP, the class of nearly BPP sets is not closed even under hon-
est polynomial-time one-one reductions. In this paper, we study a more
general notion of nearly BP[C] sets, analogous to Schoning’s probabilis-
tic class BP[C] for any complexity class C. The “infinitely-often” version
of nearly BPP sets shows a direct connection to cryptographic one-way
partial functions.

1 Errors of Randomized Algorithms

Randomized algorithms have drawn wide attention due to their simplicity and
speed as well as their direct implication to approximation algorithms and
average-case analysis. This paper focuses on two different types of errors that
are of major importance in the designing of randomized algorithms. The first
one is an error associated with each individual computation on a single input.
As seen in a BPP algorithm, its computation is allowed to produce on each in-
put a false outcome with probability at most 1/3. The second one is related to
cumulative errors over all inputs of each fixed length. Such errors are seen in
a P-close set A, which has a polynomial-time deterministic algorithm that can
decide the membership of A only on all but polynomially-many inputs of each
length.

The notion of nearly BPP sets stems from the aforementioned two types of
errors and it embodies these errors that may occur in a run of polynomial-time
randomized algorithms. A nearly BPP set is the set recognized by a certain
polynomial-time randomized Turing machine that errs with small probability
only on most inputs. To describe these errors, we use two parameters ¢(n) and
d(n). The first parameter €(n) is used to indicate an error bound of a randomized

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 213-226] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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computation on a single input of length n whereas é(n) designates an error rate
accumulated over all randomized computations on any inputs of length n.

Fix our alphabet X' to be {0, 1} throughout this paper. Note that polynomials
used in this paper are all assumed to have only positive integer coefficients. For
any set A, the notation A(x) denotes the value of the characteristic function of
A on input z; namely, A(z) =1if x € A and A(z) = 0 otherwise.

Definition 1. [21J22] Let A be any set and M be any multi-tape randomized
Turing machine. Let € and § be any functions from N to the real interval [0, 1].

1. The machine M recognizes A with two-sided (e(n), d(n))-error if the two-
sided e(n)-discrepancy set D = {x | Proby[M(z) # A(x)] > €(|z|)} for (M, A)
has density at most §(n) - 2™ almost everywhere

2. The machine M recognizes A with one-sided (e(n), §(n))-error if the one-
sided e(n)-discrepancy set D = {z | Proby[M(x) # A(z) = 1] > e(Jz|)} U {x |
Prob [M(z) # A(z) = 0] > 0} for (M, A) has density at most é(n) - 2" almost
everywhere.

3. A set S is called nearly BPP if, for every polynomial p, there exists a
polynomial-time randomized Turing machine that recognizes S with two-sided
(1/3,1/p(n))-error. A nearly RP set is defined similarly using the phrase “one-
sided (1/2,1/p(n))-error” instead. Let Nearly-BPP and Nearly-RP denote re-
spectively the collection of all nearly BPP sets and that of all nearly RP sets.

In retrospect, the notion of nearly BPP sets was first discussed in [2122]
in connection to average-case complexity theory developed by Levin [13] and
Gurevich [10] in the 1980s. This notion was later spotlighted by Schindelhauer
and Jakoby [17] under the name of error complexity. Recent work of Aida and
Tsukiji [1] showed a tight connection between nearly BPP sets and polynomial-
time samplable distributions. This paper aims for enriching the knowledge of
nearly BPP sets.

For later use, it is useful to introduce the functional version of Nearly-BPP
by expanding set A in Definition Minto polynomially—boundedlg total function f
from X* to X*. We use the notation Nearly-FBPP to denote this function class.

Classic but principal examples of nearly BPP sets are polynomially sparse
sets and average BPP sets. We use a capital letter together with subscript, such
as X, to denote a random variable distributed uniformly over {0,1}".

1. Let g be any function from N to N such that (i) g(n) is computable in time
polynomial in n and (ii) g(n) € w(n*) for all positive integers k. Every
set of density at most 2"/g(n) almost everywhere is clearly nearly RP. In
particular, every polynomially sparse set is nearly RP.

! For a function d from N to N and a set S, we say that a set S has density at most
(at least, resp.) d(n) almost everywhere if |S™"| < d(n) (|S™"| > d(n), resp.) for
all but finitely-many natural numbers n, where S™" = SN X" and | - | means the
cardinality.

2 A (partial) function f from X* to X* is polynomially bounded if there exists a
polynomial p such that |f(z)| < p(|z|) for all x € X*.
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2. A set Sis called average BPP if there exist a polynomial p and a randomized
Turing machine M such that (i) Proby/[M(z) = S(x)] > 2/3 for all z € X*
and (i) Expy, g[Timey(Xn; R)] < p(n) for each natural number n, where
Timeps (x;7) denotes the running time of M on input z following r, a series
of coin tosses made by M on z. All average BPP sets are nearly BPP.

We further generalize the definition of Nearly-BPP into a class operator. In
late 1980s, Schoning [18] introduced the BP[-]-operator, which schematically gen-
erates a new complexity class BP[C] from any given class C. The BP][-]-operator
greatly expands the class BPP. Moreover, the BP[-]-operator can be viewed
as a special form of “BPP-m-reducibility.” Similarly, we expand Nearly-BPP
by extracting its probabilistic nature into the Nearly-BP[-]-operator. Its precise
definition is given as follows.

Definition 2. Let A and B be any setsﬂ q be any polynomial, and C be any
complexity class of languages.

1. We say that the pair (B, q) defines A with two-sided (e(n), §(n))-error if the
two-sided €(n)-discrepancy set D = {z | Probx,_ . [B(2, Xqm)) # A(2)] > €(|2])}
for (B, q, A) has density at most 6(n) - 2™ almost everywhere.

2. We say that the pair (B,q) defines A with one-sided (e(n), d(n))-error if
the one-sided €(n)-discrepancy set D = {z | Probx, . [B(z, Xqm)) # A(z) =
1] > e(|z])} U {z | Probx,, [B(z, X4m)) # A(z) = 0] > 0} for (B,q, A) has
density at most 6(n) - 2™ almost everywhere.

3. A set A is in Nearly-BP[C] if, for every polynomial p, there exist a set
B € C and a polynomial q such that (B, q) defines A with two-sided (1/3,1/p(n))-
error. Nearly-R|[C] is defined similarly using one-sided (1/2,1/p(n))-errors.

It is straightforward to prove that Nearly-BP[BPP] equals Nearly-BPP by
simulating B (together with X)) in Definition [ on a certain randomized
Turing machine M. The following lemma is also immediate from the definition
of the Nearly-BP|[-]-operator.

Lemma 1. Let C and D be any complexity classes.
1. BP[C] C Nearly-BP|[C].
2. Nearly-BP[co-C] = co-Nearly-BP|[C].
3. If C C D, then Nearly-BP[C] C Nearly-BP[D].

The Nearly-BP[-]-operator enables us to introduce a variety of new com-
plexity classes. Rooted in the polynomial hierarchy [I5], for instance, we can
define Nearly-BPX} to be Nearly-BP[X}] for each integer k£ > 0. Likewise,
Nearly-BPAY and Nearly-RAY are defined. For practicality, we introduce the
functional version of Nearly-BPAY' | denoted Nearly-FBPAY | which expands the

P
function class FAY (= FP¥#-1) for each positive integer k.
3 The class of all average BPP sets is known to coincide with the “quintessential”

complexity class BPPy,y, where v is the standard distribution. See [19122].
4 By use of an appropriate pairing function, we often identify X* with X* x X*.
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2 Fundamental Features of Nearly-BPP

We first show close associations between Nearly-BPP and the concepts of ap-
proximation schemes [2IT6], promise problems [6lJ7], and distinguishing complex-
ity [20].

In their study of pseudorandom generators, Nisan and Wigderson [16] consid-
ered the notion of “approximation by randomized algorithms.” Following [2T6],
we define the notion of €(n)-approximation as follows. Let € be any function from
N to [0, 1] and A be any set. A randomized Turing machine M e(n)-approzimates
A if Probx, m[A(X,) # M(X,)] < e(n) for all but finitely-many natural num-
bers n. We thus say that A is e(n)-approzimated by polynomial-time randomized
algorithms if there exists a polynomial-time randomized Turing machine that
e(n)-approximates A.

Even and Yacobi [7] studied resource-bounded partial decision problems,
known as promise problems. This paper follows [07] and define the promise
complexity class Promise-BPP. A promise problem in Promise-BPP is a pair
(Q,A) C X* x X* such that there exists a polynomial-time randomized Turing
machine M satisfying Proby,[M(x) = A(x)] > 2/3 only for each z in Q.

Recently, Buhrman and Torenvliet [5] demonstrated a new characterization
of probabilistic classes in terms of distinguishing complexity introduced by Sipser
[20]. We fix a universal deterministic Turing machine My with three input
tapes. For any function ¢ from N to N, any oracle A, and any strings x and
y, the t-time bounded conditional Kolmogorov complezity of x conditional to y
relative to A, denoted Ct4(x|y), is the length of a shortest binary string w (con-
ventionally called a program) such that M (w,y) = = within ¢(|z|+|y|) steps. We
now say that w t-distinguishes x conditional to y relative to A if M{}‘(w, xz,y) =1
within ¢(|z| + |y|) steps and also M{(w,z,y) = 0 within ¢(|z| + |y|) steps for
any z € X* —{z}. The t-time bounded conditional distinguishing complezity of x
conditional to y relative to A, CD"*(x|y), is the length of a shortest program w
that t-distinguishes x conditional to y relative to A. The unconditional version of
the above two complexity measures are defined as follows: Ct4(z) = CH4(z|\)
and CD“*(z) = CD"*(x|)\), where X is the empty string.

The following proposition provides three different characterizations of
Nearly-BPP in terms of ﬁ—approximation, Promise-BPP, and CDt(x). For

any set A, let A denote * — A.

Proposition 1. Let A be any subset of X*. The following statements are all
logically equivalent.

1. A is in Nearly-BPP.

2. For every polynomial p, A is p(ln)-approximated by polynomial-time ran-
domized algorithms.

3. For every polynomial p, there exists a set @ such that (Q,A) €
Promise-BPP and Q has density at most 2" /p(n) almost everywhere.

5 When we write My (z,y, z), we understand that x is given on the first input tape, y
is on the second input tape, and z is on the third input tape. The notation My (z,vy),
however, indicates that the third input tape is empty.
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4. For every polynomial p and every constant € € (0,1], there exist a poly-
nomial ¢ and a set B in P such that the discrepancy set D = {x | Jy €
»alzD[CDY(y) > ely| A A(x) # B(x,y)]} has density at most 2" /p(n) almost
everywhere.

The proof of Proposition [[[(4) especially follows an argument in [5] with help
of Lemma

We next address a link between Nearly-BPP and nonadaptive random-self-
reducibility discussed by Feigenbaum, Kannan, and Nisan [9] and by Feigen-
baum and Fortnow [8]. For any functions h, k from X* to X*, we say that h
is BPP-tt-reducible to k if there exist polynomials p, ¢ and total FP-functions
f,g such that, for every z, the probability, over all strings r» € X9*D  that
flx,r k(g(L,z,7), k(g(12,2,7)), ..., k(g(1PU2D 2 7)) = h(z) is at least 2/3.
The quadruple (f,g,q,p) is called a BPP-tt-reduction. When h and k are re-
spectively the characteristic functions of A and of B, we also say that A is
BPP-tt-reducible to B. A set A is uniformly nonadaptively random-self-reducible
if A is BPP-tt-reducible to A via (f,g,q,p) with the condition that, for every
z and every i € [1,p(|z|)]zH the value g(1%,z,7) is uniformly distributed over
{0,1}202D) when r is chosen uniformly at random from X%(*D. The notation
uniformly-RSR,, denotes the collection of all uniformly nonadaptively random-
self-reducible sets.

The following proposition implicates that any nearly BPP set not in BPP
cannot be uniformly nonadaptively random-self-reducible.

Proposition 2. uniform-RSRy; N Nearly-BPP = BPP.

Earlier, Karp and Lipton [I1] introduced the advice class P/poly, which is
also known as the collection of all sets that have non-uniform polynomial-size
Boolean circuits. Similar to Nearly-BPP, this class P/poly contains all poly-
nomially sparse sets and all BPP sets. Nonetheless, Nearly-BPP and P/poly
are essentially different. In the following proposition, we show that P/poly and
Nearly-BPP are incomparable.

Proposition 3. Nearly-BPP ¢ P /poly and P /poly ¢ Nearly-BPP.

Relativizations are useful tools, imported from recursion theory, in studying
the behaviors of underlying computations and the roles of oracles by way of
(oracle) queries. A relativized nearly BPP set as well as a relativized RP set is
naturally introduced by using a randomized oracle Turing machine in place of a
randomized Turing machine in Definition[Il. We use the notations Nearly—BPPA
and Nearly-RPA to denote respectively the relativizations of Nearly-BPP and
of Nearly-RP relative to oracle A. For any collection C of oracles, Nearly-BPP¢
and Nearly-RP® denote the classes | J Acc Nearly-BPP# and | J Acc Nearly-RP#,
respectively. It is not difficult to show that Nearly-BPPP'" = Nearly-BPP and
Nearly—RPZPP = Nearly-RP. The first equality asserts that the oracle class BPP

6 The notation [rn,m]z denotes the set {n,n 4+ 1,n 4+ 2,...,m} for any integers n,m
with n < m.
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does not enhance the computational power of Nearly-BPP. However, BPP can-
not be expanded to Nearly-BPP because Nearly-BPPNeaV"BPP 4 Nearly-BPP
(see Lemma [G]).

Before closing this section, we exhibit a relativized world where BPP and
Nearly-BPP are different within NP.

Proposition 4. There exists an oracle A such that NP4 ,(Z BPP# and NP# -
Nearly-BPP*.

3 Amplification Properties

Given a randomized algorithm, it is important to know whether we can amplify
its success probabilities. As was shown in [21[22], all nearly BPP sets enjoy this
amplification property. This section shows the amplification property for a more
general class Nearly-BP[C]. We first give a restricted form of majority reductions.

Definition 3. A set A is nicely majority reducible to B (denoted A <} . ...
B) if there exist a total function [ and a polynomial k such that, for every string
x of length k(n)n for somen, (i) f(x) = (Y1, Y2, - - -, Yr(n)), where |y;| = n for any
1 € [1,k(n)]z, (it) f is a bijection from Yk(m)n ¢ {1 k) | Yis - Yk(n) €
X} and (ii) (6) A(z) = 1 if |[{i € [1,k(n)]z | vi € B} > |k(n)/2] and
A(x) =0 otherwise.

Although we can further relax the above constraint, this definition serves
well to prove the desired amplification lemma for Nearly-BP|C]. Note that many
complexity classes are indeed closed downward under nice majority reductions.

In order to enhance the success probabilities of randomized computations
with a relatively small number of random bits, we utilize Zuckerman’s uni-
versal oblivious samplers [23]. The following slightly simpler form suffices for
our purpose. A universal (r,d, m, €,v)-oblivious sampler is a deterministic Tur-
ing machine M that takes a binary string z of length r and outputs a code
<z§y),zéy), .. .72((1y)> of sample points z%y),zéy), .. .,z{(jy) with z; € {0,1}™ such
that, for any function f from {0,1}™ to [0,1], Proby, [|5 Zle f(ZZ(YT))*EXp[fH <
€] = 1=y, where Exp[f] =273 .. _,, [(2).

Lemma 2. (Amplification Lemma) Let C be any complexity class closed down-
ward under <7 . ... Assume that A € Nearly-BP[C]. Let p be any polynomial
and let k and « be any positive numbers satisfying 0 < a < 1/2. There ex-
ist a polynomial q and a set B € C such that (B,s) defines A with two-sided

(27ka(™) 1 /p(n))-error, where s(n) = (1 + a)(1 + k)q(n).

The proof of Lemma P]is an adaptation of the argument given in [5] with uni-
versal oblivious samplers. Lemma [2]implies the closure property of Nearly-BP[C]
under nice majority reductions.

Corollary 1. Let C be any complexity class of languages. If C is closed down-
ward under <P then so is Nearly-BPI[C].

—maj,nice
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The following proposition also follows from Lemma[2].

Proposition 5. Let C be any complexity class of languages. If C is closed under
<hiajnices then Nearly-BP[Nearly-BP|C]] = BP[Nearly-BP|C]] = Nearly-BP[C].

Applying Proposition[Hto the class A, we obtain the following consequence:
Nearly-BP[Nearly-BPA}| = BP[Nearly-BPAY] = Nearly-BPAY for each posi-
tive integer k. This exemplifies the robustness of the class Nearly-BPAY.

4 Nice Truth Table Reductions

We have shown the closure property of Nearly-BP|[C] under nice majority reduc-
tions. In this section, we seek more general and helpful reductions.

Most of the well-known complexity classes (sitting above P) are closed down-
ward under P-m-reductions. Such a closure property is often regarded as a struc-
tural asset; for example, since SAT is P-m-complete for NP, the assumption
SAT € P makes the whole NP collapse to P. Disappointingly, Nearly-BPP is not
even closed under length—regulalﬁ h-P-1-reductions, where a set A is said to be
h-P-1-reducible to another set B if there exists a function f from X* to X* such
that (i) f is one-one and honestf] and (i) A = {z | f(z) € B}.

Proposition 6. Nearly-BPP is not closed downward under length-reqular h-P-
1-reductions.

The above proposition indicates that a much weaker form of polynomial-time
reductions is required for Nearly-BP[C]. We thus bring in the concepts of nice
BPA?Y -tt-reductions and nice RP-m-reductions. Conventionally, a polynomial-
time randomized Turing machine M is said to RP-m-reduce A to B if there
exists a polynomial p such that, for every z, if x € A then Proby/[M(x) € B] >
1/p(n) and otherwise Proby[M () € B] = 0. Additionally, a randomized Turing
machine M is called t(n)-to-one if, for every y, the set Cyy = {x | Proby[M(z) =
y] > 0} has cardinality at most t(]y|).

Definition 4. 1. For any set A, B C X*, A is said to be nicely RP-m-reducible
to B if there exist a function t and a length-regularﬁ randomized Turing machine
M with length function £ such that (i) M RP-m-reduces A to B, (ii) M is t(n)-
to-one, and (iii) for a certain constant ¢ > 0, £(n)+logy t(¢(n)) < s(n)+clogyn
for all but finitely-many natural numbers n, where s(n) is the minimal number
of coin tosses (along each computation path) of M on any input of length n.

7 A (partial) function f from £* to X* is length-regular if, for every pair x,y € dom(f),
|z| = |y| implies |f(z)| = [f(y)|.

8 For a (partial) function f from X* to £*, f is polynomially honest (honest, for short)
if there exists a polynomial p satisfying that |z| < p(|f(z)|) for all z € dom(f).

9 A randomized Turing machine M is length-reqular if there exists a function ¢ from
N to N such that Proba[|M(z)| = €(|z|)] = 1 for all z. This £ is called the length
function of M.
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2. Let d be any positive integer. For any functions h,k from X* to X*, we
say that h is nicely BPAg—tt—reducible to k if there exist polynomials p,q,s and
total FAY -functions f,g such that (i) h is BPP-tt-reducible to k via (f,g,q,p),
(ii) s(|g(1*, 2, 7)) > |z| for all x, all i € [1,p(|z|)]z, and all r € 29020 (ye
call g honest), and (iii) for every n, every y € X*, and every i € [1,p(n)z,

. P
Probx, g, [9(1", X0, Ry(n)) = ] < s(n)2~W!. In this case, write h Sgiﬁc‘i@ k.

In particular, if h and k are respectively the characteristic functions of A and of
. BPAY
B, we write A < B.

tt,nice

Unfortunately, nearly-PR is not closed downward under nice RP-m-reduc-
tions although RP is closed under RP-m-reductions. This is because, for each
set A in Nearly-RP, its associated one-sided 1/2-discrepancy set D may contain
elements in A and thus, no reduction correctly reduces these elements. To avoid
this inconvenience, we introduce a slightly restricted class, named Nearly-RP,,
as follows.

Definition 5. Nearly-RP, is the collection of all sets A such that, for every
polynomial p, there exists a polynomial-time randomized Turing machine M such
that the one-sided 1/2-discrepancy set D for (M, A) has density at most ﬁ -2
almost everywhere and also satisfies D C A.

Note that Nearly-RP, is properly contained in Nearly-RP. In the end, we can
prove that Nearly-RP, and Nearly—BPAg are indeed closed downward under
nicely RP-m-reductions and BPAF-tt-reductions, respectively.

Lemma 3. Let A and B be any sets. Let k be any positive integer and let C be
any complexity class that is closed downward under Sﬁiimce and gﬁ{jﬁce.

1. If A<RP . B and B € Nearly-RP,, then A € Nearly-RP, .

—m,nice

2. If A <BPE B and B € Nearly-BP[C], then A € Nearly-BP[C].

tt,nice
3. If A gBPAE B and B € Nearly-BPAY | then A € Nearly-BPAY.

tt,nice

To show the usefulness of nice BPP-tt-reducibility, we consider the existence
of complete sets for NP under this reducibility. The BOUNDED HALTING PROB-
LEM (BHP) is the collection of all strings of the form (M, z, 1t), where M is a
nondeterministic Turing machine, z is a string, and t is a positive integer, such
that M accepts x within ¢ steps. It is known that BHP is P-m-complete for NP.
We can straightforwardly prove that BHP is also nicely BPP-tt-complete for
NP.

In late 1990s, Buhrman and Fortnow [3] proved that BPP C RpFromiseRP
where Promise-RP is the one-sided version of Promise-BPP. By refining their
proof (which is based on the proof of Lautemann [12]), we can show that
BPP C RPN*V"RP gGince Nearly-RP C Promise-RP, our result gives a slight
improvement to the upper bound of BPP. More strongly, we have:

Proposition 7. BPP C RPN*WRPA yhere [] stands for the number of
queries made along each computation path.
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Subsequently, we show a direct application of nice BPAE—tt—reducibility to
E}:—search problems. Since search problems are in general partial functions, we

need to expand the scope of <BP from sets to partial multi-valued functions

tt nzce
in the following fashion. For convenience, we use the notation FAE for partial
single-valued functions; namely, f is in FAE if there exist a polynomial-time
deterministic Turing machine M and a set A € E,]:_l such that, for every x,
(i) if # € dom(f) then M# on input z outputs f(z) and (ii) if 2 ¢ dom(f)
then M on input x outputs L, where L is a distinguished tape symbol not
in X. For any partial multi-valued function h and any set B, we say that h
is nicely BPAY -tt-reducible to B (denoted h <3Pnfc’“e
nomials p,q,s, a partial FAPfunction f, and a total FAP-function g such
that (i) for every = € dom(h), the probability, over all strings r € X912 of
f(z,7,B(g(1,z,7)),B(g(12,z,7)),..., B(g(1?(*D z r))) € h(z) is at least 2/3,
(ii) s(lg(1%, 2, 7)|) > |=| for all z, i € [1,p(|z|)]z, and r € Z9U=D (iii) for ev-
ery n, every y € X*, and every i € [1,p(n)]z, Probx, g, [9(1°, Xn, Ryn)) =
y] < s(n)271¥l, and (iv) for every z ¢ dom(h), the probability, over all strings
r € X9UzD that f(x,r, B(g(1,2,7)), B(g(12,z,7)),..., B(g(1?(=D 2 r))) is un-
defined is at least 2/3.

For any set A C X* and any polynomial p, let Searcha, be the partial
multi-valued function defined by Searcha ,(z) = {y € XP(=D | (z,y) € A} for
every z. In the case where A belongs to A}z, Searcha , represents a E}:—search
problem. The following lemma shows that E,f—search problems can be nicely
BPAP-tt-reducible to certain sets in XF.

B) if there exist poly-

Lemma 4. Let k be any positive integer. For every set A € A and every
BPA,C B

polynomial p, there exists a set B in XY such that Searchy, Sttonice

5 Relationships between X} and Nearly-BP A}

A crucial open problem is whether Nearly-BPP includes NP, or more generally,
Nearly-BPAY includes XF for each k > 1. The inclusion NP C Nearly-BPP, for
instance, results in the non-existence of cryptographic one-way functions [21/22].
This section exhibits five new statements, which are all logically equivalent to
the XP C?Nearly-BPAY question.

For our purpose, Nearly-FBPA! is expanded into a class of partial multi-
valued functions. Henceforth, Nearly—FBPAP denotes the collection of all partial
multi-valued functions f from X* to X* satisfying the following condition{l for
every polynomial p, there exist a polynomial-time randomized Turing machine
M and a set D such that, for every z € X* (i) if z € dom(f) N D, then
f(z) = {y | Proby [MQBFi-1(2) = y] > 0} and Proby [MPBFi-1(z) € f(x)] >
2/3, (i) if # € D — dom(f), then Proby [MQB¥s—1(z) = 1] > 2/3, and (iii)
10 For each positive integer k, let QBF,, be any P-m-complete set for X¥ for example,

the set of satisfiable quantified Boolean formulas with at most k alternations of
quantifiers starting with 3. For convenience, let QBF, be the empty set.
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|D="| < 2"/p(n) for all but finitely-many natural numbers n. The classes X} SV
and E};MV are respectively the natural extensions of NPSV and NPMV; namely,
E}:MV is the collection of all partial multi-valued functions f such that f(z) =
{g(z,y) | y € ZU2D A (z,y) € dom(g)} for certain partial functions g in FAY,
and XTSV is the collection of all single-valued XFMV-functions. For any two
partial multi-valued functions f and g, we say that f is a refinement of g if, for
every z, (i) f(z) C g(z) and (ii) f(z) = © implies g(z) = . Finally, for any
class F of partial multi-valued functions, g has an F refinement if there exists
an element f € F such that f is a refinement of g.

Theorem 1. Let k be any positive integers. The following statements are all
logically equivalent.

1. E,E - Nearly-BPAi.

2. XF C Nearly-RAY.

3. BPXP C Nearly-BPA?.

4. Nearly-BPXP = Nearly-BPAF.

5. XFSV C Nearly-FBPA?Y.

6. Every XYMV -function has a Nearly-FBPAY refinement.

Theorem [M is proven by Propositions [l and Bl and Lemmas 2] Bl and [l

In addition to the six statements of Theorem [ it is possible to give a
Kolmogorov-complexity characterization of the X} C?Nearly-BPA} question
in a manner similar to Theorem 2(5). With a less complex argument, we also
prove in the next proposition a new characterization of the XY C?BPAY ques-
tion. This compares with the result in [4].

Proposition 8. For each positive integer k, XY C BPAY iff, for every poly-
nomial ¢ and every number ¢ € (0, %], there exist a polynomial s and a positive
real number ¢ such that Yavy € Y<10Dyr ¢ £s(2D[CDSPBFr-1(r) > e|r| —
C* B (ylar, r) < CDPPFes (yla) + clogy (|| + [y))]-

The proof of Proposition [ uses a special case of Proposition [[land Theorem
[Mas well as basic lemmas from [14].
Analogous to Theorem [, we can prove the following.

Proposition 9. Let k be any positive integer.
1. H}j - Nearly-BPZ}: iff Nearly-BPH}j = Nearly-BPE,lj.
2. E£+1 C Nearly-BP XY iff Nearly—BPE}:Jrl = Nearly-BPX?.

Regarding the function class #P, it is open whether NP C Nearly-BPP is
equivalent to #P C Nearly-FBPP. Here, we give a partial answer to this question
by considering a subset of #P, denoted #FewP, which is the collection of all
total functions f from X* to N satisfying the following: there exist a polynomial p
and a polynomial-time nondeterministic Turing machine M such that, for every
z, (i) f(x) equals the number of accepting computation paths of M on input
x and (i) f(z) < p(|z|). Let h be any #FewP-function. Parallel to Lemma H]
we can construct a set B in FewP satisfying h Sﬁf’ngce B. This fact implies the
following result.

Proposition 10. FewP C Nearly-BPP iff #FewP C Nearly-FBPP.
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6 Infinitely Often Nearly BPP Sets

Complexity classes usually impose the “almost all” clause on various parts of
their definitions. Typically, an underlying machine for a given language is re-
quired to satisfy a certain acceptance criteria on almost all inputs. For example,
any BPP set must be witnessed by a certain polynomial-time randomized Turing
machine whose error probability is bounded below by 1/3 for almost all inputs.
Recent research has also investigated the complexity classes defined by substi-
tuting the “infinitely often” clause for the “almost all” clause. In this line of
research, we consider the “infinitely-often” version of Nearly-BPP and present
its close connection to the existence of cryptographic one-way functions.
We begin with formulating the class io-Nearly-BPP.

Definition 6. Let €, be any function from N to [0,1], M be any randomized
Turing machine, and S be any subset of X*.

1. The machine M recognizes S with infinitely-often two-sided (e(n),d(n ))
error if the two-sided e-discrepancy set for (M,S) has density at most §(n) - 2
infinitely often.

2. The set S is infinitely-often nearly BPP if, for every polynomial p, there ex-
ists a polynomial-time randomized Turing machine that recognizes S with
infinitely-often two-sided (1/3,1/p(n))-error. Let io-Nearly-BPP denote the col-
lection of all infinitely-often nearly BPP sets.

Apparently, Nearly-BPP is a proper subclass of io-Nearly-BPP. It also follows
that Nearly-BP[io-Nearly-BPP| = BP[io-Nearly-BPP] = io-Nearly-BPP.

Hereafter, we focus on cryptographic one-way functions. Although it is not
proven to exist, a one-way function has been an important component in building
a secure cryptosystem. Our goal is to connect io-Nearly-BPP to such functions.
In particular, we cast our interest onto “partial” one-way functions for which we
require the one-wayness only on the domain of the functions.

Definition 7. 1. A partial single-valued function f from X* to X* is called
(uniformly) weakly one-way if (i) dom(f) is dense[ (ii) f is in FP (as a partial
function), and (iii) there exists a polynomial p such that, for every polynomial-
time randomized Turing machine M, Probx, m[f(M(1", f(X,))) = f(Xn) |
X, € dom(f)] < 1—1/p(n) for all but finitely-many natural numbers n. Note
that if x & dom(f) then f(x) = L and thus, we may assume that M (1™, L)
always outputs 1.

2. Likewise, f is called (uniformly) strongly one-way if (i) dom(f) is dense,
(ii) f is in FP (as a partial function), and (iii) for every polynomial-time ran-
domized Turing machine M and for any positive polynomial p, it holds that
Probx, m[f(MQ1"™, f(X,))) = f(X,) | X, € dom(f)] < 1/p(n) for all but

finitely-many natural numbers n.

1A set S is said to have density at most d(n) infinitely often if there exists an infinite
set N of natural numbers such that |S™"| < d(n) holds for all n € N.

12 A set S is dense if there exists a polynomial p such that S has density at least
2" /p(n) almost everywhere.
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For a total one-way function, it is proven in [21l22] that the existence of such
a function leads to the consequence NP ¢ Nearly-BPP. However, it is not yet
known that the converse holds as well. Theorem [2]in contrast establishes a link
between partial one-way functions and io-Nearly-BPP.

To describe our result, we introduce a subclass of NP, called wNP (“omega”
NP). First, notice that any NP set A can be written as A = {z | Jy €
dom(f)[f(y) = z]} for a certain partial FP-function f. In this case, f is said to
witness A. This witness function f is in general not necessarily effectively hon-
est. The class wNP is the collection of all sets A that have effectively-honest
witness functions f in FP. Similarly, WNPMYV is the collection of all partial multi-
valued functions g such that there exist a polynomial p and a partial effectively-
honest function f € FP satisfying g(z) = {y € dom(f) N X=PUzl) | f(y) =z} for
every .

Theorem 2. The following statements are all logically equivalent.

1. A partial weakly one-way function exists.

2. A partial strongly one-way function exists.

3. There exists an WNPMV -function that has no io-Nearly-FBPP refinement.

4. wNP ¢ io-Nearly-BPP.

5. There exist constants d, e and polynomials p, q such that, for every polyno-
mial s and every number c, the discrepancy set D={x | Jy € Y<lzltdilog(2)) 3, ¢
eUeD[CD* (r) > e|r| ACDY(y|z) < clogy (|2 + [y|) AC(zly) < clogy (|| +[y]) A
Cé(y|z,7) > CDY(y|z) + C¥(x|y) + clogs(|z| + |y|)]} has density at least 2™ /p(n)
almost everywhere.

To discuss total one-way functions, we further draw our attention to a sub-
class of wNP by requiring corresponding witness functions to be total. To be
precise, a set S is in wNP; (the subscript “¢” stands for “total”) if there exists
a total effectively-honest function f € FP such that A = {z | Jy[f(y) = «]}.
Notice that wNP; € NP but P Q wNP; because @ € wNP, and X* € wNP,.
The following significantly improves the result in [21]22].

Corollary 2. A total one-way function exists iff WNP; ¢ io-Nearly-BPP.

Note that it is not known whether we can replace the assumption wNP; ¢
io-Nearly-BPP in Corollary 2 by a much weaker assumption, such as NP ¢
Nearly-BPP.

13 A (partial) function f from X* to X* is effectively honest if there exists a real number
¢ > 0 such that |z| < |f(z)| + cilog(|f(z)|) for all but finitely-many z in dom(f),
where ilog(n) = [log, n].
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Abstract. We investigate the complexity of circuits consisting solely of
modulo gates and obtain results which might be helpful to derive lower
bounds on circuit complexity: (i) We describe a procedure that converts
a circuit with only modulo 2p gates, where p is a prime number, into a
depth two circuit with modulo 2 gates at the input level and a modulo p
gate at the output. (ii) We show some properties of such depth two cir-
cuits computing symmetric functions. As a consequence we might think
of the strategy for deriving lower bounds on modular circuits: Suppose
that a polynomial size constant depth modulo 2p circuit C' computes a
symmetric function. If we can show that the circuit obtained by applying
the procedure given in (i) to the circuit C' cannot satisfy the properties
described in (ii), then we have a super-polynomial lower bound on the
size of a constant depth modulo 2p circuit computing a certain symmet-
ric function.

Keywords: modular circuits, lower bounds, symmetric functions, com-
posite modulus, Fourier analysis

1 Introduction

To derive a strong lower bound on the size complexity of Boolean functions is
a big challenge in theoretical computer science. Exponential lower bounds have
been obtained so far on the size of Boolean circuits to compute a certain Boolean
functions when we place restriction on the Boolean circuits such as constant
depth or monotone. In this paper we consider Boolean circuits consisting of
modulo gates, which will be referred to as modular circuits, and derive statements
concerning finite depth modular circuits which might be helpful to derive lower
bounds on that type of circuits computing certain functions.

A MOD,, gate is a Boolean gate with unbounded fan-in whose output is 0
if and only if the sum of its inputs is divisible by m, and a MOD,,, circuit is an
acyclic circuit with only MOD,,, gates. It is known so far that if modulus m is
a prime number or a power of a prime, then the AND function of n variables
T1,.-.,%n, le., Al_jx;, can not be computed by any constant depth MOD,,
circuit even if we are allowed to use an arbitrarily large number of such gates]g].
On the other hand we have little knowledge about the complexity on MOD,,
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circuits in the case that m is a composite number such as m = 6. Krause and
Waack[7] provide an exponential lower bound for the size of depth two MODg
circuits computing the AND function. A simpler proof for the statement was
given by Caussinus[3]. To derive a super-polynomial lower bound on the size
complexity of depth three MOD,,, circuits with m being a composite number
is unsolved for a long time. The best lower bound obtained so far is 2(n) for
the n fan-in AND function for any m by Thérien[9]. See [1] for a survey on the
complexity of constant depth circuits.

In this paper we explore new approaches to obtain a good lower bound on
the size of modular circuits. Most of the techniques, such as the random re-
strictions or the random clustering, for deriving strong lower bounds of modular
circuits rely on the probabilistic arguments(see e.g., [1],[2], [5]). In contrast, our
approaches are not relying on the probabilistic arguments but relying fully on
the constructible arguments.

What is established in the paper consists mainly of two parts: (i) For a prime
number p, a (MOD,, - MODy) circuit is a depth two circuit with MODs gates at
the input level and a MOD,, gate at the output level. We give a procedure that
converts a MODg,, circuit with an arbitrary finite depth to a (MOD, — MOD,)
circuit without changing the function that the original MODg,, circuit computes.
(if) We derive properties of (MOD,, — MODy) circuits computing any symmetric
function by employing Fourier analysis. So we may think of the following strat-
egy to derive lower bounds on MODg,, circuits: Suppose that a polynomial size
constant depth MODg,, circuit C computes a symmetric function. If we can show
that the circuit obtained by applying the procedure given in (i) to the circuit C
cannot satisfy the properties described in (ii), then we have a super-polynomial
lower bound on the size of MOD5,, circuit computing a certain symmetric func-
tion. But unfortunately we have not yet succeeded in obtaining lower bound
along the lines.

The paper is organized as follows. In Section 2 we give some basic notations
and definitions. In Section 3 we describe a procedure that converts a MODs,
circuit with p > 3 being a prime number, into a depth two (MOD,, — MODy)
circuit that computes the function computed by the MOD,,, circuit. In Section 4
we investigate the properties of (MOD, - MODy) circuits computing symmetric
functions must have. Finally, in Section 5, we show some lower bounds obtained
by using the techniques developed in this paper.

2 Preliminaries

A MOD,, gate is a Boolean gate with unbounded fan-in whose output is 0 if
and only if the sum of its inputs is divisible by m, i.e.,

0if 7 .2, =0 (mod m),
MODu (21, 22, . n) = { 1 otli:rzx;lilse. ( :
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Remark that there are several possible definitions for “modulo” gates. Let S be
a subset of {0,...,m —1}. A general MOD,,, gate is defined as follows:

B Lif 37 jx; modme S
MOD,, (21,22, .. ., 2n) = { 0 otherwise.

In what follows, we restrict ourselves to the case S = {1,2,...,m—1}. A MOD,,
circuit is an acyclic circuit with inputs {1, 21, 2, . .., 2, } which uses only MOD,,,
gates. We allow to connect inputs to gates or gates to gates through multiple
wires. Note that several proofs for the exponential lower bounds on the size of
depth two MODL %™~ circuits were known (e.g., [713]), but no superlinear
lower bounds for depth two general MOD,, circuits are known[3]. Following the
standard notations, the class of constant depth circuits with MOD,,, gates is
denoted by CC°(m).

A (MOD, — MOD,) circuit is a depth two circuit with MOD,, gates at
the input level and a MOD, gate at the output level. More generally, we de-
note a depth k circuit with L; gates at the ith level, for i« = 1,2,... )k, by
(Ly — -+ — Ly — Lq). The size of a circuit is defined to be the number of gates
in it.

For z € {0,1}", #1(«) denotes the number of 1’s in z. For z,y € {0,1}", z-y
denotes the inner product mod 2, i.e., x - y = ®"_,x;y;, where z; (respectively,
y;) is the ith bit of = (respectively, y), and x @ y denotes the bitwise exclusive
OR’s of z and y. For a set S, |S| denotes the number of elements in S.

3 Conversion from CC(2p) to (MOD, — MOD,)

In this section, we describe a procedure that converts a MODg, circuit into a
(MOD, — MODsy) circuit that computes the function computed by the MODy,,
circuit. First, we describe three procedures that will be used in our conversion
and in the last subsection of this section, we will give the entire procedure by
putting all them together.

3.1 From MOD,, to (MOD, — MOD,)

In this subsection, we describe a procedure that converts a MOD3,, gate into a
depth two (MOD,, — MODy) circuit, where p > 3 is a prime number. First, we
deal with the simplest case with p = 3.

Lemma 1. Let C be a circuit consisting of a single MODg gate with inputs
I={y1,y2,.--,Ur}, wherey; € {1,x1,29,...,x,}. Note that I is supposed to be
a multiset : if x; is connected to the MODg gate with j wires, then x; appears j
times in I. Then the function computed by C' can be computed by a depth two
(MODs — MODy) circuit given by

MOD3(MOD2( (k mod 3) Zyl+2 Y (MODy( yuyj)))
1<i<j<k
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Proof. The lemma follows from the series of the equations :

MODg(I)= OR(MOD,(I), MOD3(I)) = MOD3(MODy(I), MODs(I))

— MOD; (MODQ(I), (zk: yi)2(mod 3))

1<i<j<k

k
= MOD; (MOD (), Y i +2 > (2yi + 2y + (u: ©))

i=1 1<i<j<k

3(MOD»(1), (k mod 3) Zyl + 2zw Z (MODq( ymyj))>
1<i<j<k

The second to last equality holds since 4% = y for y = 0,1, and YiY; = 2y; +
2y; + (y; ®y;) (mod 3) for any y;,y; € {0,1}. O

For the general case, to convert a MODg, gate, where p > 3 is a prime
number, to an equivalent (MOD,, - MODs) circuit, we use the equation:

MODs, (I) = MOD,, (MOD, (1), (Zk: yi)p_l),

1=
in place of the equation ([I). By this equation and the lemma described below,
it is easy to construct a desired depth two (MOD, — MODy) circuit.

Lemma 2. Let p > 3 be a prime number, and let J be a subset of {1,2,...,n}
such that 2 < |J| < p—1. Then for any y; € {0,1} (j € J),

Hyjze< Z MODQ(Z:Uj)) +0< Z MODz(ZZUj)> (mod p), (2)

icJ SCJ icsS sCJ ics
7€ |S|ieven 7€ |S|iodd 7€

where o and e are positive integers satisfying 2171=10 = 1 (mod p) ande+0=0
(mod p).

Proof. Since

0 if |y| =0,
RHS of @) = { 2/I72(e 4 0)if 1 < |y| <|J| -1,
211710 if |yl = |J],

where |y| denotes > jes Yj» the lemma easily follows. a
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3.2 From (MOD, — MOD, — MOD,) to (MOD,, — MOD,)

In this subsection, we describe a procedure that converts a depth three (MOD,,
- MOD,, - MODy) circuit into a depth two (MOD,, - MOD3) circuit, where
p > 3 is a prime number. As in the last subsection, to start with, we start with
describing the simplest case with p = 3.

Lemma 3. Let C be a depth three (MODs — MODs — MODs) circuit. Let
91,92, ...,9; be all the gates in the second level, and for i = 1,2,...,1, let
9i1,9i,2,---,0ik; be all the gates connecting to the gate g;. Then the function
computed by C can be computed by the depth two (MODs — MODs) circuit de-
scribed as

! ki-1 ks
MODs (Z((k mod 3) Zg” +2 Z Z MODg(gwl,gmz)>)
i=1 j=1 J1=1j2=71+1

Proof. The lemma follows from

Output of C (3)
= MOD3(MOD3(g1,1,-- 591, )5 MOD3(95 1y GLk))

— MOD3((i gl’j)2 (mod 3), (Z gld) (mod 3))
j=1
0Ds((31,)" - (3o )) 0
k-1 k;
= B(Z(Zgz] JFQZ Z gl]lg%]z))
i=1 j=1 J1=1g2=y1+1
Uk k=1 ks
— (z (Z Gij +2 Z Z 291 g1+ 285 5, (gi,jl @gm'z))))
i=1 j=1 J1=1g2=y1+1
— MODs; (zl:( k; mod 3) Zg” +2kil S MODs (9530 9i5)) ) (5)
J1=1j2=71+1

The second to last equality holds since g?> = g for ¢ = 0,1, and 995 = 2g; +
29,4+ (9:®g;) (mod 3) for any g;,g; € {0,1}. Recall that every g; ; is the output
of a MOD» gate at the first level in C', Hence each MODs(g; ;,, 9i,5,) function
in the formula (@) can be computed by a single MOD5 gate. This completes the
proof of the lemma. 0O

For the general case, to convert a (MOD,, - MOD,, - MOD) circuit C to an
equivalent (MOD,, — MOD5) circuit, we use the equation:

kl kl

Output of C = MODP(<Z 91,j)p_17 . (Z glj)p—l)7

Jj=1 J=1
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in place of (). By this equation and Lemma [ it is easy to construct a desired
depth two (MOD,, - MOD3) circuit.

3.3 From (MOD, — MOD, — MOD,) to (MOD, — MOD,)

A procedure that converts a (MODs — MOD,, - MOD3) circuit into a (MOD,, —
MODy) circuit is as follows :

Let C be a depth three (MODs - MOD,, - MOD3) circuit. We assume that
the number of inputs of the top gate of C is 2F for some positive integer k. First,
we replace the top gate of C' by a depth k circuit with only MOD- gates, each
having fan-in two. It is easy to check that MOD3(g1, g2) =MOD, (g1, (p — 1)g2)
for any Boolean function g1, ge. Thus we can replace each MODgy gate by the
MOD,, gate and apply the procedure described in subsection 3.2 recursively to
obtain a depth two (MOD, — MOD,) circuit computing the same function as
the one computed by C.

We note that the resulting circuit may be exponentially large when the fan-in
of the top MOD> gate is £2(n). As long as we follow the arguments mentioned
above this fact is the largest obstacle to get a good lower bound on the size of
MODs,, circuits at this moment.

3.4 Putting All Together

In this subsection, we describe a procedure that converts a MODg, circuit into
a (MOD, — MODy) circuit by using three procedures described in the previous
three subsections. It is worthwhile to note here that every Boolean function can
be computed by a depth two (MOD, — MODy) circuit for any prime p > 3.
First, we focus on the lowest two levels of a MODs, circuit. By the procedure
described in subsection 3.1, we get a depth four (MOD, — MODy; — MOD,, —
MODy) circuit from the lowest two levels. This circuit can be converted into a
depth three (MOD,, - MOD,, - MOD) circuit by using the procedure described
in subsection 3.3 which in turn can be converted into a depth two (MOD, -
MOD,) circuit by using the procedure described in subsection 3.2. By recursively
continuing above process, we can finally convert a MOD,, circuit with arbitrarily
finite depth into a (MOD,, — MODy) circuit that computes the same function
computed by the original MODy,, circuit.

In the remainder of this subsection, we show that every Boolean function
can be computed by a (MOD3 — MODs) circuit. This fact may be known, but
we were unable to find a published paper that states the fact, so we show the
statement together with its proof.

Fact 1. Every Boolean function can be computed by a depth two (MODs —
MOD,) circuit.
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Proof. It was known that the OR function of n variables, i.e., Vi_,x;, can be
computed by a depth two (MOD3 — MODy) circuit. See [5] for the simple con-
struction of size 2™ and see [6] for the slightly effective construction of size 2"/2+1,
This implies that every disjunction of n literals, i.e., VI l; where l; € {z;,%;},
also can be computed by a depth two (MOD3 — MODs) circuit. Let f be an
arbitrary Boolean function on n variables. Consider a CNF formula representing
f, where each clause contains exactly n literals. Without loss of generality, we
can assume that the formula has m = 1 (mod 3) clauses. (by adding some “al-
ways true” clauses if necessary). If the value of f is 0, then m —1 =0 (mod 3)
clauses of f takes value 1, and if the value of f is 1, then all of the m # 0 (mod
3) clauses takes value 1. Thus the MOD3 gate, whose inputs are all (MODj3 —
MODy) circuit computing each clause in the CNF formula, evaluates the func-
tion f. Finally, using the procedure described in subsection 3.2, we obtain a
(MOD3 — MODs) circuit computing f. O

4 Properties of Depth Two Circuits
for Symmetric Functions

In this section, we investigate the properties of (MOD,, — MOD3) circuits com-
puting symmetric functions where p is a prime number. The technique we use
is the Fourier analysis that is an extension of these by Kahn and Meshulam[6]
and Yan and Parberry[10)].

Definition 1. A Boolean function f on n variables is symmetric if f(z) = f(y)
for any x,y € {0,1}™ such that #1(z) = #1(y). In other words, a symmetric
function is a function whose value depends only on the number of 1’s in its
mput. O

For a prime number p, Z, denotes the residue-class field modulo p. The Fourier
transform of a function f : Zy — Z, is the function f : Z3 — Z, defined

~

by f(z) = > e013» f(¥)(=1)¥ (mod p). The convolution of two functions
f.g: 2y — Z, is given by f * g(x) = Zye{o,l}” f(y)g(z — y), and its Fourier
transform satisfies f/*\ g(x) = f(x) - g(z). Following Kahn and Meshulam[f], we
abbreviate f * --- % f (k factors) by f**, and for an integer k and a set S set
ES={a1®---®ay|a; €S}

Definition 2. Let C be a circuit with inputs {1,21,x2,...,x,}. For a gate g
at the first level in the circuit C, the characteristic string corresponding to the
gate g, denoted char(g), is an n bit binary string such that the ith bit of char(g)
is equal to 1 if and only if x; is connected to the gate g for i =1,2,...,n. The
span of the circuit C, which will be denoted by span(C), is defined to be the
set of characteristic string corresponding to all the gates in the first level of the
circuit C'. O

For a set of integers I = {i1,42,...,ix} C {1,2,...,n} and for a set of strings
S C {0,1}", the set of strings S|; C {0, 1}* is defined by S|; = {w;, w;, - - - w;, |
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wiws - - - wy, € S}. For a symmetric function f and for an integer ¢, f(¢) denotes
the value of f on an input with ¢ 1’s.

Theorem 2. Letp > 3 be a prime number and let f be a symmetric function on
n variables such that f(i) # f(i+2-p*) for some positive integers i and k. Assume
that a (MOD,, — MODy) circuit C' computes f. Then for any I C {1,2,...,n}
with |I| =2 - p*, (p — 1)span(C)|; D {z € {0,1}27" | #1(z) = p*} holds. O

Before proceeding to the proof of Theorem [2], we show a simple fact which
will be needed in the proof of Theorem ]

Fact 3. Let [/ be a symmetric function on n’ variables with 0 = f'(0) # f'(n') =
1. Suppose that C is a (MOD,, — MOD:) circuit computing f'. Then there exists a

(MOD, - MODy) vcircuit C' such that (i) span(C) =
span(C"), (ii) for any gate g at the first level in C’, the set of inputs of g is
a subset of {x1,xa,...,2,} (yi.e., the constant 1 is never connected to a MODy

gate in C') and (i) every input of the top MOD, gate of C' is the output of a
MOD; gate (i.e., C' is a layered circuit).

Proof (sketch). It suffices to verify that MOD,(MOD(1,I),y) = MOD,((p —
1)MODy(I) +1,y) holds for any I C {x1,za,...,2,}. In the circuit obtained
by repeated transformation based on the equation, the top MOD,, gate has no
constant input 1 because of the condition f/(0) = 0. O

Now we proceed to the proof of Theorem

Proof (of Theorem [2). Let f be a symmetric function on n variables such that
f(i) # f(i +2-p*) for some positive integers i and k, and I be a subset of
{1,2,...,n} with size 2- p*. Let C be a (MOD,, — MODs) circuit computing the
function f.

When 1 = f(i) # f(i +2-p¥) = 0, let C; be a circuit obtained from C by
replacing each input variable by its negation and let f; be the function computed
by C1. Note that span(C') =span(C}) and that 0 = f;(n—i—2-p*) # fi(n—i) = 1.
Hence without loss of generality, we can assume that 0 = f(i) # f(i +2-p*) = 1
(by putting i :=n —i —2-p* and f := f; for the case).

Restrict the circuit C' by assigning the value 0 to the n — i — 2 - p* input
variables outside I and assigning the value 1 to the ¢ input variables of them.
The resulting circuit C’ computes a symmetric function f’ on the set of variables
in [ satisfying 0 = f/(0) # f'(2-p*) = 1, and satisfies span(C”) =span(C)|;. Let
n’ = 2-p*. By Fact Bl we can assume that, for any gate at the first level in C”,
its inputs is a subset of {z1,29,...,2Zn}.

Let S = {z1,29,...,2s} be the set of characteristic strings corresponding to
any gate at the first level in C’. Note that S is a multiset such that if a gate
g is connected to the MOD,, gate with [ wires, then the characteristic strings
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corresponding to the gate g appears [ times in S. Note that each element in .S
corresponds to a vector in span(C)|;. The function u : Z§ — Z, is defined to
be u(z) = 1if 2 = 00---0 and u(x) = 0 otherwise. Let w : Z§ — Z, denote
the indicator function of the set S, i.e., w(z) = |{j | = z;}|. Set the function
g: Zgll — Zp to g = su— w. For = € {0, 1}”/, let H, denote the set of vectors
{y € {0,1}" | y -z = 1}. By the condition (iii) in Fact B} the output of the
circuit C" is 0 if and only if |{i |1 <i < s,z € H,}| =0 (mod p).
For any € {0,1}",

ga@)= D g1t =s =) (DT =) (1= (-1)7)

ye{0,1}n i=1 i=1
=2{i|1<i<s,z € H,}|

Let h = g*®=1. Then we have ?L(it) = g(x)P~!. Thus E( ) = 0 if x satisfies
the condition |{i | 1 < i < 8,2 € H,}| = 0 (mod p), and h( ) = 1 otherwise.
Moreover, since C' computes the symmetric function, h(xl) ﬁ(:@) for any x;
and xo with #1 (z1) = #1(x2).

Hence, for any fixed = with #;(z) = p¥,

ve{o,1}n i=0 yifa (y)=i
, n’ N 7 ‘ pk pk
5 5 s ()(7)
=0yt (y)=i =0
=277 (R(00---0) — A(11---1)).

ha) = > )~

a€{0,1}'

- > (X h(y)(—l)y'“)m)z'“

ac{0,1}"" yc/{o, 1}n’

= 3 -y

ac{0,1}" ye{0,1}n’

= Y (X ewEnEEn) =27 he),

ye{0,1}" ac{0,1}"

and the last equality holds since p divides (pj k) unless j = 0 or j = p*. Note that
for convenience (p] k) is considered to 0 for any j > p*. Since one of E(OO ---0) and

iAz(ll -++-1) is 0 and the other is not 0, the set {x | h(z) £ 0 (mod p)}, denoted
supp(h), contains {z € {0,1}" | #1(x) = p*}.
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On the other hand, supp(h) C {@&""/z | 2z € Sforany 1<i<p—1}.
Therefore, (p — 1)span(C)|; = {Esz_llzi | zi € Sforany 1 <i<p—1} D {z €
{0,1}"" | #1(x) = p¥}. This completes the proof of the theorem. O

5 Applications

In this section, we show some lower bounds on the size complexity of circuits
with modulo gates using the techniques developed in this paper. The following
theorem says that even MOD, function requires exponential size ((MODj3)! —
MODg) circuits for constant {. We remark that a similar result was obtained in
[B] by using the random clustering technique.

Theorem 4. Let f be a symmetric function on n variables such that f(i) #
f(i+2-3F) for some positive integers i and k. Suppose that a (MODz — --- —
MOD;3 — MODg) circuit C' of depth | computes f. Then the size of the circuit C
is at least (23k/2 - n2)1/2l.

Proof. Let f be a symmetric function on n variables such that f(i) # f(i+2-3%)
for some positive integers i and k. Let C be a depth [ (MOD3 — --- — MOD3 —
MODg) circuit computing f. By Lemmal[ll we obtain a depth {+1 (MODj3 — - - -
- MOD3 — MODy) circuit Cy computing f such that

span(Cy) C span(C) U {z € {0,1}" | #1(z) < 2}.

By using Lemma Bl recursively, we obtain a (MOD3 — MODs) circuit Cs com-
puting f such that span(Cs) C 2'span(C;). Thus,

size of C' > |span(C)| > [span(Cy)| — n* > (|span(Cy)| — n2)1/2l

2.3k 1/2 1/2! k !
> (( i > —n2) > (23 /2 _n2)1/2 _

The second to last inequality follows from Theorem 2L O
The following corollary is immediate from Theorem [}

Corollary 1. Let n be an integer such that n = 2 - 3% for some integer k. Let
f be a symmetric function on n variables such that f(0) # f(n). Suppose that
((MOD3)'-MODs) circuit C of depth 1+ 1 = o(logn) computes f. Then the size
of the circuit C is super-polynomial in n. O

Finally we remark that, as one of the anonymous referees has pointed out
to us, a similar argument as above can be applied to obtain a super-polynomial
lower bounds on the size of MODgy,, circuits having sublogarithmic depth (that
is, o(logn) depth) that compute symmetric functions whose value for all 1’s is
different from all 0’s.
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Abstract. An IP router must forward packets at gigabit speed in or-
der to guarantee a good QoS. Two important factors make this task a
challenging problem: (i) for each packet, the longest matching prefix in
the forwarding table must be computed; (ii) the routing tables contain
several thousands of entries and their size grows significantly every year.
Because of this, parallel routers have been developed which use several
processors to forward packets. In this work, we present a novel algorith-
mic technique which, for the first time, exploits the parallelism of the
router to also reduce the size of the routing table. Our method is scal-
able and requires only a minimal additional hardware. Indeed, we prove
that any IP routing table T' can be split into two subtables 77 and 7%
such that: (a) |Ti| can be any positive integer k < |T'| and |T>| < |T| —k;
(b) the two routing tables can be used separately by two processors so
that the IP lookup on T is obtained by simply XOR-ing the IP lookup
on the two tables. Our method is independent on the data structure
used to implement the lookup search and it allows for a better use of the
processors L2 cache. For real routers routing tables, we also show how
to achieve simultaneously: (a) |T%]| is roughly 7% of the original table
T; (b) the lookup on table T> does not require the best matching prefix
computation.

1 Introduction

We consider the problem of forwarding packets in an Internet router (or back-
bone router): the router must decide the next hop of the packets based on their
destinations and on its routing table. With the current technology which allows
to move a packet from the input interface to the output interface of a router
[2T/T9] at gigabit speed and the availability of high speed links based on optic
fibers, the bottleneck in forwarding packets is the IP lookup operation, that is,
the task of deciding the output interface corresponding to the next hop.
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** Most of this work has been done while at the University of Rome “Tor Vergata”,
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In the past this operation was performed by data link Bridges [7]. Currently,
Internet routers require the computation of the longest matching prefiz of the
destination address a. Indeed, in the early 1990s, because of the enormous in-
crease of the number of endpoints, and the consequent increase of the size of
the routing tables, Classless Inter-Domain Routing (CIDR) and address aggre-
gation have been introduced [8]. The basic idea is to aggregate all IP addresses
corresponding to endpoints whose next hop is the same: it might be the case
that all machines whose IP address starts by 255.128 have output interface I1;
therefore we only need to keep, in the routing table, a single pair prefix/output
255.128. % . x /I1. Unfortunately, not all addresses with a common prefix corre-
spond to the same “geographical” area: there might be so called exceptions, like
a subnet whose hosts have IP address starting by 255.128.128 and whose output
interface is different, say I2. In this case, we have both pairs in the routing table
and the rule to forward a packet with address a is the following: if a is in the
setl] 255.128. =, but not in 255.128.128.%, then its next hop is I1; otherwise, if
a is in the set 255.128.128.%, then its next hop is I2. More in general, the correct
output interface is the one of the so called best matching prefix BMP(a,T'), that
is, the longest prefix in 1" that is a prefix of a.

Even though other operations must be performed in order to forward a
packet, the computation of the best matching prefix turns out to be the ma-
jor and most computationally expensive task. Indeed, performing this task on
low-cost workstations is considered a challenging problem which requires rather
sophisticated algorithmic solutions [AIGIOIT217I23/25). Partially because of these
difficulties, parallel routers have been developed which are equipped with several
processors to process packets faster [21]19]16].

We first illustrate two simple algorithmic approaches to the problem and
discuss why they are not feasible for IP lookup:

1. Brute force search on the table T'. We compare each entry of T and store
the longest that is a prefix of the given address a;

2. Prefiz (re-) expansion. We write down a new table containing all possible
IP addresses of length 32 and the corresponding output interfaces.

Both approaches fail for different reasons. Typically, a routing table may
contain several thousands of prefixes (e.g., the MaeEast router contains about
33,000 entries [14]), which makes the first approach too slow. On the other
hand, the second approach would ensure that a single memory access is enough.
Unfortunately, 232 is a too large number to fit in the DRAM. Also, even a table
with only IP addresses corresponding to endpoints would be unfeasible: this is
exactly a major reason why prefix aggregation has been introduced!

In order to obtain a good tradeoff between memory size and number of mem-
ory accesses, a data structure named forwarding table is constructed on the basis
of the routing table T" and then used for the IP lookup. For example, the for-
warding table may consist of suitable hash functions. This approach, that works
well in the case searching for a key a into a dictionary T (i.e., the exact matching
problem), has several drawbacks when applied to the IP lookup problem:

L We consider a prefix = as the set of all possible string of length 32 whose prefix is .
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1. We do not know the length of the BMP. Therefore, we should try all
possible lengths up to 32 for IPv4 [22] (128 for IPv6 [5]) and, for each length,
apply a suitable hash function;

2. Even when an entry of T is a prefix of the packet address a, we are not
sure that this one is the correct answer (i.e., the BMP). Indeed, the so called
exceptions require that the above approach must be performed for all lengths
even when a prefix of a is found.

1.1 Previous Solutions

The above simple solution turns out to be inefficient for performing the IP lookup
fast enough to guarantee millions of packets per second [I6]. More sophisticated
and efficient approaches have been introduced in several works in which a suitable
data structure, named forwarding table, is constructed from the routing table T’
Mle912/17/23125]. For instance, in [25] a method ensuring O(log W) memory
accesses has been presented, where W denotes the number of different prefix
lengths occurring in the routing table T'. This method has been improved in [23]
using a technique called controlled prefiz expansion: prefixes of certain lengths
are expanded thus reducing the value W to some W’. For instance, each prefix
x of length 8 is replaced by = -0 and = - 1 (both new prefixes have the same
output interface of x). The main result of [23] is a method to pick a suitable set
of prefix lengths so that (a) the overall data structure is not too big, and (b) the
value of W' is as small as possible.

Actually, many existing works pursue a similar goal of obtaining an efficient
data structure whose size fits into the L2 memory cache of a processor (i.e.,
about 1Mb). This goal can be achieved only by considering real routing tables.
For example, the solutions in [46l9IT7] guarantee a constant number of memory
accesses, while the size of the data structure is experimentally evaluated on real
data; the latter affects the time efficiency of the solution.

These methods are designed to be implemented on a single processor of a
router. Some routers exploit several processors by assigning different packets
to different processors which perform the IP lookup operation using a suitable
forwarding table. It is worth observing that:

1. All such methods suffer from the continuous growth of the routing tables
[TOJ3)/I]; if the size of the available L2 memory cache will not grow accordingly,
the performance of such methods is destined to degrade

2. Other hardware-based solutions to the problem have been proposed (see
[13/20]), but they do not scale, thus becoming obsolete after a short time, and/or
they turn out to be too expensive;

3. The solution adopted in [21I19] (see also [16]) exploits the parallelism in
a rather simple way: many packets can be processed in parallel, but the time a
single packet takes to be processed depends on the above solutions, which are
still the bottleneck.

2 In our experiments we observed that the number of entries of a router can vary
significantly from one day to the next one: for instance, the Paix router had about
87,000 entries the 1st November 2000, and about 22,000 only the day after.
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Finally, the issue of efficiently updating the forwarding table is also addressed
in [12[18]23]. Indeed, due to Internet routing instability [11], changes in the
routing table occur every millisecond, thus requiring a very efficient method
for updating the routing/forwarding table. Similar problems are considered in
[15] for the task of constructing/updating the hash functions, which are a key
ingredient used by several solutions.

1.2 Our Contribution

In this work, we aim in exploiting the parallelism of routers with more than one
processors in order to reduce the size of the routing tables. Indeed, a very first
(inefficient) idea would be to take a routing table 7" and split it into two tables
Ty and T3, each containing half of the entries of T'. Then, a packet is processed in
parallel by two processors having in their memory (the forwarding table of) T}
and Ty, respectively (see Fig. ). The final result is then obtained by combining
via hardware the results of the IP lookup in 7T} and T5.

CPU 1

BMP(a, T1)

longest BMP(a, T)
prexif

BMP(a, Tb)

IP adress a

table Ty

Fig. 1. A simple splitting of 7" into two tables T and T» requires an additional hardware
component to select the longest prefix.

The main benefit of this scheme relies in the fact that access operations on
the L2 cache of the processor are much faster (up to seven times) than accesses
on the DRAM memoryE Thus, working on smaller tables allows to obtain much
more efficient data structures and to face the problem of the continuous increase
of the size of the tables [10]. Notice that this will not just increase the time a
single packet takes to be processed once assigned to the processors, but also the
throughput of the router: while our solution uses two processors to process 1
packet in one unit of time, a “classical” solution using two processors for two
packets may take 7 time units because of the size of the forwarding table.

Unfortunately, the use of the hardware for computing the final result may
turn out to be unfeasible or too expensive: this circuit should take in input
BMP(a,T1) and BMP(a,T>) and return the longest string between these two
(see Fig. ). An alternative would be to split T according to the leftmost bit:
T contains addresses starting by 0 (i.e., so called CLASS A addresses) and T
those starting by 1. This, however, does not necessarily yield an even splitting
of the original table, even when real data are considered [14].

3 From now on we will improperly use the term DRAM also for SRAM adopted in
some routers.
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The main contribution of this work is to provide a suitable way of splitting
T into two tables T and T, such that the two partial results can be combined
in the simplest way: the XOR of the two sequences. This result is obtained via
an efficient algorithm which, given a table T, for any positive integer k < |T,
finds a suitable subtable T} of size k with the property that

Lookup(a,T) = Lookup(a,Ti) ® LooKuUP(a,T \ T}),

where LOOKUP(a, T') denotes the output interface corresponding to BMP(a,T),
for any IP addresses a.

The construction of T} is rather simple and the method yields different strate-
gies which might be used to optimize other parameters of the two resulting rout-
ing tables. These, together with the guarantee that the size is smaller than the
original one, might be used to enhance the performance of the forwarding table.
Additionally, our approach is scalable in that T can be split into more than two
subtables. Therefore, our method may yield a scalable solution alternative to the
simple increase of the number of processors and/or the size of their L2 memory
cache. We believe that our novel technique may lead to a new family of parallel
routers whose performance and costs are potentially superior to those of the
current solutions [21I[16/[I824].

We have tested our method with real data available at [14] for five routers:
MaeEast, MaeWest, AADS, Paix and PacBell. We present a further strategy
yielding the following interesting performances:

1. A very small routing table T} whose size is very close to 7% of |T|; Indeed,
in all our experiments it is always smaller but in one case (the Paix router)
in which it equals to: (i) 7.3% of |T| when T contains over 87,000 entries,
and (ii) 10.2% when |T| is only about 6,500 entries.

2. A “simple” routing table To = T\ T} with the interesting feature that no ex-
ceptions occur, that is, every possible IP address a has at most one matching
prefix in T5.

So, for real data, we are able to circumscribe the problem of computing the
best matching prefix to a very small set of prefixes. By one hand, we can apply
one of the existing methods, like controlled prefix expansion [23], to table T7:
because of the very small size we could do this much more aggressively and get a
significant speed-up. By the other hand, the way table T5 should be used opens
new research directions in that, up to our knowledge, the IP lookup problem
with the restriction that no exceptions occur has never been considered before.
Observe that, table 75 can be further split into subtables without using our
method, since at most one of them contains a matching prefix.

Finally, we consider the issue of updating the routing/forwarding table, which
any feasible solution for the IP lookup must take into account. We show that
updates can be performed without introducing a significant overhead. Addition-
ally, for the strategy presented in Sect.[3, all type of updates can be done with
a constant number of operations, while keeping the structure optimality.
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Roadmap. We describe our method and the main analytic results in Sect.[2 In
Sect. [3] we present our experimental results on real routing tables. In Sect. [4] we
conclude and describe the main open problems.

2 The General Method

In this section we describe our approach to obtain two subtables from a routing
table T" so that the computation of LOOKUP(a,T’) can be performed in parallel
with a minimal amount of additional hardware: the XOR of the two partial
results.

Throughout the paper we make use of an equivalent representation of a rout-
ing table by means of trees. Let us consider a routing table T' = {(s1,01),...,
(Sn,0n)}, where each pair (s;,0;) represents a prefix/output pair. Given two bi-
nary strings s; and so, we denote by s1 < so the fact that s; is a prefix of s5. We
can represent T' as a forest (S, E) where the set of vertices is S = {s1,...,8,}
and for any two s1,s2 € S, (s1,82) € E if and only if (i) s; < s9, and (ii) no
s € S exists such that s; < s < sq. Finally, to every vertex s;, we attach a label
0; according to the corresponding output interface.

To simplify the presentation, we assume that T always contains the empty
string €, thus making (S, FE) a tree rooted at e. Observe that, this tree is not
directly used to perform IP lookups. So, it will not be stored in the memory
cache which will contain the forwarding tables derived from the subtables.

Our method consists of two phases which we describe below.

The Split Phase. Given a routing table T', let T%P denote any subtree of T
having the same root. Also, for any node u € T, let [(u) denote its old label (i.e.,
its output interface in T') and let I'(u) = {1 (u)/l2(u) denote a pair of new labels.
Intuitively, I;(u) represents the label of u in subtable T;, i = 1,2. We assign the
new labels as follows (see Fig. B):

— For any u € T"P, I'(u) = I(u)/0, where 0 denotes the bit sequence (0,...,0);
— For any v € T\T"?, I'(v) = l(z)/(I(x) ®1(v)), where  is the lowest ancestor
of v in T"P.

Let T" (respectively, T") be the routing table obtained from T by replacing,
for each u € t, the label I(u) with the label {1 (u) (respectively, la(uw)). It clearly
holds that 11 (u) @ la(u) = I(u). Hence,

LookuP(a,T’) ® LookUP(a, T") = LookuP(a,T).

The Compact Phase. The main idea behind the way we assign the new labels
is the following (see Fig. [):

1. All nodes in T“? have the second label equal to 0;
2. T\ T"P contains upward paths where the first label each node are all the
same.
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Fig. 2. An overview of our method: The subtree T"? corresponds to table T; after a
compact operation is performed; similarly, 7'\ T"? yields the table T%.

Because of this, T} and 75 contain redundant information and some entries
(vertices) can be removed as follows. Given a table T, let COMPACT(T) denote
the table obtained by repeatedly performing the following transformation: for
every node u with a child v having the same label, remove v and connect u to
all the children of v. Then, the following result holds:

Lemma 1. Let Ty = COMPACT(T") and To = CoMPACT(T"). Then, |T1| =
[ T"P| and |To| = [T| = |T""].

Proof. We will show that no node in T"?, other than €, will occur in T5; similarly,
no node in 7'\ T} will occur in T7. Indeed, every node u € T“ have label equal
to 0 in 7" (see Fig. ). Since also € has label 0, CoMPACT(T") = T will not
contain any such u. Similarly, any node v € T'\ T"? has its label in 7" equal to
some [(x), where z is the lowest ancestor of v in T%" (see Fig.[2]). Therefore, all
nodes in the path from x to v have label the same label I(z) and thus will not
occur in COMPACT(T”) = T;. This completes the proof.

Lemma 2. For any table T' and for any address a, it holds that LOOKUP(a,T) =
Lookup(a, CoMPACT(T)).

Proof. Let u, = BMP(a,T) and v, = BMP(a, CompACT(T)). If u, = v,
then the lemma clearly follows. Otherwise, we observe that, in constructing
CoMPACT(T'), we have removed from T the node u, and all of its ancestors up to
Vq. This implies I(ug) = I(vg), i.e., LOOKUP(a,T) = LOoOKUP(a, COMPACT(T)).

We have thus proved the following result:

Theorem 1. For any routing table T and for any integer 1 < k < |T|, there
exist two routing tables Ty and Ty such that: (i) |T1| < k and |Tz| < |T|—k, and
(i) for any address a, LOOKUP(a,T) = LOOKUP(a,T;) ® LOOKUP(a, T3).
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The above theorem guarantees that any table T' can be divided into two tables
Ty and T of size roughly |T'|/2. By applying the above construction iteratively,
the result generalizes to more than two subtables:

Corollary 1. For any routing table T and for any integers ki, ko, ..., k;, there
exist I + 1 routing tables Ty, Ts, ..., Ti41 such that: (i) |T;| < k;, for 1 <i <I;
(i) |Ti41] < |T| — k, where k = ki + ko + -+ + ky; (ii) for any address a,
Lookup(a,T) = @'L; Lookur(a, T;).

Finally, we observe that the running time required for the construction of
the two subtables depends on two factors: (a) the time needed to construct the
tree corresponding to T’; (b) the time required to compute T"P, given that tree.

While the latter depends on the strategy we adopt for T“? (see also Sect. [3]),
the first step can be always performed efficiently. Indeed, by simply extending
the partial order ‘<’, a simple sorting algorithm yields the nodes of the tree in
the same order as if we perform a BFS on the tree. Thus, the following result
holds:

Theorem 2. Let t(|T|) denote the time needed for computing TP, given the
tree corresponding to a routing table T. Then, the subtables Ty and Ty can be
constructed in O(|T|log|T| + t(|T|)) time.

Also notice that, if we want to obtain two subtables of roughly the same
size, then a simple visit (BFS or DFS) suffices, thus allowing to construct the
subtables in O(|T|log|T|) time. The same efficiency can also be achieved for a
rather different strategy which we describe in Sect. [3

2.1 Updates

In this section we show that our method does not yield an overhead in the process
of updating the forwarding table. We consider two types of updates: (a) label
changes, and (b) entry insertion/deletion. In particular, we assume that we have
already computed the position, inside the tree T', of the newly added node or of
the node to update.

Label Changes. Consider the situation in which the label of a prefix p € T
changes from I(u) to I'(u). We distinguish three cases according to the left tree
in Fig.

— p is an internal node of T"P, i.e., p = v in Fig. Bl This is the easy case, since
it suffices to update the first label from I(u) to I(u)’.

— pis aleaf of T"P, i.e., p=x in Fig.[2l. As above we have to change the first
label from I(u) to I'(u); however, in this case p may be an ancestor of some
other nodes in 7'\ T*%P. This would require an update of all descendant nodes
of p in Ty. We instead propose a simpler approach: move p from TP into
T\T"?, so that the parent of p becomes a leaf of TP. Even though this “lazy
update” approach would make T5 larger, this will happen only after several
such updates. Therefore, we could periodically rebuild T"P so to maintain
the two trees of roughly the same size.
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— pisanode in T\T"P, i.e., p=v in Fig.[2l This is another simple case, since
we only have to change the second label from I(u) & I(z) to I'(u) & I(x).

It worth observing that in the first and third case, one label change in T
translates into one label change in either 77 or T5. In case p is on the “fron-
tier” between TP and T \ T“P, we can choose between performing one inser-
tion/deletion (see next paragraph) or a certain number of updates in T5. The
choice of which to perform depends on several parameters, including how effi-
ciently these operations are performed in the forwarding table.

Insertion/Deletion. Consider the situation in which a new node p must be
inserted as child of some existing node of T'. Again, we distinguish the following
cases (see Fig. [2)):

— p is child of an internal node u € T"P. The new node can be simply inserted
in its appropriate position with label pair (I(p),0). As u is not a leaf of T“?,
this will not affect any other node in T\ T"?; additionally, even if p may be
inserted as parent of some node in T%? (a previously child of u), no further
change is needed.

— pis a child a leaf node x € T"P. We can deal with this case by first inserting
p with the same label of z and then making a change of such label.

— p is a child of a node v € T'\ T"P. Another simple case since we only have
to set the first label equal to I(z) (see Fig. 2.

As for deletion of a node p, we only have to consider the case p is a leaf of T"P:
we can simulate this by considering a label change of p so that its new label
equals the label of its parent in T

Finally, we mention that every label change could also imply some node
deletion whenever the labels of two adjacent nodes become equal. This requires
only a constant amount of time and keeps the two subtables “simplified”, without
computing COMPACT(T”) and/or COMPACT(T") from scratch.

3 Experimental Results

These experiments have been performed on real routing tables of five routers:
Mae-East, Mae-West, AADS, Paix and PacBell. (Data available at [14].) In par-
ticular, we first observe that the tree T of the original table is a shallow tree,
that is, its depth is always at most 6 (including the dummy node € corresponding
to the empty string). More importantly, the table contains many leaf nodes, i.e.,
entries that have no suffix. Based on this, we have tested the following strategy:

— The tree TP contains all non leaf nodes of T'.

The idea is that of obtaining a table T with no exceptions and a table T of
size significantly smaller than |T'|. Clearly, the smaller the size of T} the better
is:
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— The small size of T} (w.r.t. the size of T') basically resolves the issue of the
memory size of the structure for the IP lookup in T7;

— The particular structure of T (i.e., no exceptions) may simplify significantly
the problem and yield a data structure of smaller size (w.r.t. those solving
the BMP problem).

It turns out that in all our experiments the size of T%P (and thus 7T1) is always
roughly 7% of |T|. Indeed, the only case in which it is smaller than 7% is for the
Paix router of 00/10/01. Interestingly, the routing table of this router, for this
day, has over 87,000 entries, thus showing that our method is “robust” to size
fluctuations (compare the same router of other days in Table [I)).

We also emphasize that, very similar results have been obtained over both a
period of one week (see Table [[) and over a sample consisting of snapshots of
the same for several months (see also [2]).

These two things together give a strong evidence that this method guarantees
the same performance over a long period of time (see also. Table [2)).

Table 1. Percentage of leaf nodes over one week (leaves/total entries, percentage).

Day Mae-East | Mae-West AADS Paix PacBell
(yy/mm/dd)
00/10/01 ||22462/24018]30195/32259|27112/28820|80812/87125|34266/36313
93.5% 93.6% 94% 92.7% 94.3%
00/10/02 ||22380,/23932(30124/32178|27066/28755|21325/22887|34446/36511
93.5% 93.6% 94% 93% 94.3%
00/10/03 ||22361/23922|30038,/32094|27016,/28730|80776/87100|34505/36557
93.4% 93.5% 94% 92.7% 94.3%
00/10/04 ||22426,/23991|30170/32239|27121/28832|81025/87372|34315/36387
93.4% 93.5% 94% 92.7% 94.3%
00/10/05 {|22276/23820|30249/32320(27200/28912|81030,/87374|39460/42142
93.5% 93.5% 94% 92.7% 93.6%
00/10/06 {|22252/23800|30620/32701|27945/29763|81283/87638|34465/36535
93.4% 93.6% 93.8% 92.7% 94.3%
00/10/07 {|22323/23876|30414/32488(27942/29672|81179/87542|34240/36308
93.4% 93.6% 94.1% 92.7% 94.3%
00/10/08 {|22339/23902| 7655/8140 [28000/29734| 5939/6536 | 7824/8275
93.4% 94% 94.1% 90.8% 94.5%

Table 2. More results on the Mae-West for March 2002.

Day

[ 9th

10th 11th 12th 13th 14th 15th |

Leaves
Total entries
Percentage

27654 27670 27660 27697 27575 27527 27620
29635 29648 29633 29686 29542 29485 29585
93.3% 93.3% 93.3% 93.2% 93.3% 93.3% 93.3%
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Justification. It is worth observing that the high percentage of leaf nodes does
not directly derives from the fact that the table T contains very few exceptions
(i.e. suffixes) which is what we want to achieve in subtable Ty (actually, we want
no exceptions at all). Indeed, in the following table we compare the number of
entries of a given height in the tree[] vs the number of entries whose subtree has
a given height:

[ Height [ 0 1 2 3 4 56

of entry 1 16917 6041 928 123 7 1
of subtree||22462 1362 162 27 3 11

Notice that, the percentage of nodes which are suffixes (i.e., height bigger
than 1) is roughly 29.5% of the total entries; for the same table, the number of
non-leaf nodes is 6.5% only. This implies that, in practice, our strategy performs
much better than the intuitive method of collecting the exceptions into a table.

4 Conclusion, Future Work and Open Problems

We have introduced a general scheme which allows to split a routing table into
two (or more) routing tables T} and Ty which can be used in parallel with-
out introducing a significant hardware overhead. The method yields a family of
possible ways to construct T7: basically, all possible subtrees T"? as in Fig.

This will allow for a lot of flexibility. In particular, it might be interesting to
investigate whether, for real data, it is possible to optimize other parameters.
For instance, the worst-case time complexity of some solutions for the IP lookup
[2523] depends on the number of different lengths occurring in the table. Is it
possible to obtain two tables of roughly the same size and such that the set of
prefix lengths is also spread between them?

Do strategies which split 7" into more than two tables have significant ad-
vantages in practice?

Finally, the main problem left open is that of designing and efficient for-
warding table for the case of routing tables with no exceptions. Does any of the
existing solutions get simpler or more efficient because of this?
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Abstract. A packet-switching network is stable if the number of packets
in the network remains bounded at all times. A very natural question that
arises in the context of stability and instability properties of such net-
works is how network structure precisely affects these properties. In this
work, we embark on a systematic study of this question in the context
of Adversarial Queueing Theory, which assumes that packets are adver-
sarially injected into the network. We consider size, diameter, maximum
vertex degree, minimum number of disjoint paths that cover all edges of
the network, and network subgraphs as crucial structural parameters of
the network, and we present a comprehensive collection of structural re-
sults, in the form of bounds on both stability and instability thresholds
for various greedy protocols:

— We present a novel, yet simple and natural, construction of a network
parameterized by its size on which certain compositions of univer-
sally stable, greedy protocols are unstable for low rates. The closeness
of the drop to 0.5 is proportional to the increase in size.

— It is now natural to ask how unstable networks with small (constant)
size be. We show that size of 22 suffices to drop the instability thresh-
old for the FIFO protocol down to 0.704. This results is the current
state-of-the-art trade-off between size and instability threshold.

— The diameter, maximum vertex degree and minimum number of
edge-disjoint paths play a significant role in an improved analysis
of stability threshold for the FIFO protocol. The results of our anal-
ysis reveal that a calibration of these parameters may be a valuable
asset for the design of networks with as high as possible stability
threshold.

— How much can network subgraphs that are forbidden for stability af-
fect the instability threshold? Through improved combinatorial con-
structions of networks and executions, we improve the state-of-the-
art instability threshold induced by certain known forbidden sub-
graphs on networks running a certain greedy protocol.

* This work has been partially supported by IST Program the IST Program of the E.U.
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Our results shed more light and contribute significantly to a finer under-
standing of the impact of structural parameters on stability and insta-
bility properties of networks.

1 Introduction

Motivation-Framework. Objectives. A lot of research has been done in the
field of packet-switched communication networks for the specification of their
behavior. In such networks, packets arrive dynamically at the nodes and they
are routed in discrete time steps across the edges. In this work, we embark on
a study of the impact structural network properties have on the correctness
and performance properties of networks. We study here greedy protocols as our
test-bed. In some cases, we consider networks in which different switches can
use different greedy protocols. This is motivated by the heterogeneity of modern
large-scale networks such as the Internet.

Framework of Adversarial Queueing Theory. We focus on a basic adversarial
model for packet arrival and path determination that has been recently intro-
duced in a pioneering work by Borodin et al. [3]. It was developed as a robust
counterpart to classical Queueing theory [4] that replaces stochastic by worst
case assumptions. The underlying goal is to determine whether it is feasible
to prove stability results even when packets are injected by an adversary. At
each time step, the adversary may inject a set of packets into some nodes. For
each packet, the adversary specifies a simple path that the packet must traverse;
when the packet arrives to its destination, it is absorbed by the system. When
more than one packets wish to cross a queue at a given time step, a contention-
resolution protocol is employed to resolve the conflict. A crucial parameter of
the adversary is its injection rate r, where 0 < r < 1. Among the packets that
the adversary injects in any time interval I, at most [r|I|] can have paths that
require any particular edge. We say that a packet p requires an edge e at time ¢
if the edge e lies on the path from its position to its destination at time ¢.
Stability. Stability requires that the number of packets in the system remains
bounded at all times. We say that a protocol P is stable [3] on a network G
against an adversary A of rate r if there is a constant C' (which may depend on
G and A) such that the number of packets in the system is bounded at all times
by C. We say that a protocol P is universally stable [3] if it is stable against
every adversary of rate less than 1 and on every network. We also say that a
network G is universally stable [3] if every greedy protocol is stable against every
adversary of rate less than 1 on G.

Greedy Protocols. We consider six greedy protocols— ones that always advance
a packet across a queue (but one packet at each discrete time step) whenever
there resides at least one packet in the queue (see Table 1).

Network Structure. Important parameters of it are: (a) the used protocols, (b)
graph parameters such as minimum degree, diameter, size, (¢) forbidden sub-
graphs for stability and (d) the subclasses of parameterized families of networks.
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Table 1. Greedy protocols considered in this paper (US stands for universally stable).

[Protocol name [Which packet it advances: [Us]]

Shortest-in-System (SIS) |The most recently injected packet
Longest-in-System (LIS) |The least recently injected packet
Furthest-to-Go (FTG) The furthest packet from its destination
Nearest-to-Source (NTS) |The nearest packet to its origin
First-In-First-Out (FIFO)|The earliest arrived packet at the queue
Nearest-To-Go-Using-LIS| The nearest packet to its destination or the least
(NTG-U-LIS) recently injected packet for tie-breaking

I RN NN

Contribution. How does the network structure precisely affect stability? In this
work, we present a comprehensive collection of structural results in the form of
bounds, on both stability and instability thresholds.

— We present an innovative parameterized adversarial construction for esti-
mating instability thresholds in heterogeneous networks. Our parameterized
approach considers that each execution (phase) of the adversarial construc-
tion consists of distinguished time periods (rounds) whose number depends
on the parameterized network topology. We apply our construction in in-
stances of a parameterized network family and prove that when the network
size parameter k tends to infinity then the instability threshold for the com-

positions of LIS-SIS, LIS-NTS and LIS-FTG fast converges to 0.5.
— We present a general analysis showing that any network G has an upper

bound on injection rate for FIFO stability that depends only on the minimum
number of edge-disjoint paths that cover G, the maximum in-degree, and
the maximum directed path length of the network. This result improves
the previous known upper bound for FIFO stability of [5] for all networks.
Furthermore, for several networks our stability bound is better than the one

estimated in [8] such as the network U, in Figure[Il.
— We demonstrate an ad-hoc FIFO network that uses only 22 queues and it is

unstable for any r > 0.704. The corresponding parameterized network [§] for
r = 0.704 needs at least 361 queues. Thus, we show that ad-hoc constructions

may beat the parametric ones with respect to the network size.
— In the model of non-simple paths (paths do not contain repeated edges), we

study two simple graphs (Us and Us in Figures[I, H) that have been shown
in [2] to be forbidden subgraphs for universal stability. Note that Us is an
extension of U (Figures[l) for n = 0, m = 1 and d = 2. For these graphs we
show instability for lower rates than those in [2] via a different construction.

Related Work. Adversarial Queueing Theory was developed by Borodin et
al. [3] as a more realistic model that replaces traditional stochastic assumptions
in Queueing Theory by more robust, worst-case ones. Subsequently, adversarial
queueing theory, and corresponding stability and instability issues, received a lot
of interest and attention (see, e.g., [TI2I5J67)9]). The universal stability of SIS,
LIS, NTS and FTG protocols was established by Andrews et al. [I]. The subfield
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Fig. 1. Networks U, U2 and their extensions I'(U1) and I'(Us) [2] Lemma 7]

of study of the stability properties of compositions of universally stable protocols
has been opened recently by Koukopoulos et al. [6l7] where lower bounds of 0.683
and 0.519 on the instability threshold of the composition pairs LIS-SIS, LIS-NTS
and LIS-FTG were respectively presented.

The subfield of proving stability thresholds for greedy protocols on every
network was first initiated by Diaz et al. [5] showing an upper bound on injection
rate for the stability of FIFO in networks with a finite number of queues that is
based on network parameters. In an alternative work, Lotker et al. [§] proved
that any greedy protocol can be stable in any network if the injection rate of the
adversary is upper bounded by 1/(d 4+ 1), where d is the maximum path length
that can be followed by any packet. Also, they proved that for a specific class of
greedy protocols, time-priority protocols the stability threshold becomes 1/d.

The instability of FIFO for small-size networks (in the model of adversarial
queueing theory) was first established by Andrews et al. [I, Theorem 2.10] for
injection rate r > 0.85. Lower bounds of 0.8357 and 0.749 on FIFO instability
were presented by Diaz et al. [5, Theorem 3] and Koukopoulos et al. [6, Theorem
5.1]. An alternative approach for studying FIFO instability is based on param-
eterized constructions for networks with unbounded size. Using this approach,
Lotker et al. [8] proved an instability threshold of % + € for FIFO; the network
size is a function of r that goes to infinity very fast as r goes down to 0.5.

In [2, Lemma 7], a characterization for directed network graphs (digraphs)
universal stability is given when the packets follow non-simple paths (paths
do not contain repeated edges). According to this characterization a digraph
is universally stable if and only if it does not contain as subgraph any of the
extensions of Uy (I'(Uy) or Us (I'(Us) where the parameters n,m, d, [, k represent
numbers of consecutive edges with [, k,n > 0 and m,d > 0 (see Figure[T]). These
graphs have been shown to have instability thresholds of 0.84089 for a certain
greedy protocol.

2 The Model

The adversarial queueing model considers a communication network that is mod-
elled by a directed graph G = (V, E), where |V| = n,|E| = m. Each node u € V
represents a communication switch, and each edge e € E represents a link be-
tween two switches. In each node, there is a buffer (queue) associated with each
outgoing link. Buffers store packets that are injected into the network with a
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route, which is a simple directed path in G. When a packet is injected, it is
placed in the buffer of the first link on its route.

In order to formalize the behavior of a network under the adversarial queueing
model, we use the notions of system and system configuration. A triple of the
form (G, A, P) where G is a network, A is an adversary and P is the used protocol
on the network queues is called a system. The execution of the system proceeds
in global time steps numbered 0, 1, . ... Each time-step is divided into two sub-
steps. In the first sub-step, one packet is sent from each non-empty buffer over
its corresponding link. In the second sub-step, packets are received by the nodes
at the other end of the links; they are absorbed (eliminated) if that node is their
destination, and otherwise they are placed in the buffer of the next link on their
respective routes. In addition, new packets are injected in the second sub-step.
Furthermore, the configuration C* of a system (G, A, P) in every time step t is
a collection of sets {S! : eeG}, such that S is the set of packets waiting in the
queue of the edge e at the end of step ¢. The time evolution of the system is a
sequence of such configurations C', C2, ... such that the load restriction imposed
by the Adversarial Queueing Theory [3] is satisfied.

In the adversarial constructions we study here for proving instability, we
assume that there is a sufficiently large number of packets sy in the initial system
configuration. This will imply instability results for networks with an empty
initial configuration, as established by Andrews et al. [Il Lemma 2.9]. Also, for
simplicity, and in a way similar to that in [I], we omit floors and ceilings and
sometimes count time steps and packets roughly. This only results to loosing
small additive constants while we gain in clarity.

3 Stability in Heterogeneous Networks

Before proceeding to the adversary constructions we give two basic definitions.

Definition 3.1 We denote X; the set of packets that are injected into the system
in the it" round of a phase. These packet sets are characterized as “investing”
flows because they will remain in the system till the beginning of the next phase.

Definition 3.2 We denote S, ; the j'* set of packets the adversary injects into
the system in the it" round of a phase. These packet sets are characterized as
“short intermediate flows” because they are injected on judiciously chosen paths
of the network for blocking investing flows.

A Parameterized Network Family. We provide here a parameterized family
of heterogeneous networks Aj. The motivation that led us to such a parameter-
ization in the network topology is two-fold: (a) the existence of many parallel
queues in the network allows the adversary to simultaneously inject several short
intermediate flows that block the investing flows in the system, without violating
the rule of the restricted adversarial model, (b) such a parameterized network
topology construction, enables a parameterized analysis of the system configura-
tion evolution into distinguished rounds whose number depends on the parame-
terized network topology. In LIS-FTG composition, the parameterization, besides
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Fig. 2. A network N} that uses LIS-SIS protocols

the parallel edges, includes additional chains of queues for the exploitation of
FTG in blocking investing flows.

A Parameterized Adversarial Construction. In order for our adversarial
construction to work, we split the time into phases. In each phase we study the
evolution of the system configuration by considering distinguished time rounds.
For each phase, we inductively show that the number of packets in the system
increases. Applying repeatedly this inductive argument we show instability.

Theorem 3.1 Let r > 0.5. There is a network N, where k is a parameter linear
to the number of network queues and an adversary A of rate r, such that the
system (N, A, Pr) is unstable if Pr is a composition of LIS protocol with any
protocol of a) SIS, b) NTS and ¢) FTG.

Sketch of proof. Part a) This proof is based on the preservation of all the
investing flows injected during a phase into the system. We consider an instance
of the parameterized network family (network A} in Figure 2)). All the queues
use the LIS protocol except the queues f1, f{, hi,..., hp_1, h/l, cee h;—1 that use
the SIS protocol. Moreover, the edges hg, h;c use protocol P, that can be any of
LIS or SIS because there is no packet conflict in these queues.
Inductive Hypothesis: At the beginning of phase j, there are s; packets that are
queued in g/17 h/l, ceey h’;q—l requiring to traverse the edges eq, f1, f2, g1, h1.
Induction Step: At the beginning of phase j+1 there will be more than s; packets
(sj+1 packets) that will be queued in g1, hq, ..., hg—1 requiring to traverse the
edges ey, f1, fos grs I

We construct an adversary A such that the induction step holds. Proving
that the induction step holds, we ensure that the inductive hypothesis will hold
at the beginning of phase j + 1 for the symmetric edges with an increased value
of 55, sj41 > s;. From the inductive hypothesis, initially, there are s; packets
(called S — flow) in the queues gll, hll, RN h;%l requiring to traverse the edges
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eo, f1, f2, 91, h1. In order to prove that the induction step works it is assumed that
there is a large enough number s; of packets in the initial system configuration.
Phase j consists of | = k + 1 rounds with [ > 3, that is k¥ > 2. The sequence of
injections is as follows:
Round 1: It lasts s; steps. The adversary injects a set X; of | X7| = rs; packets
in ey wanting to traverse the edges eq, f3, g1, h1, €1, fi, fz/,g/l, hll and a set Sp; of
|S1.1] = rs; packets in f; that require to traverse only the edge fi.
Evolution of the system configuration. X; packets are blocked by the S — flow
packets in eg. S — flow packets are delayed by S; 1 packets in f;. Thus, at the
end of this round a set Y of |Y'| = rs; packets of S remain in queue f;.
Round 2: It lasts rs; steps. The adversary injects a set Xa of |Xa| = rs;
packets in eg requiring to traverse the edges eq, f3, g1, ho, €1, f{, fé,g/l, hll Also,
it injects a set Sz1 of |S2.1| = r2sj packets in fo wanting to traverse f2, g2, h1.
Evolution of the system configuration. X; and Ss 1 packets are blocked in g; and
f2 correspondingly by Y packets. Xo packets are blocked in eg by X packets.
Since the number of rounds depends on the network topology (i.e. I = k+1),
we next analyze an intermediate round ¢, 3 <t < [.
Round ¢ (intermediate round): It lasts 7'~'s; steps. The adversary injects
t — 1 short intermediate flows Si1,..., Sii—1 of [Se1| = ... = [St—1] = 1's;
packets. Flow S;; with 1 < j <t —1 and j # 2 is injected in g;4+1 wanting to
traverse the edges gj+1, h;. Flow S 2 is injected in queue f, wanting to traverse
the edges f2, g3, ho. In addition, an investing flow X; of |X;| = r's; packets is
injected in f3 wanting to traverse the edges f3, g1, he, e1, f{, f;, gll, h'1
Evolution of the system configuration. Sy ; packets with 3 < j < t¢—1 are blocked
in gj41 by Si—1,j—1 packets, while flows S;; and S; > are blocked in go and f>
correspondingly by S;_11 packets. X; packets are blocked in g1 by X;_1 packets
that were injected in round ¢ — 1. At the end of round ¢, there is a number of
t — 3 different cases for the queues where Xi,..., X; 1 are queued depending
on their position at the beginning of the round and the injection rate r. In case
i (1 < i < t—3) we have: at the beginning of round ¢, a portion or all X;
packets along with X;q,..., X;—1 are queued in ¢;, while the rest X; packets
are queued in h; and all the Xy,..., X;_; packets are queued in hy,...,h;_1
correspondingly. Then, at the end of round ¢, two cases can happen. In both
cases, X1,...,X;_1 packets are queued in hi,...,h;_1 correspondingly. In the
first one, a portion or all X; packets in g; are queued with the rest X; packets in
h; and X;41, ..., X;t—1 packets remain in g;. In the second one, all the X; packets
in g; are queued with the rest X; packets in h;, a portion of X, ; packets is
queued in h;qq, while the rest X;; packets along with X, 9,..., X;_1 remain
in g;. Note that, in all possible system configurations at the end of round t, the
inwvesting flows X1, ..., X; remain into the system.
Round I: It lasts rl_lsj steps. The adversary injects an investing flow X; of
| X;| = rlsj packets in f3 wanting to traverse the edges f3, g1, hi, e1, f{, fé,g/17 h;.
Evolution of the system configuration. X; packets are blocked in g; by X;_; that
was injected in the system at round [—1. X5, ..., X;_1 packets are blocked in the
system by flows S;_1,1,...,S5;—1,1—2. Therefore, at the end of round /, the number
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of packets /tha;t are gueued in g1,h1,..., hj_o = hi_1 requiring to traverse the
edges e1, f1, fo, g1, hy 18 sj11 = | Xa| + ... + X

In order to have instability, we must have s;;11 > s;. This holds for rF+2 _2p4
1 < 0. This argument can be repeated for an infinite number of phases ensuring
the instability of the system (Ny, A, LIS —SIS). Also, k — oo = 7F+2 — 0,
because 0 < r < 1. Thus, for instability it suffices —2r +1 < 0, i.e. » > 0.5.
Parts b, ¢) The adversarial constructions that are used in Parts a, b, ¢. One
difference is the use of NTS and FTG protocols in the networks of Parts b, ¢
correspondingly where SIS is used in the network of Part a. The topology of
the used networks in Parts a, b, c is similar. The only difference is the use of
additional paths in the network of Part b that start at queues that use FTG.
These paths have sufficient lengths, such that the short intermediate packet
flows have priority over the investing packet flows when they conflict in queues
that use FTG. On the other hand, the injection of short intermediate flows in
Part b with the same paths as in Part a is enough to guarantee their priority
over investing flows when they conflict in queues that use NTS. As in Part a,
it is proved that for any r > 0.5 the system (Nj, A, Pr) is unstable if Pr is a
composition of LIS NTS or FTG. O

Notice that our method converges very fast to 0.5 for small values of the
parameter k that depends on the network size. This can be shown easily if in
the inequality r*+2 — 2r 4+ 1 < 0 the parameters r, k are replaced by appropriate
values. Therefore, for k = 7 the instability threshold is 0.501 and the number of
network queues is 36 in the case of LIS-SIS and LIS-NTS (given by 8 + 4k), while
it is 102 in the case of LIS-FTG (given by 14 + 4k + 10(k — 1)).

4 Structural Conditions for FIFO Stability

We denote “old” a packet that was injected in previous time periods than the
current one. The earliest time step in a time period, at which all the old packets in
the system have been served is denoted by M. Denote j(G) the minimum number
of edge-disjoint paths that cover the network G. Thus, consider the disjoint paths
Iy, I, . .., ITj(g)y. The number of packets in the path II;, where 1 < j < j(G),
at time step M will be denoted as s(II;). Furthermore, the maximum in-degree,
and the maximum directed path length of the network G will be denoted as «(G)
and d(G) respectively. Notice that if «(G) = 1 then we have a tree or a ring, that
is known to be universally stable [I], so we assume a(G) > 1. We show:

Theorem 4.1 Let réﬂgi%)fl(a(g) +7r)t = ﬁ Then for any network G, and
any adversary with r < rg the system (G, A, FIFO) is stable.

Proof. Let us denote the queues of G as Q1,Qo, ..., Q. and their loads at time
t>0as qi(t),q2(f),...,qm(t). Let P(0) = X¢;(0) be the initial load. We will
construct an infinite sequence of consecutive distinguished time periods, t;, at
which P(¢;) < P(0) thus keeping the network stable. The fact that we are using
a FIFO protocol implies that after a certain time all the old packets will leave
the system. We will compute a bound to this time.
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Let’s now, consider the worst case of an old packet being last in a queue Q;
at time 0 and targeted with the largest simple path in the network. Rename
the queues in this simple path as Q; = Qj,,... = Qj,q,_,- Note that at time
M, = gj, all packets of this queue will have been served. Thus these packets
have passed to the next queues in the path. Moreover, they can be delayed by
at most rM; new injections. Furthermore, the size of any @, is bounded above
by (a(G) + r)M;. We repeat the same procedure, each time considering the last
queue in the path that still contains old packets. After d(G) — 2 additional steps
(My, M3, ..., Mygy—1) all the old packets would disappear or being in Qjuce-
Define P(t) = max}*, {¢;(t)}. Working in the previous way, an absolute bound
for the delay of the last old packet in Q; is M = M; + ...+ Myg)—1, where for
every 0 < 1 < d(G), we have M; < q(X;<;M;), with My = 0. Moreover, during
a period of ¢(t) steps starting at time ¢, we have P(t + P(t)) < (a(G) + r)P(t).
Solving the recurrence, the total time is M < X7 (g) Y(a(G) + )" P(0)

At time step M all the old packets have been absorbed and only the injected
packets in the time period [0...M] will remain in the system. Because j(G) is
the minimum number of edge-disjoint paths in the network, during this period in
the worst case at most j(G)rM packets will be injected in the network. Therefore
the total number of packets in the network at time step M is at most P(M) <

J(G)rM. At time step M, s(II;) packets exist in each disjoint path IT; from the
definitions. Note that the minimum number of packets in a disjoint path 1I; at
time step M (min{s(Il;)}) is significantly bigger comparing to the number of
network edges. This allows us to assume that when a disjoint path II; has s(II;)
packets, then in each time step of a time period of s(II;) time steps, r packets
arrive into the path and one packet leaves it.

Assume now s = min {s(II;)}. The change of the number of packets in the
disjoint path II; in absolute values, Ar;, at M + s time step will be A, =
o 2 }\ 1| = |r—1|min{s(II;)} < |r—1|s(I1;). Thus, the total change of
the system configuration will be X7, AH < Yn, |r— Ls(Il) = [r—1|Xp,s(11;).
But, P(M) = Xy, s(II;). Thus, X, AH < |7°—1|P( ) is at most the change of
the system conﬁguratlon for a time perlod with s = min{s(II;)} steps. Consider
now, the consecutive time intervals with duration: s,rs, 7‘28 ..,r*s, where k
is such that 7¥s > 1 and r¥*1s < 1. The same argument as in the case of s
time steps can be used for r’s time steps. For each of these time intervals the
change of the system configuration will be at most r*(r — 1)P(M). Let t; be
the time at which r*s finishes. The packets in network G at time #; are all
new. Thus, the number of packets in the system at time ¢; is at most P(t;) <
P(M)+ (r—=1)P(M)+r(r —1)P(M) + ...+ (r — 1)P(M) = rkP(M).

For stability, we need P(t1) < P(0). Thus, we must choose an r such that
r*P(M) < P(0). But, P(M) < j(G)rM < j(G)rZ 9" (a(G) + r)' P(0). Thus,

¥ '(g)rﬂd(g)_l( (G)+7)"P(0) < P(0). For k = 1 this equation takes its smallest
value TZZd(g) "a(G)+r)i < ﬁ This is equivalent to find in the real interval
(0, 1), the root 7g of the polynomial —725(G)(a(G)+7)"9) +1r25(G)+a(G)+r—1.
By the Bolzano Theorem, this polynomial has a root rg in (0, 1). ]
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Fig. 3. The Network G

In order to compare this bound with the bound of [5] we make the following
analysis: Let m be the number of queues in any network Q We get by definition of
the minimum number of edge-disjoint paths j(G) that (g) L (1). The bound

of [5] is the biggest r satisfying 2=LrmX;_ (g) Ya(G)+r) < 1(2 ) Let us call it 7.
Our new bound is the longest value of r Satlsfying r2j(g)2i%)71(a(g) +r)i <1
(3). Let us call it ro. Thus, r1 satisfies equation (2) as an equality. The same

holds for r, and equation (3). Let f(r) = X, (g)fl( (G) + r)%. Note that f(r)
1

is monotone and increasing with r > 0. But, e drymf(r1) = 1 = 5~ <
rif(r1) < L (4) because Vr € (0, 1) it holds that 1 < 222 < 2. Since ry <
1, it holds raf(ra) > 73f(r3) = (g) Thus, from (1), (4) we take r3f(r3) >
r1f(r1) = r3 > r; and this implies o > r; since r; € (0, 1).

Lemma 4.2 In all networks G, we have \/r1 < ro (thus, rg > 11).

The upper bound 1/d(G) was obtained in [8] for FIFO stability. From this and
the previous lemma we conclude to the following theorem,

Theorem 4.3 Let r* = max {ro, ﬁ} Then for every G, and any adversary
with r < r* the system (G, A, FIFO) is stable.

To illustrate the strength and applicability of our analytical techniques to-
wards the threshold of 1/d(G) for FIFO stability in [§], we apply them to a simple
network with three queues (network U in Figure ). The upper bound for this
is 1/3 in [§], while in our case is:

Corollary 4.4 Let 0 < r < 0.339. Then, for network U, and any adversary A
with injection rate r the system (Ui, A, FIFO) is stable.

5 Instability of Small-Size FIFO Networks

Theorem 5.1 Let r > 0.704. There is a network G and an adversary A of rate
r such that the system (G, A, FIFO) is unstable.

Sketch of proof. The main ideas that are hidden behind the adversarial con-
struction we use to prove this theorem are the following: (i) We split the time
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Fig. 4. Network Us

into phases. In each phase we study the evolution of the system configuration
by considering corresponding time rounds. For each phase, we inductively show
that the number of packets in the system increases. This inductive argument can
be applied repeatedly, thus showing instability. (i) We use an inductive hypoth-
esis with two parts. The first part specifies the position of the initial packets at
the beginning of a phase (at the beginning of phase j, s; packets are queued in
s eq, fé, f;, fé, fé, fé requiring to traverse the edges eq, f1, f3, f5) and that their
number is smaller than the number of packets in the corresponding subset of
queues that will serve as initial packets at the beginning of the next phase (at
the beginning of phase j + 1, s;41 packets will be queued in e, f3, f5, f4, fo, f3
requiring to traverse the edges e, f{, f:;, fé) This part of inductive hypothesis
holds for » > 0.704. The second part guarantees that the initial packets in each
phase will traverse their path as a continuous flow. This holds for r > 0.609.
Clearly, r > max{0.704,0.609} = 0.704 suffices for instability of the network G.
(iii) We achieve further delay of packets initially residing in the system by ex-
ploiting multiple “parallel” paths of the network topology. (iv) In order to create
instability, we heavily exploit the fair mixing property of FIFO stating that if
two packet sets arrive at the same queue simultaneously will mix according to
the initial proportions of their sizes. O

6 Unstable Subgraphs

Consider the networks Us and Us (see Figures [[l @) that use NTG-U-LIS protocol.

Theorem 6.1 Let r > 0.794. There is a network U; and an adversary A of
rate r, such that the system (U;, A,NTG — U — LIS) is unstable where U; is the
network a) Us, b) Us.

Sketch of proof. We assume that there is a large enough number of packets
s; in the initial system configuration. Furthermore, we consider that the time is
split into phases, each one of which consists of three distinguished time rounds
with durations s;, rs; and 7’23]- for a phase j respectively. The proof is based
on induction on the number of phases. In Part a the inductive argument states
that if at the beginning of a phase j, there are s; packets in the queues eq, e
(the same queues in Part b) requiring to traverse the edges ey, fo and es, f1, f2
correspondingly (the edge fi in Part b), then at the beginning of phase j + 1
there will be more than s; packets in the queues eq, es (the same queues in Part
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b) requiring to traverse the edges e1, fo and ea, f1, fo correspondingly (the edge
f1 in Part b). In Parts a,b the basic idea behind the adversarial construction is
the injection of two types of packet sets during a phase. One packet type is used
for the reproduction of the inductive argument. The adversary tries to keep as
many of these packets can in the queues ey, e5 of the network at the end of each
phase. The packets of the other type are injected on judiciously chosen paths to
keep as many of the packets of the other type in the system. In Part a at the
end of round 3, there is a remaining portion of packets (r3s;) in e; (es in Part
b) that require to traverse the edges eq, fo (e2, f1 in Part b) and r3sj packets
in ey (eq in Part b) requiring to traverse the edges es, f1, fo (e1, f1 in Part b).
Therefore, the number of packets in ej, ea requiring to traverse the edges ey, f2
and ez, f1, f2 (the edge fi in Part b) is s;41 = 2r3s;. For instability it suffices
$j+1 > s, l.e. v > 0.794. This argument can be repeated for an infinite number
of phases showing that the number of packets in the system increases forever. 0O

7 Conclusions

Note that the technique used to get an instability threshold of 0.5 for certain
compositions of universally stable protocols might produce lower bounds, if one
finds a network allowing more investing flows to stay in the network. The tech-
nique that gets the upper bound on FIFO stability is based on a fundamental
FIFO property, namely that in any FIFO network, old packets exit the network
after some bounded time (by their size and the network structure). We feel that
a refinement of such a technique may answer the fundamental open question of
whether FIFO is stable below a certain fized rate.
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Abstract. We consider problems of (new) station placement along (ex-
isting) railway tracks, so as to increase the number of users. We prove
that, in spite of the NP-hardness for the general version, some inter-
esting cases can be solved exactly by a suitable dynamic programming
approach. For variants in which we also take into account existing con-
nections between cities and railway tracks (streets, buses, etc.) we instead
show some hardness results.

1 Models and Problems

There are many instances when public or private sector bodies are faced with
making decisions on how to allocate facilities optimally. Such problems with
mathematically quantifiable optimization constraints have been studied exten-
sively in the scientific literature (e.g., see the book [3]). Recently the European
Union has been encouraging the privatization of railway assets in various EU
countries in order to improve system efficiency as well as customer satisfaction.
In this paper we approach one such problem by studying how customer prox-
imity can affect the railway station location. More specifically, given a set of
settlements and an existing track, one wishes to build a set of new stations such
that (some of) the settlements can easily access those stations and, thus, use the
railway. This gives a gain in terms of (potentially) new users, but it also turns
into a cost for the old ones (for instance, a new station results into a delay for
those trains travelling on the track). Let us consider the following problem:
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Input: A set of P = {p1,...,p,} of settlements (i.e. points) on the Euclidean
plane, each of them with an associated demand d;, and an existing railway,
that is, a set of straight-line segments forming a connected polygonal and whose
endpoints represent existing stations.

Solution: A set of new stations along the track.

Given a solution to this problem, we have a gain and a cost function due to
the new stations. The cost of building a new station, in general, depends on the
position we are placing it. In the sequel, we describe some possible definitions
for the gain function. All such definitions are distance-based, that is, the gain
due to the new stations depends on how far a settlement is from its closest new
station. We will first assume that the distance is the Euclidean one (although,
some of the results can be extended to other metrics).

Single radius. We first consider the following (simplified) scenario. A certain
settlement p; is far away from every existing station. So, for the people living
there it is not worth to use the railway. If we build a new station which is close
enough to p; (let us say at distance less than R) then the railway transportation
becomes “competitive” with respect to other transportations and all the people
in p; (let their number be d;) will use this new station. We then have the following
model: a settlement p; uses a (newly built) station if and only if (a) this station
is at distance less than or equal to some radius R and (b) no existing station
was at distance less than R.

Notice that we can assume w.l.o.g. that no settlement in P is currently “cov-
ered” by the existing stations. Hence, the gain of a set S of new stations is the
sum of the demands d; of those p; that are covered by the radius of some s € S.
Formally,

n
Z d; - cover(S,p;),
i=1
where cover(S,p;) equals 1 if there exists an s € S at distance less than or equal
to R from p;, and it equals 0 otherwise.

Distance based costs. Notice that the single radius model is, in some cases, too
unrealistic since it assumes that a station at distance R = 500m, for instance, is
accessible, while a station at distance R’ = 550m is not. A more realistic model
should take into account the fact that the closer a station is the more (potential)
customers from a settlement are expected. For instance, we could say that the
expected number of users from p; is d;/(§ + 1), where 0 is the distance of p; to
the closest station. More generally, given a monotone (decreasing) function a(-),
the gain of a set of new stations can be expressed as Y, d; - «(d(p;, S)), where
d(pi, S) is the distance between p; and the closest station in S.

Multiple radii. This setting is somewhat in between the two previous ones. In-
deed, it can be used to approximate any distance based cost function with a
fixed set of radii. Roughly speaking, these radii result from a “discretization” of
an arbitrary function «(-). For instance, the function «(§) = 1/(6 + 1) can be
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approximated by two (or more) radii. Clearly, the more radii we consider, the
better we approximate ().

Two optimization problems for single radius. We now focus on the single radius
model and we assume the cost of building a new station to be constant. For this
version, one can envision the following two optimization problems:

— MIN NUMBER OF STATIONS (MIN STATION): minimize the number of sta-
tions needed to cover all the settlements.

— BUDGET CONSTRAINED MAX GAIN (MAX GAIN): given an integer k, with
1 < k <mn, find the placement of k stations that maximizes the gain.

We first observe that the second problem can be easily used to solve the first
one: one just has to try all the k£ from 1 up to the smallest one for which the gain
is the biggest possible, that is, we cover all the settlements. On the other hand,
the other way round does not necessarily work. The limitation on the number of
new stations seems to complicate things: with only k& new stations at hand, we
may not be able to cover all the settlements. In this case, our task is to find the
best subset of settlements that can be covered with k stations only.

1.1 Previous Work

Our model is inspired by [6]. In that paper, the authors consider two different
variants. The first one corresponds to what we here (re-) named single radius
model (accessibility model in [6]). For this model the authors proved that, when
a line set £ (i.e., tracks) and a set S of integer points (i.e., settlements) are
given, finding the best placements for k stations is NP-hard. The second model,
named travel time model, takes into account the saved travel time over all the
travellers. In contrast with the accessibility model, here it is assumed that all
people in a settlement use the closest station and there is no a priori limit on the
number of new stations we are allowed to build. As also mentioned above, there
is a clear trade-off between the saved travel time due to a new station closer to
some settlements, and the increased travel time due to the fact that trains must
stop several times. Minimizing the saved travel time is also NP-hard [6].

The geometric disk cover problem [§] (related to the single radius model)
asks to cover a set of points in the plane with the minimum number of disks
of unit radius. This and other variants, in which the possible locations for the
center of the disks is given in the input, admit a polynomial-time approximation
scheme [8I4], which easily applies also to the MIN STATION problem. As for
more general distance based functions, we observe that placing the minimum
number of stations to maximize the gain is a restriction of uncapacitated facility
location with metric spaces [5]. The latter problem (and hence our problem(s))
admits constant-ratio approximation algorithms [5[T7]. Moreover, the case in
which the service cost is the Euclidean distance (in our model this corresponds
to choose @ = 1/6) has a polynomial-time approximation scheme [I] (in short
PTAS). The same paper also gives (with the same technique) a PTAS for the k-
median problem, while constant-factor approximation algorithms for the metric
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version are presented in [2[10]. Notice that the MAX GAIN problem is a special
case of the k-median one (while in the facility location problem there is no such
restriction for the number of new facilities to open). Noticeably, the Euclidean
version of the k-median problem is already NP-hard [14].

The main difference between the above (more general) problems and our
problem(s) concerns the restriction on the possible locations for the new stations.
Indeed, in practice it is quite unlikely that the radius associated with a settlement
crosses several tracks far apart from one another: if somebody walks to a station,
then the distance he/she can cover is relatively small; if he/she goes by car, then
probably driving for more than, let us say, 10 minutes to reach such a station
would already make the railway transportation not that convenient (with respect
to simply driving to the destination). This is confirmed by the data from the
Deutsche Bahn AG used for the experiments in [6] and from the Swiss Federal
Railways SBB [11].

Therefore, in many cases the whole network can be broken down into simpler
smaller components. These components are nothing but single segments (i.e.
parts of a track) and the solution of one segment does not affect the others.
Actually, as already observed in [6], if every radius intersects the railway network
in at most one interval, then the MIN STATION problem is polynomially solvable.
Also, the MAX GAIN problem can be formulated as (uncapacitated) k-facility
location problem with unimodular matrices [16], which is solvable in polynomial
time [I3 Chapt. 3.1] (see also [I5] for more efficient methods). In [9] the case of
facilities and customers located both on a line at n given points and cost service
function satisfying the unimodal property (a generalization of Euclidean case
[7]) an efficient dynamic programming approach is given. This result can be also
used to obtain efficient algorithms for the single track versions in which we do
no have a single radius per settlement (namely monotone cost functions, which
include the multiple radii case). In the same paper, the authors also proved the
NP-hardness of generalization of the unimodal case (namely, bimodal functions).

Finally, in [16] several variant problems have been studied, including non-
continuous versions in which the possible locations of the stations is not given a
priori.

1.2 Our Results

In this work we focus on the MAX GAIN problem in the single radius model. In
particular, we aim in finding efficient exact algorithms for interesting cases that
do not satisfy the unimodular property assumption [6].

To this aim, in Sect. [2 we present a novel dynamic programming approach
for the single straight-line track. This restriction is solvable (within a better
time complexity) using the results in [7/T8]: Indeed, the result in [7] implies an
O(n?)-time extact algorithm, which can be further improved to O(knlogn) by
using orthogonal range queries [I8]. However, we use the ideas contained in our
dynamic programming approach to solve more complex situations where the
results of [7f9] do not apply and do not yield exact polynomial-time algorithms.
The natural extension of the single straight-line track is the case in which we
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have two parallel tracks and radii may intersect both of them. As we discuss at
the beginning of Sect. [3], this apparently simple version of the problem already
contains some complicating factors that make a natural extension of the dynamic
approach fail. However, we are still able to modify our dynamic programming
to exactly solve the following two versions:

— There is a minimum distance between consecutive stations we want to place;

(Sect. B1)

— All settlements lie in between the two tracks. (Sect. [3.2)

The first variant is motivated by the practical consideration that putting two
stations very close to each other has the only negative effect of delaying trains.
The second case makes a non-trivial use of geometric properties of the radii
generated by the settlements and might be of theoretical interest towards a
characterization of those instances that admit polynomial-time exact algorithms.
In both cases, the techniques used in [719] do not apply.

In Sect. @lwe show how an exact algorithm for the single track problem can be
also used to exactly solve a problem of simultaneously building a new straight-
line track and new stations on it: in this case we also have to decide where the
new track should lie.

Finally, in Sect. Bl we go back to non Euclidean cases (motivated by the exis-
tence of streets/buses connecting settlements to the tracks) and show that, even
with a single track, this version of the MAX GAIN problem is NP-hard. Moreover,
the corresponding MIN STATION problem is hard to approximate within a fac-
tor clogn, for some ¢ > 0. This highlights the role played by the “geometry” in
our solutions and indicates the need of some assumptions on the geometry of the
streets to obtain exact (in some cases even approximate) solutions in polynomial
time.

Due to lack of space some proofs are only sketched or omitted in this version.
These proofs can be found in the extended version of this work [12].

2 Dynamic Programming for One Straight-Line Track

In this section we describe our exact algorithm for the problem restricted to
single radius and constant cost per new station for the case of only a single
track. The main ideas of this algorithm will be used in the sequel to solve the
two parallel track versions.

We first observe that a circle around a settlement p; with radius R intersects
the track in an interval I;. By construction, this interval is the only region that
can contain a new station serving p;. Moreover, if we place a station in the
intersection of two (or more) intervals I;, I;, then this station will cover all
the corresponding settlements. So, the MAX GAIN problem translates into the
following one:
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— Max GAIN 1 TRACK: Given a collection of (weighted) intervald] on a line
L and an integer k, find k points on L that maximize the sum of the weights
of the intervals containing at least one of such points.

Notice that there is only a finite set of points on the line that must be taken
into account to optimally place the k stations: the endpoints of the intervals.
Hence, a simple brute-force approach yields an algorithm whose complexity is
O(n¥), where n is the number of intervals. However, a more efficient approach
can be used to have a running time polynomial in both n and k. Consider a set
of k stations sy, S2, up to s; from left to right. Then, we hope that the set of
intervals that contain only the station s; can be computed by looking (only) at
the position of si_; (i.e. it is independent from what the solution on the left of
Sk—1 is). Intuitively, this will allow us to break the instance into two independent
subproblems: on the “left” of s;_1 (there we have to use at most k& — 1 stations)
and on the right of it (where only one station must be located). This will be
accomplished by a suitable dynamic programming approach. Before describing
this, we first prove formally the above statement.

Lemma 1. Given a collection of intervals on a line L and given three points iy,
12 and i3 on L, with i1 < iy < i3, it holds thatl contain(iq,i3) C contain(iy,is),
where contain(i, j) denotes the set of intervals containing j and not containing
i.

Intuitively, if we are given a set of stations in which the rightmost one is in
position ¢ and we add a new station in position j on the right of 7, the gain due
to the new station is given by

gain(i,j)= Y  w(l), (1)

I€contain(s,5)

where w([) is the weight associated to the interval I. We are now in a position
to describe the dynamic programming algorithm to solve the problem. Given a
set of intervals, let opt(; k) denote the minimum cost among the solutions that
use k stations with the rightmost one in position i. Then, the following lemma
states how opt(i; k) can be computed if we have already computed this value for
all the possible i/ < i and k' < k.

Lemma 2. For any i and for any integer k > 2, the following condition holds:
opt(i; k) = max{opt(i’; k — 1) + gain(’, i)}, (2)
i/ <1

where gain(-,-) is defined as in Fq.[1

The above lemma allows us to efficiently compute an optimal solution. In-
deed, we first observe that we need to compute tables gain(-,-) and opt(-;-) only
for at most 2n values: the endpoints of the intervals. Hence in the following the
point (or position) 7 will denote the ith endpoint of this set from left to right.

! The weight of interval I; equals the demand d;.
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Lemma 3. The table gain(i,j) can be computed for all 1 < i < j < 2n within
O(n?) time.

We are now in a position to prove the main result.

Theorem 1. The MAX GAIN 1 TRACK problem can be solved within O(k - n?)
time, where n is the number of settlements.

3 Two Parallel Tracks

We now consider the following extension of MAX GAIN 1 TRACK: instead of one
track, we are given two parallel tracks (segments) and we have to place k stations
on them. Then, the natural extension of the dynamic programming algorithm
for the single track problem is as follows. We consider two parameters ;7 and i
which are the positions of the rightmost station on the top and on the bottom
track, respectively. Then, opt(i’,i”; k) is defined accordingly. Let us observe
that every settlement p; turns into a pair of weighted intervals I and I” (with
one of the two or both possibly empty). Moreover, such two intervals cannot be
considered separately: if a station j7 intersects I1 and a station j? intersects I2,
then the gain due to such two stations is not the sum of the weights of I and
IZ»B. Indeed, those two stations are satisfying the same settlement p;. Because of
this, we have to measure the contribution of a station as (the sum of the weights
of) the pairs (IT, IP) such that I and IP do not contain any other station.
So, we define contain(i’,i?, ;1) and contaln( T B,jB) accordingly. Thence, we
would like to extend Lemma[lland prove that, for any i7 <i? < j7 and il <iP

contain(il ¥ j7) C contain(i”,i%, ;7).

Unfortunately, the above statement is false (Fig. [ shows a counterexample:
p; € contain(i”,iB,jT) but p; & contain(i”,iZ,;T).)

track T / \
L It Al
AI I\
1t | LI J |
\ pi |
\ !

\ /

\ /

\
track B AN Ib P
N }
=1

Fig. 1. A counterexample to the extension of dynamic programming algorithm to the
case of two (parallel) tracks.
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3.1 Minimum Distance between the Stations

The above example suggests a (reasonable) restriction of the problem for which,
instead, the dynamic programming approach works. Assume we require the dis-
tance between any two consecutive stations in the solution to be at least 2R.
Then, in the example of Fig. I the station i5* would be on the left of I}. We
can prove that this is always the case.

We start with some useful observations. For any two points ¢ and 7, let d,.(i, )
denote the distance between the respective projections on the x-axis. Then, the
following fact holds:

Fact 2 For any I = (I, I®) and for any two points i and j on the tracks, if
dy(i,7) > 2R then not both i and j intersect I.

Lemma 4. For any i7 < i’ < jT, and i <8, such that d(iT,iT) > R and
d(if,iP) > R, the followmg holds:

contain(i1,i?,j7) U contain(i’,i%, j7) C contain(i”,i?, j1). (3)

Moreover, the same holds by considering some j2 > i® in place of j©

The above lemma easily implies that the dynamic programming algorithm
for the single track can be extended for two parallel tracks if we impose this
restriction on the minimum distance between two consecutive stations. Let us
consider the following problem restriction:

MAX GAIN r-ST: We require any solution S={sT,....sf,sP,....sE}
to satisfy d(s],s,,) > 2R/r and d(s¥,sP, ) > 2R/r for any 1 < i <
l—land1<j<m-—1.

Also MaX GAIN r-ST admits a polynomial-time exact algorithm:

Theorem 3. The MAX GAIN 7-ST problem can be solved within O(n*"2)-time.

3.2 Settlements in between the Tracks

We now consider the following problem:
Max GAIN INNER: We consider instances in which all the settlements are located
in between the two parallel tracks.

The remaining of this section is devoted to the proof of the following result:

Theorem 4. The MAX GAIN INNER problem can be solved within O(n®) time,
where n is the number of settlements.

We will provide a polynomial-time algorithm for the MAX GAIN INNER as
follows: (i) we first restrict to solutions that have a particular structure and
show that the optimum can be found in polynomial time via (a variant of) our
dynamic programming used for MAX GAIN r-ST; (ii) then, we show that every
instance of MAX GAIN INNER has an optimal solution with the same structure.
We begin with some definitions (see Fig. [2):



272 E. Kranakis et al.
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Fig. 2. A non essential solution.

Definition 1. For a pair I = (IT,IP), we denote by I'°"9 (resp., I°"°") the
longer (resp., shorter) between IT and I®. Moreover, for every interval I*, Iiont
denotes its right half. We say that an interval is long if it is the longer in its

pair.

Definition 2 (Essential solution). Let Ii‘;;}ft o Is1ort denote the interval ob-

tained by the projection of Ii';g,ft on the other track minus I:ﬁfﬁ- A station
placement is essential if, for every pair I = (I'°"9, Ishert) if Ii?gﬁt contains a

; ; ; long short
station, then no two stations fall in Iright SP S

We first show that optimal essential solutions are computable in polynomial
time.

Lemma 5. The optimal essential solution can be computed in O(nS) time.

Proof. For each track we consider the two rightmost stations, provided that
their position satisfies Def. Bl Let ¢7 = (i ,i1), and i® = (i?,if) denote such
stations. Also let 4’7 = (i},43) where i} < . (Similarly, we define "7 with
respect to i3.) Def. ] easily implies the following fact:

contain(i’T, 4%, j7) U contain(iT, "B jT) C contain(iT, %, jT), (4)
where contain(i, j) denotes those intervals intersecting j and not intersecting any
of the stations in 2. Notice that the above inclusion is similar to that of Lemma ]
and it also holds by considering some jZ > ¥ in place of j7. This guarantees
that the two rightmost stations are all we need to compute the contribution of
a new station j7 (or j) when added to a partial essential solution. Therefore
we can define a function gain(i?,i?,j) and solve the problem in a similar way
of MAX GAIN r-ST for r = 2.

The next technical lemma will be used to prove the optimality of the essential
solutions vs. more general ones.

Lemma 6. Let I = (I7,I8) and J = (JT, JB) be two pairs of intervals such
that 1'°"9 and J'9 lie on the same track. Also, let Jshert C [1on9 o pshort

right right *
long long
Then, Im.ght cJ .
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Lemma 7. Fvery instance of MAX GAIN INNER has an optimal solution which
is also essential.

Proof. We show that any solution not satisfying Def.[2] can be transformed into
an essential one that covers the same set of intervals. Let I be an interval pair
for which Def. 2] is violated and let 7; and 79 > ¢; be two stations both in
I'on9 o [short We will show that moving i; on the right endpoint ' of I%"ort
yields a (essential) solution that covers the same set of interval pairs. Let J be
an interval pair covered by 4; but not covered by iy nor by 4. If iy € Jshort,
then we can apply Lemma Bland conclude that J'°™9 must contain the station in

Ii?;}ft. Otherwise, it must be the case that J!°™9 is on the same track of I5"°7t.

It is then easy to see that Lemma [0 implies that J!°9 covers Ifﬁf{tt (simply

consider the interval J’ obtained by exchanging J*"°"* with J'°"9). Therefore,
we have o € Iﬁg’{f C J'n9. In both cases, the interval J is still covered in the
transformed solution.

By putting together Lemmata Bl and [d we obtain Theorem [l

4 Building Tracks and Stations

Here we consider the following problem: we are allowed to build a new track
and to place new stations on it. (Again, we are given a maximum budget for
the new track and stations.) Rather than solving the whole realistic problem,
we aim at showing some interesting cases in which an efficient algorithm for the
Max GAIN problem immediately translates into an efficient algorithm for this
track-station placement problem.

In the sequel we show how to optimally decide the location of a new track:
we are allowed to build a straight line track (no matter how long) and to place
at most k stations on it so as to maximize the gain (defined in the usual way).
We denote this problem as MAX TRACK GAIN.

The main idea is to show that, given n settlements, there are at most O(n?)
lines to be considered. One among those gives an optimal solution. In particu-
lar, given a straight line track, what really matters is the underlying weighted
interval graph. The latter changes whenever (i) the line crosses the border of
some settlement radius or (ii) it crosses the intersection of two radius borders.
We thus obtain the following result (see [12] for the details):

Theorem 5. Let t(n) be the running time of an algorithm for the MaX GAIN
problem. Then the MAX TRACK GAIN problem can be solved within O(n*t(n))
time.

Notice that, if one of the endpoints of the line is given in input, then the
running time is O(n?t(n)). Indeed, we only have to consider lines passing through
some of the O(n?) points defined above.
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5 Existing Streets: Even a Single Track Is Hard

We consider the following generalizations of MIN STATION/MAX GAIN: every
settlement is connected to the track by means of a certain number of streets.
Moreover, whenever two streets leading to different settlements intersect, one
street passes over the other by using a bridge. So, people traveling on one street
cannot switch to another ondd. We prove that this variant of MIN STATION,
denoted as GENERALIZED MIN STATION, is hard to approximate within clnn,
for some ¢ > 0. Although this problem looks quite unnatural, it gives us a
strong indication: even if we only want to have good (i.e. constant ratio) approx-
imate solutions, we have to take into account some “geometry” of the streets,
in particular how they intersect. Since this result also implies the NP-hardness
of GENERALIZED MAX GAIN, similar geometric properties should be considered
(at least) in deriving polynomial-time exact algorithms.

Our hardness proof is an adaptation of the NP-hardness proof given in [7] for
the k-facility location problem restricted to bimodal matrices. For the details we
refer the reader to [12].

Theorem 6. [t is NP-hard to approrimate GENERALIZED MIN STATION within
clnn, for some ¢ > 0. Moreover, the GENERALIZED MAX GAIN problem is
NP-hard, even when all settlements have the same demand.

Finally, our reduction implies the same hardness results even if we assume
the existence of a (common) street [ parallel to the track: people from p; first
take some street from p; leading to [ and then walk (i.e. move along the track)
up to some distance R.

6 Open Problems

We mention here some problems whose solution does not seem to be a straight-
forward consequence of our results:

— Consider non-Euclidean distances (e.g., existing streets connecting settle-
ments to the track might be considered). For the simple case of one street
leading to the track per settlement, the problem can be solved in the same
way: every p; still corresponds to one weighted interval on the track; the
length of such an interval depends on the “cost” of travelling through that
street. On the other hand, if we make no assumption on the way settlements
are connected to the track, then the problem becomes NP-hard, or even
worse if we look at the extension of MIN STATION (see Sect. ().

— Consider the variant of the MAX TRACK GAIN problem in which the new
track(s) must connect two cities: Which is the best placement of a new track
between, let us say, Konstanz and Ziirich if we consider polylines, or even
1-bend segments?

2 Or at least we can assume the majority of the people not able to jump from a bridge.
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— The complexity of some of the above extensions is not polynomial if the

budget value B or the number ¢ of parallel tracks is not bounded. Are those
problems NP-hard for some values of B and 7

— As a cost function of a set of new stations, consider how much a train is

slowed down, with respect to the previous configuration without such sta-
tions. Clearly, the speed of the train will depend on the relative position of
the new stations and, in general, cannot be expressed as the sum of costs b;
of building a new station in position 1.
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Abstract. We study vehicle routing problems with constraints on the
distance traveled by each vehicle or on the number of vehicles. The ob-
jective is to minimize the total distance traveled by vehicles. We design
constant differential approximation algorithms for some of these prob-
lems. In particular we obtain differential bounds: % for METRIC 3VRP,
2 for METRIC 4VRP, 2 for METRIC kKVRP with k > 5, § for the non-
metric case for any k > 3, and % for CONSTRAINED VRP. We prove also
that MIN-SuMm EETSP is % differential approximable and has no differ-
ential approximation scheme, unless P = NP.

Keywords: differential ratio, approximation algorithm, VRP, TSP

1 Introduction

Vehicle routing problems that involve the periodic collection and delivery of
goods and services as mail delivery or trash collection are of great practical
importance. Simple variants of these real problems can be modeled naturally
with graphs. Unfortunately even simple variants of vehicle routing problems are
NP-hard. In this paper we consider approximation algorithms, and measure their
efficiencies in two ways. One is the standard measure giving the ratio %f, where
opt and apz are the values of an optimal and approximate solution, respectively.
The other measure is the differential measure, that compares the worst ratio of,
on the one hand, the difference between the cost of the solution generated by
the algorithm and the worst cost, and on the other hand, the difference between
the optimal cost and the worst cost. Formally, the differential measure gives
the ratio o = %, where wor is the value of the optimal solution for the
complementary problem. In [TT], the measure 1 — « is considered and it is called
there z-approximation. Justification for this measure can be found for example
in [T5ITRITTTA].

The main subject of this paper is differential approximation of the routing
problems. In these problems n customers have to be served by vehicles of limited
capacity from a common depot. A solution consists of a set of routes, where each
starts at the depot and returns there after visiting a subset of customers, such

R. Petreschi et al. (Eds.): CIAC 2003, LNCS 2653, pp. 277-288] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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that each customer is visited exactly once. We refer to a problem as a VEHICLE
ROUTING PROBLEM (VRP) if there is a constraint on the (possibly weighted)
number of customers visited by a vehicle. This constraint reflects the assumption
that the vehicle has a finite capacity and that it collects from the customers (or
distributes among them) a commodity. The goal is to find a solution such that
the total length of the routes is as small as possible. In other cases, the vehicle
is just supposed to wisit the customers, for example, in order to serve them. In
such cases we refer to the problem as a TSP problem.

The problems that are considered here generalize the (undirected) TRAVEL-
ING SALESMAN PROBLEM (TSP). Differential approximation algorithms for the
TSP are given by Hassin and Khuller [T1] and Monnot [14]. We will sometimes
use these algorithms to generate approximations for the problems of this paper.
However, we note an important difference. In the TSP, adding a constant k to
all of the edge length does not affect the set of optimal solutions or the value of
the differential ratio. The reason is that every solution contains exactly n edges
and therefore every solution value increases by exactly the same value, namely
n - k. In particular, this means that for the purpose of designing algorithms with
bounded differential ratio, it doesn’t matter whether d is a metric or not (it can
be made a metric by adding a suitable constant to the edge lengths). In contrast,
in some of problems dealt with here, the number of edges used by a solution is
not the same for every solution and therefore it may turn out, as we will see,
that in some cases the metric version is easier to approximate.

It is easy to see that 2VRP is polynomial time solvable. For k > 3, MET-
RIC kVRP was proved NP-hard by Haimovich and Rinnooy Kan [8]. In [9],
Haimovich, Rinnooy Kan and Stougie gave a g — % standard approximation
for Metric kVRP. We study for the first time the differential approximability of
kEVRP. More exactly we give a % differential approximation for the non-metric
case for any k > 3. We improve it to % for METRIC 4VRP and to % for MET-
RIC kVRP with £ > 5. An approximation lower bound of %%8 is given here for
METRIC nVRP with length 1 and 2 using a lower bound of TSP(1,2) [6].

MIN-SuM EETSP is a generalization of TSP where we search to cover the
customers by ezactly k vehicles such that the total length is minimum. Bellmore
and Hong [3] showed that when we search for a solution with at most k cycles
then MIN-SUM kTSP is equivalent to TSP on an extended graph. As for MIN
TSP, MiN-SuMm EETSP is differential equivalent to METRIC MIN-SUM kTSP
or MAX-SuM EETSP. We show in this paper that METRIC MIN-SuM EETSP
is % differential approximable and it has no differential approximation scheme
unless P = NP.

The paper is organized as follows: In section 2 we give the necessary defini-
tions. In section 3 we give a constant differential approximation algorithm for
GENERAL kVRP, and a better constant differential approximation for the met-
ric case. In section 4 the main result is a constant differential approximation for
CONSTRAINED VRP. In section 5 we show that MIN-SuM EETSP is constant
differential approximable and has no differential approximation scheme.
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2 Terminology

We first recall a few definitions about differential approximability. Given an in-
stance x of an optimization problem and a feasible solution y of x, we denote
by val(z, y) the value of the solution y, by opt(zx) the value of an optimal solution
of z, and by wor(z) the value of a worst solution of x. The differential approzi-

= %W This ratio measures how
the value of an approximate solution val(z,y) is located in the interval between
opt(z) and wor(x). More exactly it is equivalent for a minimization problem to
prove §(z,y) > ¢ and val(x,y) < eopt(z) + (1 — e)wor(z).

For a function f, f(n) < 1, an algorithm is a differential f(n)-approzimation
algorithm for a problem @ if, for any instance x of @, it returns a solution y
such that d(z,y) > f(Jz|). We say that an optimization problem is constant
differential approximable if, for some constant § < 1, there exists a polynomial
time differential §-approximation algorithm for it. An optimization problem has
a differential polynomial time approximation scheme if it has a polynomial time
differential (1 — ¢)-approximation, for every constant ¢ > 0. We say that two
optimization problems are differential equivalent (reps., standard equivalent) if a
differential é-approximation (reps., standard J-approximation) algorithm for one
of them implies a differential §-approximation (reps., standard d-approximation)
algorithm for the other one.

We consider in this paper several routing problems. The problems are defined
on a complete undirected graph denoted G = (V, E). The vertex set V' consists
of a depot vertex 0, and customer vertices {1,...n}. There is also a function
d: E — R, where d; ; > 0 denotes the length of edge (i,j) € E. In the rest of
the paper we call a such graph a complete valued graph. We refer to the version
of the problem in which d is assumed to satisfy the triangle inequality as the
metric case. The output to the problems consists of simple cycles, Ci,...,C)p,
such that V(C;) N V(C;) = {0}, Vi # j, and UY_, V(C;) = V. We call such a set
of cycles a p-tour. We now describe the problems. For each one we specify the
input, the problem’s constraints, and the output.

kEVRP

Input: A complete valued graph.

Constraint: [C;| <k+1,j=1,...,p.

Output: A p-tour minimizing the total length of the cycles.

mation ratio of y is defined as §(z, y)

CONSTRAINED VRP
Input: A complete valued graph and a metric £ : £ — R, and A > 0.
Constraint: Z(m.)ecq Gi<Xg=1,...,p.

Output: A p-tour minimizing the total length of the cycles.

kWVRP

Input: A complete valued graph and a function w : {1,...,n} — R where w;
denotes the weight of 4.

Constraint: Zz‘ecj w; <k, j=1,...,p.

Output: A p-tour minimizing the total length of the cycles.
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MIN-SuMm EETSP

Input: A complete valued graph.

Constraint: p = k.

Output: A p-tour minimizing the total length of the cycles.

For a problem Q, we denote by Q(1,2) the version of Q where lengths are 1
and 2. We will use in this paper the following problems:

MiIN TSP PATH(1,2) is the variant of MIN TSP (1,2) problem where in place
of a tour we ask for a Hamiltonian path of minimum length. We can prove that
MIN TSP PaTH(1,2) where the graph induced by edges of weight 1 is Hamilto-
nian and cubic has no differential approximation scheme, unless P = NP. The
result follows since MIN TSP PATH(1,2) on these instances has no standard
approximation scheme, unless P = NP, Bazgan [2].

PARTITIONING INTO PATHS OF LENGTH k (kPP): Given a graph G = (V, E)
with |V]| = (k + 1)g, is there a partition of V into ¢ disjoint sets V1,...,V, of
k 4+ 1 vertices each, so that each subgraph induced by V; has an Hamiltonian
path? 2PP have been proved NP-complete in [7] whereas, more generally, the
NP-completeness of kPP is proved in Kirkpatrick and Hell [I2] as a special case
of G-PARTITION PROBLEM.

A binary 2-matching (also called 2-factor or cycle cover) is a subgraph in
which each vertex of V' has a degree of exactly 2. A minimum binary 2-matching
is one with minimum total edge weight. Hartvigsen [10] has shown how to com-
pute a minimum binary 2-matching in O(n?) time. More generally, a binary
f-matching, where f is a vector of size n + 1, is a subgraph in which each vertex
i of V has a degree of exactly f;. A minimum f-matching is one with minimum
total edge weight and is computable in polynomial time, Cook et al. [4].

3 EkVRP

nVRP is standard equivalent with TSP. So, when the distance is not metric
and using the result of Sahni and Gonzalez [17] we deduce that nVRP is not
2P(") standard approximable for any polynomial p, unless P = NP. In fact for
any k > 5 constant the problem is as hard to approximate as nVRP.

3.1 General kVRP

When d is a metric, the reduction of TSP to nVRP is straightforward, and it
easily follows that computing opt is NP-hard. However, there is no such reduc-
tion between the corresponding maximization problems MAaX TSP and Max
nVRP leading to the conclusion that computing wor is also NP-hard.

Proposition 1. Computing a worst solution for ktNRP is NP-hard for any k >
3 even if the distance function takes only two values.

Proof. We use a reduction from PARTITIONING INTO PATHS OF LENGTH k (kPP).
Let G = (V,E) with V ={1,...,(k+1)g} be an instance of kPP. We construct
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an instance of kK VRP by the following way: we add the depot vertex 0 and set
d. =3 if e € E and d. = 1 otherwise. It is easy to verify that the answer to kPP
is positive if and only if wor > ¢(3k + 2).

In the following we give a % differential approximation for non-metric kVRP.
We apply ideas similar to those in Hassin and Khuller [TT].

We first compute a lower bound LB. Then we generate a feasible solution
for G with value apx = LB + ¢;. Next, we generate another feasible solution of
value bad = LB + 05 where 05 > 1. This proves that the approximate solution
with value apx is an a-differential approximation where

wor — apx _ bad — apzx 02 —01 02— 0

= > > = 1
@ wor — opt — bad —opt — bad — LB 5o (1)

since for a minimization problem wor > bad > apx > opt > LB. To generate
LB we replace 0 by a complete graph with a set V{) of 2n vertices and zero length
edges. The distance between a vertex of V and a vertex ¢ of V'\ V; is the same
as the distance between 0 and 4. Denote the resulting graph by G’. Compute in
G’ a minimum weight binary 2-matching M.

Lemma 1. Let LB denote the weight of M. Then optyrp > LB.

Theorem 1. kVRP is % differential approximable.

Proof. We transform each cycle of M into a cycle in G, replacing the vertices
of Vi by a single occurrence of the depot vertex 0. We work on each cycle of
M separately. For each cycle we describe solutions soly, soly and sols such that
d(soly) + §(solz) = §(sol3). We define apx to be the VRP solution obtained by
concatenating the shortest of soly and soly for every cycle, and we define bad
similarly but using solz. We obtain therefore that d(bad) > 2§(apx), and the
theorem is proved by (D). In this proof, solz will be always described by the
cycles (0,1,0),...,(0,m,0).

First, consider a cycle that does not contain the depot, and w.l.o.g. denote
its vertices by (1,...,m). The construction depends on the parity of m.

Suppose that m is even (m # 2 since the 2-matching is binary). Let soly
consist of the cycles (0,1,2,0),...,(0,m—1,m,0). Let soly consist of the cycles
(0,m,1,0),...,(0,m —2,m —1,0) (See Figure M for m = 6).

Suppose now that m is odd. We modify sol; by choosing (0, m —2,m —1,m)
as the last cycle (see Figure Bl). We modify sols by using (0,m — 1,0) as the last
cycle.

Consider a cycle (0,1, ...,m,0) in M. If m < k we don’t change it. Otherwise:

If m = 0 mod 3 then let sol; consist of the cycles (0,1, 0),(0,2,3,0),...,(0,m—
2,0),(0,m—1,m,0). Let soly consist of the cycles (0,m,1,2,0),...,(0,m—3,m—
2,m—1,0).

If m = 1 mod 3 then let sol; consist of the cycles (0,1,0),(0,2,3,0),...,(0, m—
3,0),(0,m—2,m—1,m,0). Let soly consist of the cycles (0,m,1,2,0),...,(0,m—
4,m—3,m—2,0), and (0,m — 1,0).
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If m = 2 mod 3 then let soly consist of the cycles (0, 1,0),(0,2,3,0),...,(0,m—
3,m—2,0),(0,m—1,m,0). Let soly consist of the cycles (0,m,1,2,0),...,(0,m—
5m—4,m—3,0), and (0,m — 2,m — 1,0).

Let d(sol;) denote the added cost of sol; with respect to the length of C'. Since
M was computed to have a minimum cost, §(sol;) > 0 and we have §(sol3) =
d(soly) + (solz) which complete the proof.

3.2 METRIC KVRP

When d is a metric, computing a worst solution becomes easy since any feasible
cycle can be broken into two cycle without decrease the weight and then:

Lemma 2. worygp =2> 1, do;

In Theorem [I we have shown that kVRP is % differential approximable. We
now show that in the metric case, the same bound can be achieved by a simpler
algorithm: we compute a minimum weight perfect matching M on the subgraph
induced by {1,...,n}, if n is even, or by {0,1,...,n} if n is odd. We link each
endpoint different of 0 of M to the depot. It is easy to see that optyrp > 2d(M)
by walking around an optimum solution for K VRP and by shortcut it in order
to obtain a Hamiltonian cycle. Using Lemma B] and the construction of the
approximate solution, we obtain: apz = d(M )+ do; < %optVRp—&-%worVRp
proving that the result is a % differential approximation.

In Haimovich et al. [9], a g — % standard approximation for METRIC kVRP
is obtained by reduction to METRIC T'SP and using Christofides’ algorithm. We
proceed similarly for the differential case.
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Theorem 2. METRIC kVRP is§- % differential approximable, where § is the
differential approzimation ratio for METRIC TSP.

Proof. Our algorithm modifies the Optimal Tour Partitioning heuristic of Haimo-
vich, Rinnooy Kan and Stougie [9]: first construct a tour 7' on V' using the differ-
ential approximation algorithm for TSP of value val(T"). W.l.o.g., assume that
this tour is described by the sequence (0, 1,...,n,0). We produce k solutions sol;
fori=1,...,k and we select the best solution. The first cycle of sol; is formed
by the sequence (0,1,...,7,0) and then each other cycle (except eventually the
last) of sol; has exactly k consecutive vertices (for instance, the second cycle is
(0,i41,...,i+k,0)) and finally, the last cycle is formed by the unvisited vertices
(connecting n to the depot 0). Denote by apx; for ¢ = 1,...,k the values of the
k solutions and by apx the value of the best one.

Consider soly, ..., soly; each edge of T'\ {(0,1), (0,n)} appear exactly (k—1)
times and each edge (0,7) for j # 1,n appears exactly twice. Finally, the edges
(0,1) and (0,n) appears exactly (k+1) times. Using Lemma P] we deduce: apz <
%Zle apx; < @val(T) + 2wory rp. By hypothesis, T satisfies: val(T) <
(1 = 8)worrsp + doptrsp and since it is possible to construct from an optimum
solution of VRP a solution of TSP with smaller a value (using the triangle
inequality), it follows that optrsp < optygrp. Also, by connecting the depot
twice with each customer, we can construct from a solution of TSP a solution
of VRP with greater value, and therefore worrsp < worygp.

Using the previous inequalities we obtain that

k-1

k—1
apr < 0 opty rp + (1_5/4,‘) WOry RP.

Since the best known differential approximation algorithm for TSP is %
[IT/14] then the algorithm of Theorem [ is an % . % differential approxima-
tion algorithm for metric kVRP. So, for k > 5, we obtain a ratio strictly better
that the bound produced by the Theorem [l or by the previous algorithm build
on a matching. Now, we will improve all the previous bounds for k > 3 since we
give a % (resp., %) differential approximation for METRIC 4VRP (resp., METRIC

EVRP for k > 5).
Theorem 3. METRIC kVRP is mzn{%, Z—_ﬂ} differential approximable.

Proof. Our algorithm works as follow: we compute a minimum weight binary
2-matching M = (C4,...,Cy) on the subgraph induced by {1,...,n}. Then, for
each cycle of it, we produce several solutions and we take the best one among
them. These different solutions depend on the size m; of the cycle C; of M.
Without loss of generality, assume that this cycle is described by the sequence
(1,...,m;,1) with m; > 3. Let wor; = 22;1"1 do,j-

If m; <k, then we produce m; solutions soly, . .., sol,,, where sol; is obtained
just by deleting the edge (4,7 + 1) (mod m;) and by connecting j and j + 1 to
the depot. Since wor; > d(C;) by the triangle inequality and m; > 3 we have:
apx; = min; d(sol;) < mled(Cz) + Lwor; < %d(C’i) + %wori.

my
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Now, assume that m; = kp+r with p > 1 and 0 < r < k — 1. We still
produce m; solutions soly, ..., sol,,, but in this case in a different way. In order
to build the solution sol;, we delete from C; the edge (j — 1,7) and the edges
(J=1+r+kl j+r+kl) for £=1,...,p (the indices are taken mod m;) and we
add for each endpoint of these paths, the link with the depot. Note that when
r = 1, the first path is the isolated vertex j and then in this case, we add once
again the edge (0, j).

If » = 0, then we deduce: apz; < p(%l)d(Ci) + k%wori < %d(Ci) + %wori.

If r > 1, then we obtain: apz; < %d(@) + ,fptlrwori < ’Z—I_}d(Cz—) +

2 ,
T_HIUOTI .

Finally, since d(M) < optyrp, by taking the minimum between % and ’,:—_T_}
and by summing over ¢ the previous inequalities we obtain the expected result.

Since nVRP and TSP are standard equivalent by using the result of Pa-
padimitriou and Yannakakis [I6] we deduce immediately that nVRP(1,2) has
no standard approximation scheme. Also TSP (1,2) has no differential approx-
imation scheme, Monnot et al. [15] but we cannot deduce immediately that
nVRP(1,2) has no differential approximation scheme since wor,yrp and
worrsp can be very far. However, we prove in the following a lower bound
for the approximation of nVRP(1,2).

Theorem 4. METRIC nVRP(1,2) is not % — ¢ differential approximable, for
any constant €, unless P = NP.

Proof. Since wor,yvrp < 4n < dopt,vrp, a ¢ differential approximation for
nVRP(1,2) gives a 6 +4(1 — 0) standard approximation for nVRP(1,2). Using
the negative result given in Engebretsen and Karpinski[6]: TSP (1,2) is not % —
¢ standard approximable, then we obtain the expected result.

4 CONSTRAINED VRP

We assume now that each edge is associated with a weight ¢ (where ¢; ; > 0
denotes the cost/time of traversing the edge (4,7)) satisfying the triangle in-
equality, and the solution must satisfy that the total weight on each cycle does
not exceed A. Note that if we do not assume that ¢ is a metric then even deciding
whether the problem has any feasible solution is NP-complete.

Theorem 5. Deciding the feasibility of CONSTRAINED VRP is NP-complete.

Proof. In order to prove the NP-hardness, we reduce HAMILTONIAN s — ¢ PATH
problem to CONSTRAINED VRP. From a graph G = (V, E) with V. ={1,...,n},
we construct a graph G’ instance of CONSTRAINED VRP by adding a depot
vertex 0. We define the function [ as follows: £y s = o+ =1, ly; = A, for i # s,t,
by =1if(i,j7) € Fand 4; ; = Nifi,5 € {1,...,n} and (4, ) ¢ E. Trivially there
is a feasible solution for G’ only if A > n+1. It is easy to see that CONSTRAINED
VRP has a feasible solution iff G contains a Hamiltonian path between s and ¢.
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Therefore, we assume that ¢ satisfies the triangle inequality, and to ensure feasi-
bility we also assume that 2¢y; < A for i = 1,...,n. Using similar ideas as those
used for kK VRP we can prove:

Theorem 6. CONSTRAINED VRP is % differential approximable.

Proof. We start with a binary 2-matching as described in Lemma [T] except that
the initial graph is not a complete undirected graph K, ; but a partial graph
G’ of it built by deleting the edges (¢, j) for i # 0 and j # 0 such that £y ;+¢; ; +
lj0 > A It is easy to observe that M is still a lower bound of an optimal solution
of CONSTRAINED VRP. As previously, we work on each cycle of M separately.

First, consider a cycle of M that does not contain the depot, and w.l.o.g.
denote its vertices by (1,...,m). The construction depends on the parity of m.
If m is even, we produce two same solutions sol; and soly of Theorem [T}, i.e.,
(0? 17 27 0)7 (03 3’ 47 0)’ ctt (0’ mi]‘? m’ 0) and (07 m? 17 0)’ (07 27 3’ 0)7 (07 47 5? 0)7 MR
(0,m —2,m — 1,0). Now, if m is odd, we produce m solutions soli,...,sol,,
where the solution sol; for i = 1,...,m consist of the cycles (0,4,0), (0,4 + 1,7+
2,0), (0,74 3,4+ 4,0),...,(0,i — 2,7 —1,0) (the indices are taken mod m).

Second, consider a cycle (0,1,...,m,0)in M. If > 1"  w; < X we don’t change
it. Otherwise, we have m > 3 and we produce two solutions sol; and sols de-
pending on the parity of m. Let us consider the two cases:

Suppose that m is even. Let sol; consist of the cycles (0,1, 2,0), (0, 3,4,0),...,
(0,m — 1,m,0). Let soly consist of the cycles (0,1,0),(0,2,3,0),...,(0,m —
2,m—1,0), (0,m,0). Now, suppose that m is odd. Let sol; consist of the cycles
(0,1,0), (O 2,3,0),..., (0,m —1,m,0). Let soly consist of the cycles (0, 1,2,0),
(0,3,4,0),...,(0,m —2,m —1,0), (0,m,0).

In all cases the solution bad = (0,1,0),...,(0,n,0) satisfies min; §(sol;) <
%(5 (bad) (this relation holds with equality when each cycle has exactly three
vertices and does not contain the depot, since in this case d(soly) + d(sola) +
§(sols) = 20(bad) ). Therefore, by (), the best of the solutions sol; is a %
differential approximation.

In Haimovich et al. [9], the authors consider two versions of kVRP with ad-
ditional constraint on the length of each cycles. In the first problem that we
will call here WEIGHTED kVRP (kWVRP), each customer has a weight and
we want to find a solution such that the total customer weight on each cycle
does not exceed k. In the second, called in [9] MIN METRIC DISTANCE, we want
to find a solution such that the total distance on each cycle does not exceed a
given bound . For each of these two problems, we give a differential reduction
preserving approximation scheme from CONSTRAINED VRP.

Lemma 3. A § differential approximation solution for CONSTRAINED VRP
(respectively, metric case) is also a § differential approzimation for EWVRP
(respectively, metric case).

Proof. Let G = (V, E) with d and w be an instance of sWVRP. We construct an
instance of CONSTRAINED VRP as follows. First we set A = k. The graph and
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the function d are the same whereas the function ¢ is defined by: ¢; ; = wigwj
where we assume that wg = 0. This function satisfies the triangle inequality.
Moreover, let C' be a cycle linking the depot to a subset of customers. We have

quc Wq < k iff Z(i,j)eC f@j < A

Corollary 1. k€WVRP is % differential approzrimable.

MiIN METRIC DISTANCE is a particular case of METRIC CONSTRAINED VRP
where the function £ is exactly the function d. Thus, from Theorem [g we deduce
the corollary:

Corollary 2. MIN METRIC DISTANCE is % differential approzximable.

5 MiNn-SuMm EETSP

It is easy to see that MIN-SuM EATSP is differential equivalent to METRIC
MiN-SuMm EETSP since the number of edges in every solution is the same (like
in the TSP case). Hence, we add a constant to all the edge lengths and achieve
the triangle inequality without affecting the best and worst solutions.

Theorem 7. METRIC MIN-SUM EETSP is % differential approximable, Vk > 1.

Proof. Add to every edge incident with the depot a parallel copy. Compute
a minimum binary f-matching M on G where f(0) = 2k and f(v) = 2 for
v € V \ {0}. Compute by using an algorithm of Hassin and Khuller [11] or
Monnot [14] a solution C’ for TSP on the subgraph G’ of G induced by V' =
V\(UFZ IV (Cy))u{0}, where C4, . . ., Cy, are the cycles of M containing the depot
0. The approximate solution sol is composed of C’ and the cycles C1,...,Cr_1.
See Figure 3] Since M is an minimum binary f-matching M on G then M’ = M\
(U= C;) is an optimum binary 2-matching on G. We denote by r = Zi:ll d(Cy);
the TSP algorithm gives a solution satisfying val < 2d(M’) + fworrsp(G').
Since ’LUOTkTSP(G) > ’LUOTTSP(G/) + r and OptkTSP(G) > d(M), we deduce that
the value of sol satisfies: apzr = val +r < Z[d(M') + r] + S{worrsp(G') + 1] <
2optirsp(G) + 2workrsp(G)

Theorem 8. Unless P = NP, MIN-SuM EXTSP(1,2) has no standard and dif-
ferential approximation scheme.

Proof. We reduce MIN TSP PATH (1,2) on Hamiltonian cubic graphs to MIN-
SuMm E2TSP. From a graph G = (V, E) on n vertices, we construct a graph G’
instance of MIN-SUM E2TSP. G’ consists of two copies of G and a vertex 0 (the
depot). Within a copy, the edges have the same distance as in G; dy ; = 1, for each
vertex 4 in one of the two copies; d; ; = 2 if i and j are vertices in different copies.
We have opt(G') = 20pt(G) + 4 and wor(G’) = 2wor(G) + 4. Given a solution S
of G’ with two cycles, we can transform it in another one S’ that contains exactly
two cycles (0, Py, 0), (0, P, 0), each of these two paths are contained in a copy of
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Fig. 3. M and sol

G and with a better value. The idea for doing this is to remove the edges between
the two copies and to replace them by the missing edges in the two copies. We
consider as solution for G the path with the smallest value among the two.
So, val = min{val(Py),val(Pe)} < ”al(Pl);FWI(PQ) = ml(g/)di < val(§)74. Since

opt(G) = %G/) —2 and wor(G) = %(Gl) —2 then a ¢ differential approximation

of MIN-SUM E2TSP gives a § differential approximation for MiN TSP PATH
(1,2) on Hamiltonian and cubic graphs and the conclusion follows.
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